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MODULE 1
Unit 1 Some Basic Concepts
Unit 2 Vector Field Theory
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3.3.1 Testing for Linear Dependence or Otherwise
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5.0  Summary
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1.0 INTRODUCTION

In scientific problems, oftentimes one discovers that a factor depends
upon several other related factors. For instance, the area of solid
depends on its length and breath. Potential energy of a body depends on
gravity, density and height of the body etc. moreover, the strength of a
material depends upon temperature, density, isotropy softness etc.

2.0 OBJECTIVES

To be able to identify function of two or more variables. The ideal of
Jacobian to be extended to three variables. At the end of this unit, the
student ought to be able to use Jacobian to change variables in multiple
integral. Lastly to be able to determine whether two or more functions
are linearly dependent or independent
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3.0 MAIN CONTENT

3.1 Function of Several Variables

In this regards, it would be necessary to define factor (function) of
several variables.

If a variables depends uponxandY , we say that#is a function of X and
Y, and we can writeu = f(x,y).

It is worth mentioning here that function of one variable can be extended
to function of several variables. For instance; the values of a function

S(x,y)at (%0, is given byf(xwyo) .
Example 1

u(x) U a function of a single variable
u(x,,x,) 0 a function of two variables
u(x,,x,,x; IMI,) 0 a function of several variables

3.2 Jacobian

Given thatu = u(x,y)andv = v(x,y)are two continuous function of the

independence variables X and Y such that

du Ou OJv dv
—,—,—and —
Ox dy O0x dy

are also continuous in X andY , then the expression

Ju Odv

Ou 0v _ O0u v _ ox  ox

dxdy dyox [ou Ov

dy dy

the Jacobian or functional determinant of # and v with respect toX and .
It could be written as

JE: VH: 0(u,v)
yo 0(x,y)

1s called
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The idea can be easily extended to three or several variables thus:

oy w
Ox Ox Ox
g g o o
x,y,z[] [0y 0y Oy
du v ow

0z 0z 0z

Jacobian can be used to change the variables in multiple integrals

dxdy

J'J'f(u,v)dudv :J'J'f[u(x, y),v(x,y)]‘ O(Z:;))

d(

Example 2

Jacobian can be applied to polar coordinate” and@, thus,x = rCos€ and
y=rSind

Then,
Ox Ox
- 9(x,) - or 96 1
org) |9 9 M
dr 086
But a_x = CosH, a_x = -rCosf (2)
or 206

g—i = Sinf and g—; = rCosB

Substituting equation (2) into (1) gives

Cos6 - rSin6

Sinf  rCos6
= rCos*8 - (-rSin°0)
= rIC0029 + SinzeJ =r

Since Coc?6 + Sin’6 =1
D J - a(xﬂy) - r
0(r,0)

3.3Function Dependence and Independence

Two functions#(x) and v(x) defined on an interval 0 < x < 1are said to be
functionally (linearly) dependent onO< x<1if there exist ‘0’ two
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constants k£, and k, where not both zero, such that‘ 0’

ku(x)+ k,v(x) = 0 forx,Oxall.

However, the two functionu(x) and v(x) defined on interval 0< x < 1are
said to be functionally (linearly) independent on0 < x <1an if the only
constantsk, andk,such that‘0’ for allxin the interval where both
constants k, andk, are zeros i.e k, =k, = 0.

Example 3

The functionsv(x) = e” andu(x) = ™ are linearly dependent on the
interval 0 < x < 1. Suppose

ke“ +k,e™ =0 Oxin 0< x<1 (1)
multiplying equation (1) bye “, we obtain

ke“e ™ +k,e™e ™ =0 (2)

k, +k,e” 9" =0 3)
differentiating equation (3) we obtain

(b-a)k,e” " =0 4)

(b-a)e” " # 0 sinceb-a # 0 then it implies that

b=0 (5)
Substituting (5) into (1), we obtain

kae™ =0 (6)

0  a=0,since e™ # 0.
Example 4

In similar vein the functionsv(x)=e” andu(x)= e™are linearly
independent on the interval0< x <1.If

ke™ +k,e™ =0 (1)

(k, + kyx)e™ =0 (2)
Since e® 20, U Kk +k,x=0 3)
differentiating equation (3) we obtain

k=0 4)

Substituting (5) into (1), however

ke =0 0 k =0 since e* £0 (5)
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3.3.1 Testing For Linear Dependence or Otherwise

