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COURSE GUIDE

Introduction

Vector and Tensors (MTH 303), requires the knowledge acquired in (MTH
142-Vector and Geometry) which you studied in our 100-Level., A good
mastery of the course content in Mathematical Methods 1(MTH 281) will
be helpful to learn this course successfully.

It is a three credit course. It is a compulsory reseufor any student
majoring in mathematics at undergraduate level oBcB(Education)
Mathematics. . It is also available to studenterrfiy Bachelor of Science
(B.Sc) computer and Information & Communication Aealogy. Any
student with sufficient background in mathematias also offer the course
if he/she so wish though it may not count as creditards graduation if it
is not a required course in his/her field of study.

The course is divided into two modules as enumeraédow:

CONTENTS

MODULE 1
Unit 1 Elementary Vector Algebra

Unit 2 Vector Differentiation (Gradient, Divergenand Curl)
Unit 3 The Line Integral

MODULE 2
Unit 1. Green’s Theorem, Divergence Theorem an#ledts Theorem

Unit 2. Tensor Analysis.
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What You Will Learn In This Course

This course guide tells you briefly what the couis@about, what course
materials you will be using and how you can workhvihese materials. In
addition, it advocates some general guidelinegiHeramount of time you
are likely to spend on each unit of the course ridep to complete it
successfully.

It gives you guidance in respect of our Tutor-MatkAssignment
which will be made available in the assignment .filehere will be

regular tutorial classes that are related to thersm It is advisable for
you to attend these tutorial sessions. The couiBemepare you for the
challenges you will meet in Vectors and Tensors

Course Aim

The aim of the course is to provide you with anamsthnding of Vectors
and Tensors. It also aims to make clear distinstioetween the ways we
handled problems in higher dimensional spaces paowide you solutions
to some problems that may arise in EngineeringsigByand other areas of
human endeavour, where the knowledge of advandenisaequired.

Course Objectives

To achieve the aims set out, the course has af sdtjectives. Each unit
has specific objectives which are included at tkgifning of the unit.
You should read these objectives before you stingdyunit. You may
wish to refer to them during your study to checkymr progress. You
should always look at the unit objectives after ptation of each unit.
By doing so, you would have followed the instrunsan the unit.

Below are comprehensive objectives of the courseaawhole. By
meeting these objectives, you should have achidgiiedaims of the
course as a whole. In addition to the aims abokis, tourse sets to
achieve some objectives. Thus, after going throtigh course, you
should be able to:

Prove continuity and establish limit functioms\iectors and Tensors

Define Divergence, Gradient of Scalar Functj@ml Curl of Vectors

Establish Green’s Theorem, Stokes’s TheoremdSavergence Theorem
Solve simple problems in Tensor Analysis.
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Working through this Course

To complete this course you are required to reardh edudy unit, read
the textbooks and read other materials which maypiowided by the
National Open University of Nigeria.

Each unit contains self-assessment exercises andri@in points in the
course you would be required to submit assignméatsassessment
purposes. At the end of the course there is a fex@mination. The
course should take you about a total of 16 weeksotaplete. Below
you will find listed all the components of the cear what you have to
do and how you should allocate your time to eackt um order to

complete the course on time and successfully.

This course entails that you spend a lot of timeegad and practice all
related exercises. | would advice .that you avadurgelf of the
opportunities of the tutorial classes provided iy University

Presentation Schedule

Your course materials have important dates for ¢aely and timely
completion and submission of your TMAs and attegdiatorials. You
should remember that you are required to submiyalir assignments
by the stipulated time and date. You should gugalret falling behind in
your work.

Assessment

There are three aspects to the assessment ofulsecdhe first is made up
of self-assessment exercises, second consists ef tator-marked
assignments and third is the written examinatiod/eaf course
examination.

You are advised to do the exercises. In tacklirgg @esignments, you are
expected to apply information, knowledge and temhai you gathered
during the course. The assignments must be suldmidtgour facilitator

for formal assessment in accordance with the deasllistated in the
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presentation schedule and the assignment file.Wdrk you submit to
your tutor for assessment will count for 30% of ydotal course
work. At the end of the course you will need tofsit a final or end of
course examination of about three hour durationis Bxamination will
count for 70% of your total course mark.

Tutor-Marked Assignment

The TMA is a continuous assessment component af gaurse. It accounts
for 30% of the total score. You will be given fqd) TMAs to answer. Three
of these must be answered before you are allowsi tor the end of course
examination. The TMAs would be given to you by ydacilitator and
returned after you have done the assignment. Asgghquestions for the
units in this course are contained in the assighifiien You will be able to
complete your assignment from the information asmadienmal contained in your
reading, references and study units. However, desirable in all Degree
level of education to demonstrate that you haved reaad researched
more into your references, which will give you aleri view point and may
provide you with a deeper understanding of theesiibj

Make sure that each assignment reaches your dgmilion or before the
deadline given in the presentation schedule angrasent file. If for any
reason youwcan not complete your work on time, contact youwilifator
before the assignment is due to discuss the pldgsibf an extension.
Extension will not be granted after the due date.

Final Examination and Grading

The end of course examination for MTH 303 (Vectansl Tensors) will
be for about 3 hours and it has a value of 70%hef total course
work. The examination will consist of questions,igthwill reflect the

type of self-testing, practice exercise and tutarked assignment
problems you have previously encountered. All areithe course
will be assessed.

Use the time between finishing the last unit anttisg for the
examination, to revise the whole course. You mifghdl it useful to
review your self-test, TMAs and comments on thenfobe the
examination. The end of course examination covefgsrination from
all parts of the course.

Course Marking Scheme
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Assignment Marks

Assignments 1-4 Four assignments, best three nwfrkbe
four count at 10% each -30% of course
marks.

End of course examinatic 70% of overall course mar

Total 100% of course materials.

Facilitators /Tutors and Tutorials

There are 16 hours of tutorials provided in supmdrthis course. You
will be notified of the dates, times and locatidntleese tutorials as well
as the name and phone number of your facilitaters@on as you are
allocated a tutorial group.

Your facilitator will mark and comment on your agsments, keep a
close watch on your progress and any difficulties ynight face and
provide assistance to you during the course. Yauexpected to mail
your Tutor-Marked Assignment to your facilitatorfoee the schedule
date (at least two working days are required). Ty be marked by
your tutor and returned to you as soon as possible.

Do not delay to contact your facilitator by telepleoor e-mail if you
need assistance.

The following might be circumstances in which yowwd find
assistance necessary, hence you would have toctgatar facilitator if:

. You do not understand any part of the studyhar @ssigned

readings
. You have difficulty with the self-tests
. You have a question or problem with an assignmentith the

grading of an assignment.