A method called Wronskian of the function are used thus consider the
functions u#(x)and v(x)and the first derivatives #'(x)andVv'(x). This
involves the determinant thus:

v(x) u(x)
Vi(x) u'(x)
= v(xu'(x) = u(x)v'(x)

Wronskian = W/(v(x)u(x)) = ‘

SELF-ASSESSMENT EXERCISE

Determine whether the following pair of functions are linearly
dependent as the case may be

1. (a) u(x)=x, v(x)=e*
(b) u(x) = 2Sinhx, v(x) = Cosx
() u(x)=x", v(x)=3x

ii. (@) Show that the function u(x)and v(x) defined by are
linearly

u(x) = x*,  v(x) = x|x|independent for the interval 0 < x <1
(b) C(;mpute the Wronskian of these functions
3.4  Multiple Integral
3.4.1 Line Integral

Definition: Let f(x)be a single real valued function in the interval
a< x<b. Thus we can define line integral as

[ f(0as
3.4.2 Evaluation of Line Integral

Evaluation of line integralJ’j f(x)dxcan be accomplished by two
methods. Thus:

a. A line integral of a vector function F'(r) over a curvecis defined
by
_ dr
[F(ryr={. F(r(t)).Edt (1)
b. In term of components, withdr = dxi, + dy; + dz,
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Then we obtain
I’F(r)dr = I‘(Fldx + F,dy + F,dz)
= L(Ex' + F,y' + F,z')dt (2)
1 dx ' dy ' dx
h =—, =, =
Where x " y r z Jt (3)

It is worth to mention that if the path of integrationCin equation (1)
above is a close curve that is

B /

’\V_\ (
/
(

Then instead of L we can also write ﬁ

3.4.3 General Properties of Line Integral

a. J;kF dr :kLF dr where k is a constant.
b. J'(F+G)Ddr =J'FDdr+IGD:lr
C. LF (dr = J'dF Odr + J'Cf Odr
Where c=¢ tc,
3.4.4 Double Integral
Definition: In this case the integrand is a function f(x,y)that is given
for all (x,y)in a closed bounded region R of the X ~ Y plane.
Let f(x,y) be a single valued continuous function within a region R

bounded by a close curve C. Then the region R is called

The region of integration. However, double integral can be defined thus:

[ £eeyxdy or [ o) (1)

3.4.4.1 Evaluation of Double Integrals

Considera< x<band g(x)<y<h(x)so thaty=g(x) andy= h(x)
represents the boundary of R . Then
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J Aoy = [ 2)

Similarly, if R can be described thus
csysd v(y)<x<u(y)

So that x = v(¥) and x = u(y). Then
J' jJ'(x, V)dxdy = J'Cd B‘Z(}y)) f(x, y)dx%iy (3)

In this case, one first calculates the integral within the square brackets.
Then further integration is then performed.

Example 5
Evaluate the integrals
11
IOIO (x* + y*)dydx
Solution
[, 5@+ v
2‘[; [xzy + §y3]01dx
= [l + - olax = [ (2 + e

1
0

x3+lx
3

I 1
= —+ —
3 3

Wi W=

3.44.2 Double Integral in Polar Coordinates
This is deﬁnedaby

ﬁ J’ £(r,0)drdd
Example 6

Evaluate the integrals

% 2Cos

[ " 12drdd.
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Solution

J// %’0“‘”9 rdrdio = 1 1)

% Dr3 DZCUSH
=[,0;0 9° 2
5 D3 0
. 3
:J.A (2Cos0) 10
A 3
v 8 3
=(" = 0do
J' 3 Cos 3)
Using trigonometric identity to simplify Cos’6
Thus Cos30 = Cos(20 + 8) = Cos20Cos8 - Sin26Sinb
= (Cos’0 - Sin’8)Cos8 - (2Sin8Cos8)Sin8
= Cos>0 - Sin*0Cos8 - 2Sin*0Cos0
= Cos*0 - 3Sin*0Cos0
= Cos*0 - 3{1 - C0S29‘C0S9
= Cos’0 - 3Cos0 + Cos’0
= 4C0s39 3CosH
0 Cos’0 = ZC0S39 + ZCOSQ 4)
Hence, substituting (4) into (3) we obtains
I= —I/ H—C 530 + —Cos@ Ei@
%
I= E%Sm?ae + 3Sm9§
A
21 0. o
= %Sm%n + 3Sln‘7§— E%Sm(— 317)+ 3Sin(- 3)% 5)
But Sinym=-1 Sin4=1
Similarly, Sin=m=-1and Sin-'/= - (6)

Substituting (6) into (5)

2 1
—5%(—l)+3g—%(l)+3(—l)%
2T
303 0O 3
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--23, 50, 2f00, 22
3B 38 3031
I = —32
9
3443 Double Integral

MATHEMATICAL METHODS III

Definition: A function of three variables is involved in triple integral.
However, in triple integral, integration is carried out thrice. It is then

define as;

.[ ; !f ()j,y D)z (o the region v

_[ [y, Z)dv. This can also be used to find the volume of any

shape.
Example 7

Evaluate

.[ll,l’oz,[:j(x + y+ 2)dydxdz

Solution

I_l gz ﬁ‘_x--:(x+ y+ Z)dy%lx%z
Il A [+ 122 gz

:I g(’x()m )+ L(x+2)° +z(x+z)] [x(x )+ i(x-z)* +z(x- Z)])%jz

Iy (4xz +227)

= J' 1[2x22 + 2xzz];dz

1
= Ill4z3dz =z*

=0

Example 8
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Evaluate
- 2 2
r= I P x]'+ 3y"+3z dvby changing to polar coordinate.

Thus x = rSin8Cos@ | y = rSin8Cos@ and z = rCos8 .

Solution

I=24 Io/ J’O/ [[ rdr(rsingdg)(rd8)

24 oy
_?IOIO

24 i v
—?a J'O ( Cos@)0 do

= ga5 d* - %asn.
5 2 5

a’Sin8d0dy

4.0 CONCLUSION

In conclusion, the student should be able to use Jacobian method to
change the variable in multiple integral and to determine whether two
functions are linearly dependent or independent. Also to solve line
integral, multiple  integral, and improper integral.

5.0 SUMMARY

The following are discussed in the unit;

Functions of variable defined thus, u(x,,x,,x, UIIIIX,) . Jacobian of (uv)
was discussed and extend it to three or several variables, thus

vl d(u,v) Eu,v,wH_ 0(u,v,w)
J = and J =
Ei YH 0(x,y) x,y,z[] (0x,y,2)

Jacobian was also applied to polar coordinate thus

J = a (x’ y) =
d(r,0)
The functional dependence of two functionsu(x) and v(x) was discussed
thus;

10
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ku(x)+ ky,v(x) = 0 forx ,Oxall Uk, and k,are constant and are not zero.
While the functional independence of two functions#(x)and v(x)was
also discussed thus:

ku(x)+ ky,v(x) =0 Ox Uk =k,=0.

Testing for linear (independence) dependent was discussed using
Wronskians method which involves the determinant thus

v(x)  u(x)

W(v(x),u(x)) = v(x)u'(x) - u(x)'(x) = V) W)

Lastly, multiple integral.

6.0 TUTOR-MARKED ASSIGNMENT

1. Compute LF (r)Wr where
(a) F=y%-x"j, cir=ti+t"', for 1<¢<3
(b) F=x%i-y’j, c:y=1-x*, for -1<x<1
2. Find the work done by the force F = xi - zj + 2yk in the
displacement;
(a)  Along the y axis from 0 to 1
(a)  Along the curve z = y*, x =1, from (1,0,1) to (1,1,1).
3. Evaluate L(X P4 y?) s
(@)  Over the path ¥ = 2x from (0,0) to (1,2)
(a)  Over the path ¥ = =X from (1,-1) to (2,-2)
4. Evaluate the double integrals
n 1
(a) J’_" I_lxydxdy

(b) f Il e’ Coshxdydx

(c) _[12 J:VZ* ' ydxdy

5. Evaluate the following triple integral
(a) J'_N" I:Ix (x+ y+ z)dxdydz
dxa’ydz
(b) I-”x F 74z > wherex’ +y*+z> =a

(c)  Compute the volume of the solid enclosed by

(1) f-}-l-}-i:l’ x=0,y=0,z=0

a b c
(i) x*+y*-2ax=0, z=0, x’+y’ =7’
6. Determine whether the following pair of functions are linearly

dependent or independent as the case may be.
(a) u(x) = x,v(x) = e**
(b) u(x) = 28inhx,v(x) = Cosx

11
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()  u(x)=x’,v(x)=3x’

7. (a) show that the functions u(x)and Vv(x)defined by
u(x) = x*,u(x)= x|x| are linearly independent for the
interval 0<sx<l1.