You should endeavour to attend the tutorials. Thithe only chance to
have face to face contact with your course fadiditaand to ask
guestions which are answered instantly. You caserany problem
encountered in the course of your study.

To gain much benefit from course tutorials, prepamguestion list before
attending them. You will learn a lot from participey actively in
discussions.
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Summary

MTH 303(Vectors and Tensors) is a course that dgda provide solutions
to problems normally encountered by engineers, ipisys and
mathematicians in the course of doing their norjolas. It also serves as a
tool which often enables the mathematicians to withe frontiers of their
analytical, concerns to issues that have significanathematical
implications. Nevertheless, do not forget to aplg principles you have
learnt to your understanding of Vectors and Tensbmgish you success in
the course and | hope that you will find it commresive and interesting.
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MODULE 1

Unit 1 Elementary Vector Algebra

Unit 2 Vector Differentiation (Gradient, Divergemnand Curl)
Unit 3 The Line Integral

UNIT 1 ELEMENTARY VECTOR ALGEBRA
CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content

3.1 Revision of Elementary Vector Algebra

3.1.1 Scalar Product of two Vectors
3.1.2 Law of Scalar Product
3.1.4 Tripple Products

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Readings

1.0 INTRODUCTION

This course is an introductory work to Vectors dmohsors. In this unit 1,
attempt will be made to revise some elements aiovedgebra.

You should note that a vector quantity is dististped from a scalar
quantity by the fact that a scalar quantity possessnly magnitude,
whereas a vector quantity possesses both magrandidirections.

It is convenient to represent a vector geometgicadl an arrow, pointing in
the direction associated with the ones having lengoportional to the
associated magnitude. These and other propertieveofor will be
explained in this unit. You should read this umitefully before proceeding
to other unit.
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2.0 OBJECTIVES

At the end of this unit, the students will learbbat:

. Vectors and scalar quantities
. Scalar product of two vectors
. Law of scalar product

. Vector products

Answer questions correctly on vector algebra.
3.0 MAIN CONTENT

3.1 Revision of Elementary Vector Algebra

Definition: A scalar quantity has only magnitudéil® a vector quantity
has both magnitude and direction.

Angle between two vectors.

Let a and b be two vectors such that and b can be represented in the
diagram below

Then the angleé? between the two vector in such tltat 9 < 7
3.1.1 Scalar Product of Two Vectors

Let a and b be any two vectors (of the same dimension). Tredasc
production ofa andb denoted bya+ b is defined byasb=|al |b| Cos ¥
where|al and|b| are the magnitude of vectossandb respectively and
is the angle betweeaandb

Q—z(avaz’ae) andbz(blibzibs) thenasb=ab +a,b, +a,b,
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[ The angle betweea andb is given by :Cos;‘l(allol 3, +3, bSJ

& [b)
Provideda andb are non-zero vectors.

If i,j,k are the usual unit vectors along the, z axis respectively then

a=(a,a,a)=ai+a,j+ak
t_a=(bbb b,)=bji +b,j +bsk

Whereis j=jsi=ksiz=iek=jek=kej=0andisi=jej=kek=1
3.1.2 Laws of Scalar Products

() a<b=
(i) mlasb)=(ma+b)=(a+b)m=(a+bm) (m=any scalar))
(i) if asb=0 thena andb are perpendicular.

3.1.3 Vector Product

0
Let a & b be any two vectors with the same dimension ana Ibe a unit

vector perpendicular to both & b, the vector product o& & b written as
alb is defined by

O
aldb=|d |bf Sin¥n,0<I<n
Whered is the angle betweeng b.

If a=aji+a,j+ak

b=byi +b,j +byk
Then
i ]k
allb=la, a, a
bl bz b,
‘ a1 az
2
(ab (3b1 aib)+k(a1b a,h)

1C
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3.1.4 Tripple Products

The scalar and vector products of 3 vectad® and c¢ may have

meaningful products
(asble, a<(bOc) andaO(bec)

Hence the following laws are valid.

()  (a=b)c# albec)

(i)  ae(bOc)=be(cOa)=ce(abb)

(i)  aO(Oc)+(abb)Oc

(iv) aDO(bOc)=(a*ch-(a-b)c
(aOb)Oc=(asclp-(b+c)a

(v) aO(b+c) = abb +alc

Remark 1

1. The productae (b Oc) is sometimes called the scalar triple product
or box product and may be denotedaly c].

2. The productaCbCc is called the vector triple product.

3. Reader are advised to provide proofs to i tdoeva by assuming
that
a=ajita,jt+ak
b=bi+b,j+bk

Remark 2

0] The quantitya Ob is a vector quantity

(i) If aOb=0 then at least one ad or b and then by implication the
angle between them is zero.

(i) If a andb are law theraOb=|a| |b)

(iv) A(adb)=AaOb=al(Ab) whereA is any scalar.

(v)  The magnitude ohOb and|aOb is the area of the parallelogram
with sidesa andb

(vi) If adb=0 and neithema=0 norb=0 thena andb are parallel,

11
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4.0 CONCLUSION

We have learnt about vector algebra in this urtiie Thaterials in this unit
are sufficient enough background, to go to the nekt

5.0 SUMMARY
The following facts are to be remembered:

(1 That vector has magnitude and direction, unlg@alar quantity
which has only magnitude

(i)  That two vectors can be multiplied in two ways

(i)  Scalar products which result in scalar qugnti

(iv)  Vector product which result in vector quantity

(v) Ifaddlb=0anda#0, b=#0 thena is parallel tob

(iv)  That the magnitude of vectors whose produdaish] is the area of
parallelogram with sidea andb.

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the length and direction comics of theorgrftom the (1, -1, 3)
to the midpoint of the line segment from origirthe point (6, -6, 4)

2. Prove thaja+b<|a +|b| and|a+b=|a-|b)

3. if & denotes the angle between the vectoendb use a theorem
in elementary geometry thit+b” =|a° +|o° + 2a| [t Cos ¥

7.0 REFERENCES/FURTHER READINGS

Francis B. Hildebrand: Advanced Calculus for Apation 2¢ Edition

12
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UNIT 2 VECTOR DIFFERENTIATION (GRADIENT,
DIVERGENCE AND CURL)

CONTENTS

1.0 Introduction
2.0 Obijectives
3.0 Main Content
3.1 Differentiation of Vector
3.2  Gradient, Divergence and Curl
3.2.1 Directional Derivatives
3.2.2 Divergence of a Vector
3.2.3 The Curl of a Vector Function
3.3 Differential Derivatives
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References/Further Readings

1.0 INTRODUCTION

In unit 1 we learnt about vector algebra, we eghbtl some properties of
vectors.

In this unit, we shall consider vector differentat and derive some
important formula and properties of vector diffdration.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

. differentiate vector quantities
. find the gradient of any scalar and vector field
. determine the curl and divergence of vector field

. solve correctly all exercises on the unit.
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3.0 MAIN CONTENTS
Definition 1

The vector function Alu) is said to be continuous at a poing if
givene >0, we can find somé(g) >0 =|A(u) - A(u,| < & whenever
u=-u,|<d

This is equivalent tGu"LuA(u) = Alu,)
- Yo

Definition 2

The derivative of the vector function Alu) is given as

limit  Alu+Au)- Au) provided thatdA _ dAi N dA, j N dA, K

Au - 0 Au du du du du
. o d’A d°A . ,
Higher derivatives such a(?—z P e.t.c. are similarly defined
u u
Remark 1

If A,B and C re differentiable vector functions of a scalarnda is a
differentiable scalar functions then

. d dA dB
2 (a+B) =2+ 2
M du (_+_) du+du
. d dB _dA
2 (AsB)=A= +B-=
(i) du(_ _) ~ du +_du
iy <(anB)=An%2+9%0p
du du du
: d - ,dA, Ad¢
iv) - ()= TR
d d d
(A« (BOC)) = As—(BO 2.(B0O
V) (A (BOC)=A-—-(BOC)+ =+ (BOC)

14
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A{B ndc, dB DC} +94, (BOC)

du du du
:A-(ED%]M(O'BDC) dA - (BOC)
du du du
. d d dA
—(A«(BLOC))= AO BUOC)+—=0O(BUOC
) S (a0C)=AS (B0c)+ Lo(e o)

:AD(BDd°j+AD(d—BD j+d_A 0(BOC)
du du d

3.1 Differentiation of Vectors

1. A=Ai+Aj+Ak then
dA=dAi+dA,j+dAk

(2) d(A<B)=A<dB+dA+B
(3) d(ADB)=AD0dB+dA0B

(4) if A=Ay, z) then

dA:a——dn+a—dy+a—Ad
on oy 0z

Examples

Given a vectolp - Sinti+ Costj+tk

d 2 d 2
Obtain a.—9 b. d’Q —9 d. dQ

dt dt? dt dt?
a. Z—?-E(Sln)w— (Cost)1+%()k

d’Q_d(dQ)_d _
(b) dtz_d(dt]_ t(Costl Sintj+Kk)

=-Sinti—Costj
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(c) ‘C;—?‘:\/COSZHS'nZHlZ = /Sn?t+Cos’t
=0.1
3.2 Gradient, Divergence and Curl of Vectors

Consider the vector operators called “del” or nabla defined by

If ¢(n,y,z has continuous first partial derivatives in a gatar region, we
define the gradieng as:

Grad ¢ =Dgo=(iai+ji+k 6J¢’
n

ay a9z
= |%+J%+k%
on ay 0z

Examples

(i) If gn,y,z)=nyz find O¢

Dgp:ia_¢+ j%+k6_¢
on ay 0z

_ 0 (oY, 0 (o)., 0

= |%(nyz )+ Ja—y(nyz )+ kE(nyz )
= nz%i +nz®j +2nyz k

(i) i @n,y,z)=3n’y-yz* find Og
D¢:i%(3”2y—y322)+iaiy(3n2y—y322)+ k%(Snzy—y:“zz)
= 6nyi +(3n2 —3y222)j -2y%zk

(i) If ¢n,y,z) is a scalar function P, we know that

.0¢ .0¢  0¢
Gradg=0O@p=i—+ j—+k—=
vone on Jay 0z

And dr =dni +dyj + dz

1€
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Grad g dL:% dn + 6¢dy+ ¢ dz
on oy 0z

:d¢

This implies
dg= grad¢e dr=0g¢-dr.

3.2.1 Directional Derivatives
We recalldp=dr+0O¢ |dr| =ds

dr dr dr

= —==— hence—= is the unit vector in the direction afr
ds |dr| ds
dg _dr L dr _ U
00—~ =—"=e grad Jif—=a
ds ds g ¢ ds
Then%:a- grad ¢
ds
NOTE:
dg

O
™ is the propagation of grag on the unit vectora and the directional
0
derivative of¢ in the direction ofa
Remark

()  The unit Normal vector N =%

B

(i)  The grad of sum and products of scalars.
O(are)=is (avB)+i L (avB) vk (avE)

0z
0A. 0A. 0A 0B. 0dB. 0B
—i+—=j+—=k|+|=i+—=]+—=Kk
on oy 0z on oy 0z
=0OA+0B

(A B)=i 5 (v B) + i (A B) k(e )

17
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:i(aA. B+ Ae a§j+ j(aA,§+Aa_5j+k(aA, B+Aé_§j

an — = on dy oy 0z — oz
=[i%2. 8+ g4k g+ /ia- 2B jar 2B i kp. 2B
on oy 0z on ay 0z
— ia_A_,_ja_A.,.ka_A *B+A- i6_§+j0_§5+k5_§
on "oy 0z on "oy 0z
= B(0A) + A[DB)

3.2.2 Divergence of a Vector

The divergence of a vector functiodn, y, z) is defined by dirA=0+ A
- (iL ji+ki]- (Ai+ A+ AK)

on "dy 0z
—0A L 0A | OA
on 9y 0z
Examples
1. Obtain the divergence of the vector function

A=2nz +yz - ny’k at the point (1, -1, 1)

2. If p=n?yz a scalar function and
A=2nzi +yzj —ny?k Find O« (¢A) at the point (1, -1, 1)

3. Determine the content a so that the vector
v=(n+3y)i +(y-2n)j + (n+az)kis solenoid

Solution

0. 0. 0 } )
1. Oe A=|—i+— j+—k|*(2nzd + - ny?k
- (an ayJ 0z J ( ¥ y )

0 . 0 0

= (2 — - 2
@)+ 2 ()= 2 (o)
=2z2+2z2 =3z

2. O« (g) = 0(2n®y22i + n2y?z j -ny3zk)
— 6n2y22 + 2n2yzz _ nsys

18
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A vectoryv is solenoid of its divergence zero
OOV =0 implies that
l+l1+a=0=a=-2

3.2.3 The Curl of a Vector Function

The curl of a vector functio’ define denoted by cuh=00A

(0 a8 0 o
—(l%ﬂa—y’fkajﬂ(p&”%ﬁ%k)

i ]k

_|0 0 0|_(0A OA 0A O0A 0A, O0A
on dy 09zl \dy 0z 9z on on dy
A A A

Examples

1. Find the curl ofA if A=3n’yi+yz®j-nzk
2. If p=n’y* and A=2nzi+yzj-ny’k
Obtain curl(pA)

Solution
ik
1. CurlA= % aiy % =(0-2yz +z,0-3n)
3n’y yz° -n
=2y7i + 7 - 3n%k

2. @ A=2nyz% + n’y?z?j-ny*z k

i ] k

O0OA= 9 9 0
on oy 0z
2n3y22 n2y222 _ n3y2

= (2nyzz2 -2n%z%, 4nyz +3n°y*z,2ny*z - 2n322)
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This section is very important for the understagdhthe remaining units.
You are to master this unit very well.