(b)  Compute the Wronskian of this function

7.0 REFERENCES/FURTHER READINGS
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1.0 INTRODUCTION

Vector function represents vector fields which have various physical and
geometrical applications.

The basic concepts of differential calculus can be extended to vector
function in a simple and natural fashion.

Vector functions are useful for representing and investigating curses and
application in mechanics as path of moving bodies.

Integral theorems will be considered in the later path of this unit’s i.e
Gauss, Stokes and Greens theorems.

2.0 OBJECTIVES

The objectives of this unit is vector field and vector function together.

. understanding of the vector field theory, using vector function to
investigate curves and their applications in mechanics; and

. further objective is to use integral theorem to solve some physical
problems. Study of Gauss, Stokes and Greens theorems and their
applications.

3.0 MAIN CONTENT

3.1 Vector Field Theory

A scalar function is a function that is defined at each point of a certain
set of points in space and whose values are real numbers depending only

13
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on the points in real space but not on the particular choice of the
coordinate system.

Furthermore, the distance of f(x,¥,z)of any point 2 from a fixed point
Poin space 1 s a scalar function whose domain of definition Dis the
whole space. f(x,7,2z) defines a scalar field in space. Introducing a
Cartesian coordinate X,,Y,,Z,. Then the distance

S22 = (- x) + (v= v + (2 2,)
3.2 Relations between Vector Field and Functions

A vector v(p)is a function that is defined on some point set D in space
1.e. the set of points of a curve, a surface or a three dimensional region
and associates with each point 2 in D a vectorv(p).

While a vector field is given in D. We introduce Cartesian coordinates
X,¥>Zthen we may write our vector function in terms of compound
function.

V(X 2,2) = [V, (63,295 (3, 1,2), v (5, 2)
or using i, j,k . Thus

v(x,¥,2) = v (%, ,2)i + v, (%, 3,2) ] + v3(x, p, 2)k

But we should keep in mind thatv depend only on that points of its
domain of definition, and at the point defines the same vector for every
choice of the coordinate system.

Our notation in simple scalar and vector quantities in the perquisite
course Mathematical methods I and II are the same with that under

discussion. The only difference is that the components v;,V,,v; of vnow
becomes functions ofX>V>Z sinceVis a function of X.>Z

3.2.1 Example of Vector Field (Velocity Field)

At any instant, the velocity vectorsv(p)of a rotating body B constitute a
vector field, the so called velocity field of the rotation. If we introduce a
Cartesian coordinate system having the origin on the axis of rotations

then

V(X,1,2) = wX|z,p,2] = wx (xi + yj + zk)

14
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) i K

> —Foe— <«

b 4 T w

Gravitational field
Fig. 2

Field of tangent vectors of a
curve.

Fig. 1

=

Fig. 3

whereX.)>Z are the coordinates of any point P of B at the instant under
consideration. If the coordinate are such the z-axis of rotation and w
points in the positive direction, then w = wk and

k
=w(-yi+xj)= w{— y,x,O]

<

1]
= o -
- o .

An example of a rotating body and the corresponding velocity field are
shown in Fig 3

Example of Vector Field (Field of Force)

Let a particle 4 of mass M be fixed at a point Pyand let a particle B of mass

M to be free to take up various positions 7 in space. Then A attracts B.
According to Newton’s Law of gravitation, the corresponding

gravitational force”is directed fromPtop,, and its magnitude is
proportional to %2 where’ is the distance between 2 and p, say.
— GMAMB

7| :

r
where G is the gravitational constant

15
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Hence P2 defines a vector field in space. If we introduce Cartesian
coordinate such thatp,has the coordinates X,,Y,.Z,and P has the
coordinates¥>Y>Z , then by Pythagoras theorem.

r:\/(x-x0)2+(y—y0)2+(z-zo)2 (2)
Introducing the vector assuming7 > 0 then
rE(xmx)it (=)t (z-z0)k 3)

we have |r| = and (- %) 1s a unit vector in the direction of 7 ; the minus

sign indicates that 7 is directed from p t p, .Fig2.

Hence substituting (1) into (3) we obtain
GM M
p=| p|H —rH

= - P i (7= 3)+ (2 2] )

Hence, this vector function describes then gravitational force acting on
B.