5.0 SUMMARY
We have established formula to the following:

0] Vector differentiation
(i)  The gradg¢ of scalar fieldg

(i)  The curl of a vector function

. , g
iv We show that the unit normal vector

) g

6.0 TUTOR-MARKED ASSIGNMENTS

1. A particle moves along the curve= 2t*, y =t? - 4t, z=3t -5 where

t is the time. Find the component of its velocibydaacceleration at
timet=1

2
2. If A=5ti+tj -tk
And B= Sinti—Cost]

Find (a) %
d
& S(ave)

(©) < (8- A)

(A B)

3. If @n,y,z)=ny?z and A=nz - ny?j + yz’k

3
Find M at point (2, -1, 1)
0°noz

4. Letr =(x,y,z)be a vector.
Prove that(]e« (D . |r|m)= 3mr ™2

5. Find the divergence of the vector
B= (y2 - 2xyz® 3+ 2xy - x°2°,62° —3x2y22)

2C
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6. If A= (2x2 +8xy22,3x3y—3ny,2x3z), show thatA is not solenoidal.
7. Show that the vectok = % is irotational where r = xi + yj + zk

r

8. If A=xyi+y®z —z°xk
show thatD O(0OA)=0(0« A)-0%A

9. Given thatE and H are two vectors which are assumed to have
continuous partial derivatives with respect to posi and time.
Furthermore,
Suppose O«E=0, O«H =0
-10H

O0OE=—-"=; OOH =
c ot

Prove thatE & H satisfy the equation
|:|2 = i @
c® dt?

0

m

ol
¥}

t

Use the above relations to show that
%[}/Z(EZH 2)|+cO(EOH) =0

7.0 REFERENCES/FURTHER READINGS

Francis B. Hildebrand: Advanced Calculus for Apation 2% Edition

21
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UNIT 3 THE LINE INTEGRAL
CONTENTS

1.0 Introduction

2.0 Obijectives

3.0 Main Content

3.1 The Line Integral

3.1.1 The Surface Integral
3.1.2 The Volume Integral

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Readings

1.0 INTRODUCTION

In a line integral unlike other integrals, we hdgeconsider two or more
functions at a time, for integration purposes. Sigepthese two functions
are M(x,y)and N(x,y) such that they are single valued and continuous at
every point of a curve AB. Divide the curve AB intp parts by means of
Pi(x,y,) i=1230....... n-1

B(c,d)
Rl (Xn—11 Yn—l)

Ya

A(a,b)

O X

LetAx =x —x,, Ay =y, -y, Wwherex,=bx, =c,y,=d
Let (£,n) be defined by

X, SC=<X_y Y SNy

We form the product and then add then to get

S {M (¢, 7)0% +N(Z.7)0y,}

i-1

22
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Limit of this sum an - » and all Ox - 0,0y - 0 simultaneously is
defined asa line integral along the curvag of two functions M and N
simultaneously.

Thus, we write
Limit

Azi:ooo {an:{'\/' (¢, m)ax +N(Z,7)ay }} _

Ay, -0

JIM (x, y)ex+ N(x, y)ay]

Curvens
2.0 OBJECTIVES
At the end of this unit, you should be able to :

To evaluate the line integral of vedtanctions
. Solve problems relating to line integrals

3.0 MAIN CONTENT

3.1 The Line Integral

Let A(x,y,z)= Ai+A,j+Ak be a vector function of position defined and
continuous along a curve C. The integral of thgeémtial component oA
along C is written as:

[A«dr=[Adn+Ady+Adz
Wheredr =dx +dyj +dzk.

For instance in Aerodynamic and fluid mechanics time integraleo dr

is called the circulation oA about c
Where A represents the velocity of Air or the velocitytbe fluid as the
case may be.
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Line Integral about closes plane

B

Evaluate the integral | =§(2xydy+ xzdx) where C made up of the 3 sides of

triangle motor vertice(00), A1L0) & B(11) Ans = 4.

SELF ASSESSMENT EXERCISE

1.

24

Evaluate the line integralzfydx from —a toa where C is the

c

circle x*+y*=a

Find the work done in moving a particle onceuacba circle C in

the xy-plane if the circle C has centre at theiarand radius

If the force fieldF = (2x—y + z)i + (x+ y - z)i+ (3x— 2y + 4z)k is as
given.

If F=(x-3y)i+(y-2x)j and C is the closed curve in the xy-plane,
n=2 cost y = 3 sint, t=0 to &7 . Evaluate[ Fdr.

Find the total work done if a particle is movieda force field by
F =3xyi - y?j along the curvey = 2x* in the xy -plane from (0, 0) to
1, 2).

IfA=(5x2 +4y)i -14y7 + 20xz°K . Evaluateon dr from (O, O, 0) to
(1, 1, 1) along the following paths.
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i c=t,y=t? z=t>
il. The straight line from (0, 0, 0) to (1, 0, ®en from (1, 0, 0)
to(1,1,0)and thento (1, 1, 1)

6. Calculatejyo dr where V=2ji +3xj and c is given by

I The straight line joining (2, 0) to (0, 0)
il. The arc of a circle with centre t the origindaradius 2 units

3.1.1 The Surface Integral

X N

Z
Let JA represent an element of R a8 the corresponding of area of S at
the point P(x,y,z) on S. Let alsag(x,y,z) be a function of position on S
and let Y denote the angle between two outward abRfN to the surface P
and the positive Z axis.

A g SCosY=>Ba AScY

And
>@x,y, )% is the total value offx,y, z) taken over the surfacged, - 0.

This sum becomes the integral
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| = [¢lx.y.2)ds=[[(xy,2) Sec ydxdy

Secy =1+ 7’ + zy*

This implies that

I ='[¢ds=”qo\/1+ z, +z; dxdy
s R

Let S be a 2 sided surface and let one side bedmyed arbitrary as the
positive side associated with the differential bé tsurface areals. A

O O
vector ds whose magnitude igs and direction is that of. then ds=nds

O
wheren is the limit vector normal to any point of the five side of S. the

integral

[}
jAo dgzIA- nds is an example of a surface called the flux/ofover S.
C S
others are
I. ”qzds
O

il ”wnds

ii. — [[ADds
we havedA=ds Sec Y.
where ifz= f(n,y) implying thatz- f(n,y)=0

of . of .
0 SN/
_Oz-(-cn,y)] _ an' c?yJ *

T_ Blz-thy)]  J+z 41241

This implies that

Oz- f(ny)] = (,/fn1 + 1) +1)S =ds

2€
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O
If the angle Y between the z-axis andis acute the positive sign is adopt
and if the angle is obtuse we adopt the negatiy® si

Hence

[]A Bdszﬂéo rD1 S“dy depending on the projection
n= k‘

The projection

Example 1

0O
[[Asnds where A=18-12j+3yk and S is that part of the plane,
2n+3y+6z=12 which is in theny plane (n—quadrate)

[[Ands= [[andY

ne Kk
S:D(2n+3y+6z—12):2i+3j+6k
0 _2i+3j +6k
?:%:(7,7,/7)
0
k= (7.5.5) = (001) = %
O
A [1(182 ,—12,3y). (%’%,%)
7

Now 2n+3y+6z=12 givesz=m
g12- 2n-3y)-36+18y
7
_ 72-12n-18y-36+18y _ 36-12n
7 7
This implies that

DAn

Cdndy _ 36— 12-7d
JJ A s = [ [ A n T = il .

27
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= j _[ (6 - 2n)dndy

To obtain the limit of integration of n we set = 0, and for y we set z =
0

Hence we have

12-2n
3

(6-2n)dndy = 24
=0

R —

y

SELF ASSESSMENT EXERCISE

O
1. Evaluate“A- nds where A=z +nj-3y’zk and S is the surface of

the cylindern? +y? =16 included in the % quadrant between z = 0
andz=5

O
2. Evaluate“qapdswhere @=3ny’z and C is the surface®+y? =16
included in the T quadrant between z = 0 and z = 5.

|
3. If F=yi+(n-2nz)j -nyk. Evaluate II(D OF)nds where S is the

surface of the spheng® + y* + z> =a® from theny - plane.

3.1.2 The Volume Integral

The volume or space integral is given by

_[”Ao dr or _mq)dr for a

Closed surface

Example

If F=n%+7+yA Evaluate[[Fds = [[[OF « dr where V is the volume
s S

enclosed by the cube givenbyn<10<y<1and 0<z<l1.
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Solution

ij-ds=mDs-D-Fdr

Wheredr =dndydz andOe F =2n+y

[[[oeFar= ﬁE(Zn+ y)dndydz = %

4.0 CONCLUSION
The materials in this unit are very important foke tunderstanding of

subsequent units. You must understand this wontotlghly before moving
to the next section.

5.0 SUMMARY

In this unit, we established the relationship beténe integral of scalar
field and vector functions.

Thus, we have use the line integral in finding

0] Surface integral
(i)  Volume integral or space integral which is givas:

[[[Asdr or [[[edr, for a closed surface.

6.0 TUTOR-MARKED ASSIGNMENT

1.  LetF =2nxi —nj + y’k. Evaluate j”E dv where V is the region
bounded by the surfage=0, y=0,z=n%2z=4,x=2,y=6

2. If F=ny?i+yz+mk EvaIuateﬂF - ds over the sphere given by

n®+y*+z° =1

3.  Evaluate [[OoA).ds where

A=(n-2z)i +(-nz-vy)j +(y2 +22)k and S is the surface of the
sphere having centre at (3, -1, 2) and radius 3.
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4. IfF =(2n’ -3z -4ny, -4n). Evaluate [[[0+ Fdr wherer is the

closed region bounded by the plane=0,y=0z=0 and
2n+2y+z=4

7.0 REFERENCES/FURTHER READINGS
F.B. Hildebrand: Advanced Calculus for Applications

P.D.S. Verma: Engineering Mathematics
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MODULE 2
Unit 1. Green’s Theorem, Divergence Theorem an#ledts Theorem

Unit 2. Tensor Analysis.

UNIT 1 GREEN'S THEOREM, DIVERGENCE THEOREM
AND STOKES’' THEOREM

CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 Green’s Theorem
3.2 Divergence Theorem
3.3  Stokes’ Theorem
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References/Further Readings

1.0 INTRODUCTION

In this unit, we will discuss some mathematicalotleens such as Green’s
theorem, divergence theorem and stokes theorem.

These theorems are useful in handling equatiomeathematical physics,
particularly in the area of velocity of a fluid fhree dimensions.

We know on application of these theorems partityléne divergence
theorem that the velocity of an incompressibledfloas zero divergence.

Some other applications will be considered in #astion.

The references at the back of this unit throw nlighet on the applications
of these theorems; you may wish to contact them.

2.0 OBJECTIVES

At the end of this unit, you should be able to sppl
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. the Green'’s theorem
. divergence theorem and stokes theorem to solviaglg@ms arising
from mathematical physics.

3.0 MAIN CONTENT
3.1 Green’s Theorem

If R is a closed region on the -plane bounded by a simple closed curve C

and if M and N are single valued functions whicé eontinuous in n and y
having continuous derivatives in R, then

§Mdn+ Ndy:ﬂ(%—:'—%—dendy where the curve C is traversed counter
y
R

clockwise
Example

Verify the Green'’s theorem in the plane ﬁny+ yz)dn+ n’dywhere C is a

close curve of the region bounded py n andy =n?

Solution

The point of intersection ofy=n and y=n? is (0, 0) and (1, 1),
M =ny+y?andN = x?

M _ X+ 2y anda—N:Zn
oy ox

= §(ny+ yz)jn +n’dy = “(Zn — x—2y)dndy

R
LH"Sis if(ny+ yz)dn+n2dy along y = n?,dy = 2ndx

O Il :I(f']3 +n* +2n3)jn:j;(3n3 +n4):%
Along y=n, dy=dn O
1 1
1,=[(n? +n? +n?)dn = -3[n’dn=-1
0

0

+|2:

-1=

Bls
I\Jll
Ol

l
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Now R.H.S.