Derivative of a Vector Function

A vector function v(?)is said to be differentiable at a point #if the limit
exists. The vector is called the derivative ov(?).

v(t+ At)+ v(¢)
At

V() lim

V (t+ pt)

V (1)
Partial Derivates of a Vector Function

The way of introducing partial derivation to vector analysis is obvious.
Indeed, let the components of a vector function.

16
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v=+v,j+ v,k be differentiable functions of 7

variables?,,t,,t; U4, . Then the partial derivative of v with respect to ¢

0
is denoted bya—‘; and is defined as the vector function.

v _dv v v

+—2j+
0t 0t 0t 0t

Example 1

Let r(t,,t,) = aCot i+ aSint, j + 3t,k

or_ -aSint, + aCot,i,
dt,

a_l" =3k

0t,

3.3 Integral Theorem
3.3.1 Divergence Theorem of Gauss

For simplicity, divergence theorem of Gauss can be used to transform
triple integral into surface integral over the boundary surface of a
region in space. This is obvious because surface integral is simpler and
easier to handle compare to triple integral.

Therefore, let T be a closed bounded in a region space whose boundary
is a piecewise smooth orienlatable surface S.

Let f(x,y,z) be a vector function that is continuous and has continuous
first partial derivative in some domain containing T. However, the
transformation is done by the so called divergence theorem which
involves the divergence of a vector function F.

Where divergence of F
d0F, O0F, OF:
0 ivF =g —+—=+——Rkiv=[ HlhdA
divE = e e = @)
But qumiﬂﬁ@¢+gw¢+a@@) 3)

Where 'n'is the outer unit normal vector of S.

but
F=FRitF,j+Fk (4)

17
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and n = Cosai+ Cosfj+ Cosyk (5)

where @,B,and V are the angle between'n'and the positive *>Y>andz
axes respectively.

Next, we substitute equation (3) and (4) into (2) so we can obtain

0F, 0F, OF . .
J, @Ff +a_y2+a_§§’xdydffs (fiCosai+ FyCosj + FiCosyildd  (6)

But
Cosa = dzdy,Cosf = dzdx,Cosy = dxdy
0F, O0F, O0F, _
O IT %ﬁ + E + d_z%dz = J’S [Idydz + F,dxdz + F,dydx (7)
Example 2

Application of the Divergence Theorem
Harmonic Function

The theory of solution of Laplace gives thus:
0F, 0F, OF
D 2 - 1 + 2 + 3 - 0
/ dx 0Jdy 0z (8)
and equation (1) is called potential theory.

Now, from the divergence theorem formula

IT f'ivfdv = IS jI [hdA 9)

Where F=0f (10)
is gradient of scalar function.
divF =0°f (11)
and Flh=nlf
Hence,
P e 12
T N
Where

nlgradf = Z—id/l (13)

18
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we denote the directional derivative of / in the outer normal direction of

S by —

However,

fDaEnEDng—ﬁD:ZA (14)

3.3.2 Green’s Theorem

This theorem gives the relation between the integral over the boundary
surface which encloses the volume. IfF,,F,,F;are three function of

0P 00 R

X,¥>Zand their derivativesaagaa—z are continuous and single valued

functions in a region? bounded by a closed surface S, then

P 90 OR
%ﬁ— % X = R 4
J; o + o + % E’v J'S (fCosO/ + QCosf + Cosy)d

As in (6) above
Where Cosa ,CosB and Cosy are the direction cosines normal to the
surface S.

Example 3

Evaluate the surface integral

I= J' (,fdydz + x° ydzdx + x> zdxdy
N

where is the surface bounded byz =0,z = b,x>*+y’=a".

Solution

Using Green’s theorem

I= I ﬁ’jx]? x*+ xz)dxdydz
vV

= 4I0a ﬁom ﬁ‘f dz %Jyﬁszdx
[ ﬁﬁ (b)dyEszdx
= 2Ob-[:x2\/a2 - x7dx

Substituting x = aSin8 or x = aCos0 we have dx = aCos0df

19
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= 2ObI0a a’Sin*0~a* - a*Sin*0 )Cos@d@
= 2Oa4bfoa (sze V1-Sin’0 )Cos@d@
but \/1 - Sin*0 :\/COSZB = Cof
1= 20ba4J'a(Sin20 - Coszede)
0

= 20ba (! [Sin’0 ~ Cos*6a9)]
Jam

= 20ba EIEH

ma’b

NG RV

3.3.3 Stoke’s Theorem

This is the transformation between surface integrals and line integrals.
Stoke’s theorem involves the curl.

ik
Curl F = AnF = |0/ %y 7 (1)
E F2 F3

Let S be a piecewise smooth oriented surface in space and let the
boundary of S be a piecewise smooth simple close curve C.