SELF ASSESSMENT EXERCISE

Evaluate having the Green’s theorem the integsal Sn n)dn+ Cosndy
where C is bounded by (0, Q)% 0), (7% 1)
3.2 Divergence Theorem

If V is the volume bounded by a closed surface Al ax is a vector
function of position with continuous derivativegth

[[[0Adr = [[ A« nds or [div Fav= [[[OFdv = [E« ds=[[F« s
vaample S ' V S )

Verify the divergence theorem for
A=4xi—-2y*j +z°k taken over the region bounded Iny+y>=4, z=0
andz=3

LH. S = j.”D' dVZj”%(4n)+aiy(—2y2)+%(zz)
= [[f(a-ay+2z)r
[ [ [(a-ay+ 22biyox= a4

R.H.S. The surface S of the cylinder consists lodseS, (z=0) and the top
S,(z=3) and the convex positi®)(n? + y? = 4). Then the surface is given

by

JJ e nis= [] Ae ek + [[ A s, + [ A« nos,
S S, S3

S

O
On s (z=0) n=-k, A=4xi-2y’j A*n=0
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OnsS,(z=3) n=4, A=4x -2y?j+9 so that
[[A- rD\ds:_Ustz =9[[ds, = o(41) =36

S,

On S3(x2 +y? :4)

O
O +y?=4)=2x+2yj =n=

. o
Aen= (4xi —2y%j + zzk)- (—XI ;yjj

Xi +Vj
2

=2x* -y?
Let x=2Cosd, y=2Snd ds, =2dJdz

This implies that
[ Ae nd —f”f’(z(z Cosd) -(25ns) ).2 dzds
S, - S = o Jo '
= [ cos?9 -8 Sin*s | = dzdts
0JO
2 ¢3
=16 .[0 .[O (Coszﬂ - Sinzﬂ)jzdﬂ
_ 2N 29 _ 3 _
= 48[ (Cos?9 - Sin*skts = 481
Hence the total surfac®=0+36[]+48[] = 84[]
SELF ASSESSMENT EXERCISE
1. Evaluate”E- nds where F =4xz - y?j +yz and S is the surface
S
of the cube bounded by=0, x=1, y=1 z=0, z=1

2. Evaluate”'[- nds where S is a closed surface.

3.3 Stokes’ Theorem

If S is an open two-sided surface bounded by aedason-intersecting
curve C (Simple closed curve) then if A has cordumiderivatives.

fA-dr=[[([0DA)- Bds:jL(D OA)« ds

Where C is traversed counter-clock wisely
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Example:

Use stokes’ theorem to determine

O
[[(DOA)«nds where A= (y-z+2)i +(yz+4)j -
And S is the surface of the closed cube
n=0,y=0,z=0, x=2, y=2, z=2 the xy-plane.

Solution:

By stokes’ theorem

| = jj(m OA)e 6ds= §A- dr

:§(y—z+2)dx+(yz+4)dy—xzdz

Since it is above they —plane thenz=0
Ol = §(y+2)dx+ Ady

C

By applying the Green’s theorem

M=y+2 N=aIM _ N _
ay ox

ul =J'J'—dydx= —.[;.[;dxdy=—4.

SELF ASSESSMENT EXERCISE

Use the stokes’ theorem to determine
§(2x2 - y)dx+ y?2dy + y* dz where S is the upper half surface of the sphere

S

x> +y? +2z> =1is thexy —plane.
4.0 CONCLUSION
The materials in this unit should be well underdibefore proceeding to

tensor Analysis which made use of all the matemadshave developed in
the proceeding chapters.
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5.0 SUMMARY

We have established the following formula

1. §de+ Ndy:”(%—l)\(l—%—l\;jdxdy
R

2. [[fomar = far nds

3. fAcdr=[[0OA)- Bds,:jj(m OA)s ds.

Study the material presented in the preceding @extbecause the whole
ideas will be used in the subsequent sections ctovand tensors.

6.0 TUTOR-MARKED ASSIGNMENT

1. Evaluate by using Green’s theorem
Jl6¢ + y)aer (= y2 o]
C

Where C is a closed curve formed py= x> and y = x between (O,
0) and (1, 1)

2. Use stokes’ theorem to transfor|f1ydx+ xdz+zdyto a surface
integral.

3. Prove that
Grad (g) = pgrady +y grd @

4, Prove that
div (gu) = pdivu+u.grad ¢
7.0 REFERENCES/FURTHER READINGS

P.D.S. Verma: Engineering Mathematics
F.B. Hildebrand: Advanced Calculus for Application
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UNIT 4 TENSOR ANALYSIS
CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content
3.1 Transformation of Co-coordinates
3.2 Cartesian Tensor
3.3 Summation Convections
3.4 Contravariant and Covariant Vector
3.5 Contravariant, Covariant and Mixed Vector
3.6 Fundamental Operations with Tensor
3.7  outer Multiplication
3.8  Multiplication of Tensor
3.9 Double Product of 2 Tensors

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Readings

1.0 INTRODUCTION

This section introduces the students into Tensoalysis. The work will
make use of th ideals developed in the previolits.un

2.0 OBJECTIVES

At the end of this unit you should be able to:
- define tensors
- Perform various operations on Tensors
- Solve correctly any exercises on Tensor amsly

3.0 MAIN CONTENT

A point in the N-dimensional space is a set of Nmbars denoted by
(Xt x2,......., X") where 1, 2,...,N are taken not s exponents but as

superscripts. The fact that we cannot visualizentgoiin spaces of
dimension higher that 3 has of course nothing tavith the existence of
such space.
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3.1 Transformation of Co-ordinates

Let X', X2,X%,...X" and X", X,,Xs,.X = be co-ordinates of point in two
different frames of references. Suppose there exds#pendent relations
between the co-ordiante of the two systems haviagdarm

X=X (X1 X2, xY)
X =x"(x4,x2,..,x")

Which can be indicated briefly ax " = X "(x*, x?,..x") ()
where K =1, 2, ...N. Itis assumed that the funimvolved are singled
valued, continuous and have continuous derivatiVes. converse to each

set of coordinates(?l,fz,...,YN) the will correspond a unique set
(x*,x2,...x") given by X —xk(i ,YZ,YN) - (iv)

The relation given by equation (ii) and (iii)) dedma transformation of co-
ordinate from one frame of reference to anothean&af reference.

3.2 Cartesian Tensor

Definition: When the transformations are from onectangular co-
ordinate system to another the tensors are cabetb§ian tensors.

3.3 Summation Convection

N
Note that) ajx’ =a,x' +a,x* +...+a,x" but a shorter notation is simply
i=1

to write asa,x’ where the convention that whenever the index (sope

subscript) is repeated in a given term we are to om the index from 1
to N unless otherwise specified. This is called shexmation convention
instead of moving the index j we could us anotle&el say P and the sum
could be written asa, X ”. Any index which is repeated in a given term so

that the summation convection applied is calledmmy index.

As index occurring only once is called “free indexid can stand for any of
the number 1, 2, ...,N such as k is equation (ii) @ind
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Examples

1. If p=g{X*,X2,...,X?) then the differential of;

1
a¢:%+a—§idx2+...+a—§%dx“
ox, 0X X
Ndp i 0
Ode= —dx! = ——dx’
v ;ax' X |

dx“ _ax“axt ax" ax? aX " aNM
= + +..+

2.
ot oX' ot ox? ot oxXN ot
ox" _ox"  ox"
o0 oxM ot

3. Ifas?=g,(0x') + g, (0x2) +g,lexR
9s? = g,, ox* )’

3.4 Contraviant and Covariant Vectors

If N quantities A, A%,..A" is in a co-ordinate systeffx*,X?,...X") are
related to N other quantiti@s, A*,...,A". In another co-ordinate system
—1 =2 — N . .

X, X ,..,X . By the transformation equations

They are called component of a Contraviant vectd@antraviant tensor of
the first rand or first order.

If N quantities A,A,,...,A, in a co-ordinate systenX*, X?,...X" are
related to N, other quantitiesAs,A:,...,Ax in another co-ordinate

systemX X ... X . By the transformation equalities
—  {ox?
Ap =) —A,P=12..,N

a=1 0 X

— q
By convection A, :%Aq they are called component of a covariant
X

vector or tensor of the first rank or first order.
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Note: That a superscript is used to indicate ceatiant component an
subscript is used to indicate a covariant component

Examples on Contravariant and Covariant Tensor

1. Write the law of transformation for:
(i) Aj = axa . ox® 6x - A=
x* ax’ ax"
(@) llustrate: As an aid for remembering the tfanmsation, note that

the relative position of indicesp,g,r On the left side of the
transformation are the same as those on the rigid Iside of the

equation. Some these indexes are associatedxmitb-ordinate and
since indiceq, j,k are easily written as it was done

_ —_pP —q i j
(b) B ConsiderBfQ:ax Ox_ OX 0x! OX" b
ijk ax™ ijk

—t

"ox" 6x ’6x 0X

(c) C™ Considerc® ZLC'“
X

3.5 Contravariant, Covariant and Mixed Tensor

If N? quantitiesA® in a co-ordinate systeffx*, x?2,..,.X") are related to
N2 other quantitiesA” in another co-ordinate syste(ﬁl,iz,...,YN) by
NN gx" X e

transformation equationa”
a ;JZ; e ox°

p,r=12.,N

o
AY = ‘qu . ZLSA“S it is called contravariant component of a tensothe
X X

second rank. TheN? quantities A,, are called covariant component of a

q
tensor of the second rank Asy —ai ox —— A, e.g. of mixed tensod;
ox

ax’

Scalar or invariant: A scalar or invariant is cdleetensor of rank zero.
Symmetric and Skew Symmetric Tensor

A tensor is called symmetric w.r.t. of indices 6 icomponent remains
unaltered upon. Interchange of the indices e.g\f = AZ™ the tensor is

symmetric in p and m.

4C



MTH 303 EUTORS AND TENSORS

A tensor is called skew symmetric with .respect Zacontravariant or 2
covariant indices of its component change sing upderchange of the
indices e.g. A =-A2" (in m& p)
Tensor of rank greater than 2

% are component of a mixed tensor of rank 5. (Ceatiant of order 5
and covariant of order 2).

The kronecker Delta

: : - : [0 Ifj=k]| . :
This written J, is defined asd, :{1 i J_ k} is a mixed tensor of"2
J =
rank.
Examples

1. Evaluate (a) jqp AT (b) _[qpfrq
Solution

Sincejqulif p=q & 0 if p=q
= [ A=A

2. Show that— I

Solution

_ oxP _ .
Ifp=aq, thena——l sinceX ? = X

P
If p = g thenx® and x® re independent theg— 0 36L_I"

ox% Ja
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3.6 Fundamental Operation with Tensor

1. Addition and Subtraction: The sum of 2 or maresbr of the same
rank and type i.e. same number of Contraviantcegliand same
number of covariant indices is also a tensor of ¢ame rank and
type thus if A’"and B;* are the tensor thec;* = A/ +B;* of

vector is Enumerative and Associative. The diffeeenf 2 tensor of
the same rank and type is also a tensor of the samkeand type. i.e.
m — Aqm -B™
q
Example

If A and B are tensor. Prove that their sum and differenegearsor.

Solution

Ek_ax X X' -

oaxP " ox® ’a;<j
BX _ai ai_ax pa
axP ox* 6x '
LAk BN - ax' ax .ax AP + B
aXp an ax
And Kijk —Eijk GX ox .GX AP —BM
X" ox° ax’

3.7 Outer Multiplication

The product of 2 tensor is a tensor whose rankiefdiven tensor. This
product which involve ordinary multiplication of ghcomponent of the
tensor is called the outer product

e.g. A+B'=Cn" isthe outer product oA and B_"

Contraction: If one contravariant and one cavarindex of a tensor are

set equal, the result indicates that, summatiom theeequal. Indices are to
be taking according to the summation convectiors Tasulting sum is a
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tensor of rank 2 lesser than the original tensdre Pprocess is called
contraction.

SELF ASSESSMENT EXERCISE

1. If a tensor of rank 3\ i.e. setr = s to obtaiAy" = B;*

Tensor of Rank 3

Exercise 2 By setting the abos® where p = 2B;* =D"

Internal Multiplication

By the process of outer multiplication of 2 tensafowed by contraction,
we obtain a new tensor called an inner product d@fiven tensor, the
process is called inner multiplication.

e.g. if A’* and By the outer produc\® B, letting g = r, we obtaim\™
and B, and this is the inner product, moreover, if p then another inner
product is obtainA® and B,

Tensor form of gradient, divergent and curl

0] Gradient: If ¢ is a scalar of invariant, the gradient pfis defined

by O¢ =gradg=9J, P :% where ¢, P is the covariant derivative
X

of @ wrt xP

(i)  Divergent: The divergent ofA® is the contraction of its covariant
derivativewrt x} be the contraction of,

Mathematically,

Dir A» = A? =— 2 ([ga¢)= al

gox* X
. i 3 aAp aA:I
(i)  Curl: The curl of AlisA-A,= X - T

Tensor of rank 2, the curl is also defineX" A ,
(iv) Laplacian: The Laplacian af is the divergence of grag and 0%
109 ik Mj
Jg 0% (\/E J |

=dir g P=
4 ox*
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In caseg < 0,\/5 must be replace by-g both casegg>-0 & g<0 can
be included the writtery|g| in placeg .