LetF(x,y,z) be a continuous vector function that has continuous first
partial derivatives in a domain in space containing S. Then

IS (ﬁan) ThdA = jCSF DZ—: @)

: . dr . .
where” is a unit normal vector of S and, also P the unit tangent vector
s

and S the arc length of C.

n
dr

dr n
ds
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0 0F, anEN'"aFI aF3BN+aF2—0iENEdudV
IR dy 0z 00z 0x [ : H@x dy 3D

= f(Fa’x+ Fdy + F,dz)
C

3)

3.24 Green’s Theorem in the Plane as a Special Case of
Stoke’s Theorem

Let F=FitF,j+Fkbe a vector function that is continuously
differentiable in a domain in theX~ Vplane containing a simply
connected bounded closed region S whose boundary C is a piecewise
smooth simple close curve.

Then from equation (1)

(anF) T = (anF) o = 22 - 051

Ox
Then the formula in stoke’s theorem now takes the form

I g! oF, B,I’A dex+de)

Hence Green’s theorem in space is s special case of Stoke’s theorem.

Example 4

Evaluation of line integral by Stoke’s theorem.

r
Evaluate J@F D;l—sélflsawhere C is the circlex’+y* =4, z=-3,oriented
C

counterclockwise as seen by a person standing at the origin, and with
respect to right-handed Cartesian coordinates F = yi + xz°j - zy’k.

Solution

As a surface S bounded by C we can take the plane circular disc
x>+ 3> =4 in the planez = -3.Then 7 in Stoke’s theorem points in the
positive z-direction; thus n=k,. Hence (AnF) his simply the component of
curl(AnF ) in the positivez-direction. Since F with z = -3 has the components
F, = y,F, =-27xand F, =3)’, we thus obtain

(AnF)Dq:ai—aiﬂ%l:lzs
x  Ox

Hence, the integral over S in Stoke’s theorem equals 128times the area 4
Tl of the disk S.
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[(AnF) Dhl4m = -28 T4 = -1127
= -352

4.0 CONCLUSION

In conclusion, the students must have understood vector field theory and
also be able to relate between vector field and vector function
respectively.

However, Gauss’s, Stoke’s, and Green’s theorem was also discussed
using the knowledge acquired from vector field theory.

5.0 SUMMARY

In summary, double integrals over a region in the plane can be
transformed into line integrals over the boundary C of R by Green’s
theorem in the plane using

F, OF _
[ 2 —a—);@fxdy- flras ma)

S
Also Triple integrals taken over a region T in space can be transformed

into surface integrals over the boundary surface S of T by the divergence
theorem of Gauss using,

ivfdy = [hdA
[ fioga=]
where” is the outer unit normal vector to S which implies Green’s
formulas.

Likewise surface integrals over a surface with boundary curve ¢ can be
transformed into line integrals over C by Stokes’s theorem.

J (§nF) Tt = jcs@F D;l—:%z’s

6.0 TUTOR-MARKED ASSIGNMENT

1. Evaluate the relations between vector fields and vector functions.

2. State one example of a rotating body and the corresponding
velocity field.

3. Let the components of a vector function

r(t,,t,) = aCost|i+ aSint, j+3t,k be differentiable functions on
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variables 7 and?,. Then find the partial derivatives of 7(¢,,,) with

r dr
respect to £, and?, denoted by 77— and 7.
0t, dt,
4. Evaluate the surface integral

I= J' (,fdydz + x° ydzdx + x> zdxdy
N

where is the surface bounded by z = 0,z = b,x* + y* = @
5. State and prove Stoke’s theorem.

6. Evaluate _[HF DalEL”Sawhere C is the circle x* + y* = 4, z=-3,
0 dsO

oriented counterclockwise as seen by a person standing at the

origin, and with respect to right-handed Cartesian
coordinates F' = yi+ xz° j - zy’k.