Alternating Tensor %,

i if i,j,k arein cycle
This is define by ¥, ,, =4-1 if i,j,k are anti cycle
0 if i,jk on 0=k

i—j= A 0-i=6_ =1

i-k = dk I.j=9d_,=0fori+]j

j_kzdjk

i 0 =li|/j| sum O.K whereg is the angle betweein& |
5 9=

=1 Jj=1

i[j=1—1SumgK=K
Using alternating tensor

3
0] _Zzijk = [Zijl"'Zijz +zij3]k

K21

=(0+0+1)K=K
Notation

Let us denote the unit tensor By ¢ is a matrix.
9, = (1, 0, 0) = I a unit vector along k —arms
J, =(0, 1, 0) =j a unit vector along y — arms
Jd, =(0, 1, 0) = k a unit vector along z — arms
1 00
0 =|0 1 0| =unit3x 3 matrix
0 01
Use alternating tensor to establish the resultuafv where uv are
vectors. By vector product
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= (U2V3 - U3V2) 0- (U1V3 - U3V1)j + (U1V2 - UZVl)k

By alternating tensor

<
Ol
<

3 3 3
=222 %yd
i=1 j=1 k=1

3

Z[Zijléiu jV1 +Zij2 oV jV2 + zijs ou jV3

j=1

Y OUNM +2X,0UN +>.,0UV, +>,,0UN, +>..0UN,+>.,,0U.V,

1 2

1
iy

j

3
= |:Zzi21éiu2vl + Z“i:SléiUSVl +Zi12éiU1V2 +Zi32éiU3V2 +Zi13éiulv3 + zi23éiu2v3i|

i=1

Y OU N+ UV +Y. 0 UV, +Y L, 0UN, +2,.0 UV, +3 .. 0U.V,
=3 OUN +2 O UV +2., 00UV, +3> . 0UN, +>, 0 UV, +X ,.0U.V,
= U V,K+UV,j +UV,K U N,i UV, +U Vi
=(UV,-UM,)i+UV,-UV,)j+({U,Vv,)k=U 0OV proved.

Defined

The vectoru =(U,,U,,U,), 4, = 1,0,0), &, =(010),d,= (0,01 e.t.c. are
called first order tensor.

Let L” be a second order tensor
L'11 L2 Las

L =L 21 L2 La2x|&
L'sa L2 Las

l 3x3

o O B+

o +— O

= O O
I
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3.8 Multiplication of Tensors
We have various multiplications
Dynoadic product

Letu =(U,,U,,U,), VvV =(V,v,V,) be vectors i.e. first order tensor
Definition: we defined the dynoadic productsw® v written asu VvV
Ulvl U1V2 UlVS

UV =1UV, UV, UV,
UM, Uy, Ul

100 010
Henceo,-4,=|0 0 0| & ¢9,-4,=|0 0 O

000 000
Let L™ =g0,L N=3

Let s be scalar and” be second order tensor then

S =s36,() N=3
S :ZZSQ_iO_j L7

i=1 j=1
Single Dot, Product of 2 Tensors

Definition:
Let ) ,L  be tensors. We defined the single dot produd oéind L~
Written 0"« L~ so that the IL component @f « L™ =>07ij L jl

L' L2 Lius Ou 012 O
L =|L2n L2 L2, 0021 022 02
Lss L2 Las 03 03 O
Su Se S .
0L =|S,, S, S, |Wwheres, = ZO'U L i

=0 Law+0i2L 20 +07is Ly

4€
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Dot Product of a Tensor and a Vector

Let L~ be a tensor, let be a vector. The dot product of andv written
lL"v| is defined by

[L' . \1] = Zoldi (Z L_ijvj) so that ith component (bf . \1] =2L 4V,

Example
L1 L2 L

If L"=|L2n L2 La2a| &V =(V1,V2,V3)
L'as L3 L3

3
The first component i L4V, =L uV, +L 12V, + L1V,

=1

3
The second component}s L2V, =LV, + L 22 V, + L 23V,

=

3
The third component i3 L3V, =L'a1V, + L3 V, + sV,

=1
So[L «VI]=(S,S, S)
Let consider

VoL =S8V Ly or TITVL
The ith component 2V, L j

3
First component 'V, L™ =V,Lj, +V,L;, +V L3,

=1

3
Second component 3V, L iz =V L, +V,L;, +V,L;,

j=1

3
Third component =V, L™ js =V L, +V,L;; + VL,

j=1

Note L™ is symmetric ifLj = L ji
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OtherwiseL" is not symmetric hence

L eyl L]

Example

Prove that ()3« v] =[ve ] =v
(ii) [uve w] = ulve w]

3.9 Double Product of 2 Tensors

Let J,L" be tensor
Definition: we define the double product of and L™ written (0‘ ; L‘) as
(0_ : L_):Zzo_ijl___jl

i
In the same way
L euw)=3 >0 w

i

Similarly
) (wixy) =X VW, XY,

@ (:U)=siy, g =aifiz]

Prove
1 00 L'n L2 Lius
00=|0 1 O|-L =|L2as L2 L
0 01 Lss L2 Las

3

ZZ(O_ilL_li +07i2L +O_i3|_-_3i)
i=1

=0 1L 11 +0722L 22 +0733L 33

= J‘11L1_1+ zzL;2+J‘|___33 i.e.J.ij =0 if 0# J &5” 2uf o= J
33

~ (Q_ ¢ I_—_): Liy+Lly+Lly

4.0 CONCLUSION

The tensor analysis discussed in this unit is toilfarize you with
high language being used in higher mathematics. rveed to study
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this unit properly so that you can able a lot afufe mathematics
courses.

5.0 SUMMARY
In this unit we have learnt about the following:

- Summation Convention in Tensor Analysis,

- Product of Tensors.

- Covariant Tensors , and Contra variant Tensors

- The gradient ,Divergent and Curl of Tensors

- Tensors of various ranks
You are required to master them properly so thatwdl able to do
various exercises and Tutor marked- assignmetthisrunit.

6.0 TUTOR-MARKED ASSIGNMENT

(1) Write each of the following using the summatanvention.

_ 6¢ 1 a¢ 2 a¢ N
a) dp=—L-dx +——dx“ +....+—dx".
(2) do ox* ox? ox™

(2) If A" andB" are tensor. Prove tha:™ = A" B[ is also a tensor

—ii X Ax’ q
) OX OX Oxt

ox? ox' jx
on_0X X o

oxX™ ax’
LA B oG 20X X 00X ¢

oxP X" 5x" X" gx'
(b) dx* _ox‘dx’  ox“ d
dt  oxdt  ox?
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