7. Show that vector function
F = (x2 + yz)i+ (y2 - zx)j + (z2 - xy)kis irrational. Find the scalar
potential

8. Verify divergence theorem for the functions

F=4xzi-y’j+yz
Over the unit cube x=0,x=1,y=landz=0and z=1.
0. Prove that div(g X y) = v[Curlu - uCurly

10. Evaluatef © LU, \where ® = xyi+ yzj + zxk and curve L
L

r=ti+t’j+t'kwhere-1<t<1.
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1.0 INTRODUCTION

CONCEPTS OF SETS IN THE COMPLEX PLANE

Definition: The term set of points in the complex plane is the collection
of finite or infinite points. Examples: the points on a line, the solution of
quadratic equation and the points in the interior of a circle made up of
sets respectively.

A set is called open if every point of S has a neighborhood consisting
entirely of points that belongs to S. that is the points in the interior of a
circle or a square from an open set, and so do the points of the “right
half — plane”Rez=0>0.

An open set S is to be connected if any two of its points can be joined
by a broken line of finitely many straight line segments all of where
points belong to S.

Likewise, an open connected set is called a domain. Thus an open disk
annulus is domains. An open square with a diagonal removed is not a
domain since this set is not connected.

The complement of a set S in the complex plane is defined to be the set
of all points of the complex plane that do not belong to S. a set is said to
be closed if its complements is open. Example: the point on and inside
the unit circle form a closed set.

A boundary point of a set S is a point every neighbourhood of which
contains both points that belong to S and points that do not belong to S.

Example: if a set S is open, then no boundary point belongs to S, if S is
closed, then every boundary point belongs to S.

A region is a set of consisting of a domain plus, perhaps, some or all of
its boundary points.

Next we shall consider function of complex variable but before this we
introduce complex functions first.

Complex functions

Definition: A real function F defined on a set S of real numbers is a
rule that assigns to every X in S a real number f(x), called the value of
fat x. Now in complex, S is a set of complex numbers and a function f
defined on S is a rule that assigns to every Z in P a complex number w,
called the value of f at z. we write

25



MTH 381 MATHEMATICAL METHODS III

w=f(2)

Here z varies in S and is called a Complex Variable. The set S is called
the domain of definition of f.

Example 1

w=f(z)=z>+3zin a complex function defined for all z; that is, its
domain S is the whole complex plane.

The set of all values of a function f is called the range of f. w is a
complex, and we write W=u+iv,where u and v are the real and the
imaginary parts, respectively. Now w is depends on z=x*iy.Hence, u
becomes a real function of x and y. and so does v. we may thus write:

w= f(2)=ulx, y)+ iv(x, ).

This shows that a complex function f(z) is equivalent to a pair of real
functions u(x,y) and v(x,y), each depending on the two real variable x
andy.

Example 2

Function of a complex variable.

Let w=z"+3z Find u and v and calculate the values of fat z =1 + 3i
and

z=2—1.

Let the real part of w be defined thus u=x’-y*+3xand the imaginary
part of wi.e. v=2xy+3y.

O f(1+3i)=(1+3i)* +3(1+3i)=-5+15i
Recall that i* = -1.

2.0 OBJECTIVES

. is to revise everything we have learnt in complex;

. in department study of complex analytical function;

. introduction and identification of Cauchy — Riemann equation;

. the study of Cauchy’s theorem and inequality;

. we are to look into integral transforms vis a vis: Fourier and
Laplace transforms; and

. to be able to use and apply convolution theory and their
application.
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3.0 MAIN CONTENT

It was observed early in history that there are equations which are not
satisfied y any real number. Examples are:

x*=-3 or x*-10x+40=0
This led to the invention of complex numbers.
Definition
A complex number z is an ordered pair (x, y) of real numbers x, y and
we write

z=(x, ).

We call x the real part of z and y the imaginary part of z and write
Rez=x, Imz=y

Example 3
Re (4, -3) =4 and Im (4, -3) = -3, furthermore, we defined two complex
numbers z, = (Xi, y1) and z, = (Xz, ¥2) to be equal if and only if their real
parts are equal and their imaginary parts are equal.
7, =z, if and only if x, = x; and y; = y».
Addition of complex number ;| = (Xi, y1) and z, = (X», y») is defined by
Lo a4z =000+ (x,0n) =ln a0+ 0)
Multiplication is defined by
2. 2z =)l r) =l = yyxn +x)
We shall say more about these arithmetic operations and discuss

examples below, but we first want to introduce a much more convenient
form of writing them as points in the plane.

3.1.1 Representation in the Form z =x + iy

A complex number whose imaginary part is zero is of the form (x, 0).
For such numbers we simply have from (1) and (2)
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(x1:0)+(x2=0):(x1 +x2»0)

and

(XI,O)(XZ,O):()CIXZ,O)
as for the real numbers. This suggests that we identify (x, 0) with the
real number x. hence the complex number system is an extension of the
real number system.

The complex number (0,1) is denoted by i.
i=(o,])

and is called the imaginary unit. We show that it has the property.

Indeed, from (2) we have
i2=(0.1)(0.1)= (-1,0)= - 1 futheremore, for everyreal ywe obtain from(2)
iv=(0,1)(»,0)=(0,y)
Combining this with the above x = (x, 0) and using (1), that is,
(x,v)=(x.0]+(0, ),
We see that we can write every complex number z = (x, y) in the form

z=x+iy
or z=x + yi. This is done in practice almost exclusively.

Example 4

Complex Numbers, Their Real and Imaginary Parts

z=(4,-3)=4-3i, Re(4-3i) =4, lim(4-3i)=-3

Z=H__1,OH=H__IB ReH__IH :__1’ hmH__IH:O
02 0 020 020 2 02 0

z=(0,7m) =11, Re(m) =0, lim(m) =m

3.1.2 Complex Plane

This is a geometric representation of complex numbers as points in the
plane. It is of great importance in applications. This idea is quite simple
and natural. We choose two perpendicular coordinate axes, the
horizontal x — axis, called the real axis, and the vertical y — axis called
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the imaginary axis. On both axes we choose the same unit of length
(Fig. 295). This is called a Cartesian coordinate system. We now plot
z = (X, y) = x + 1y as the point P with coordinates x, y. The xy —
plane in which the complex numbers are represented in this
way is called the complex plane or Argand diagram. Figure 296 shows
an example.
Instead of staying “the point represented by 7 in the complex plane” we
say briefly and simply “the point z in the complex plane” this will cause
no misunderstandings.

Imaginary A

VA , LA e S B Ly
z=X+1iy | 5'x

. |

) |

. 2 |

|

o |
| pReal =5 L _ > 4-3i

! L Xis
Fig. 295: The Complex Plane Fig. 296: The number 4 — 3i in the

—~ - —~

3.1.3 Arithmetic Operations

We can make use of the notations z = x + iy and of the complex plane.
Addition the sum of z, =x, + iy, and z, =x, + iy, can now be written

4. Z1+Zz:(x1+x2)+i(y1+y2)-
Example 5
(5+i)+(1+3i)= 6+4i.

We see that addition of complex numbers is in accordance with the
“parallelogram law” by which forces are added in mechanics (Fig. 297).

Subtraction is defined to be the inverse operation of addition. That is the
difference z=z, - z,1s the complex number z for whichz=z, + z,.

Obviously (cf. Fig. 298).

5. 21—22=(x1 _x2)+i(y1_y2)-
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Example 6

(5+i) -(1+3i) =4-2i

Multiplication: The Product z,z, in (2) can now be written
6. 2z =[x i)l +ivy) =(xx, —y) + iy, + xp).

This is easy to remember since it is obtained formally by the rules of
arithmetic for real numbers and using (3), that is i* = -1

Example 7
(5+i)(1+3i) =5+15i + i+3i> =2+16i

Division is defined to be the inverse operation of multiplication. That is,
the quotient z = z,z, is the complex number z = x + iy for which

7. Zy =2z, = (x+iy)(x2 +iy2) (Zz # 0)'

We show that for z, # Othequiotientz = x + iy = z,z, is given by

8% = XX, t y1)’2’ y= NI T A, (22 4 0).

2 2 2 2
X, oy X, ty,

The practical rule for getting (8*) is the implication of both the
numerator and the denominator of the quotient z,/z, by x, — iy, and
simplification:

3 JR—— Ty - (x iy )(xz - iyz)
. x, iy, (x Ty, )(xz - i)/2)
) t + l-xzyl - X))
2 2 2 2
x; t ), X, Ty
Example 8

If z,=9 -8 and z, =5 + 21, then

o- 8, (9- 8i5 - 2i
5+ 2 (5 ,+2i)(5 - 2i)

:45—181 - 40i - 16 _1- 0
25 + 4

The reader may check this result by showing that
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zz, = (1-2i)(5+2) = 9-8 =z,
A proof of (8*) runs as follows, from (6) we see that (7) can be written
x4y = [nx = oyl ilyx + ox),

By the definition of equality the real parts and he imaginary parts on
both sides must be equal:

X = XX T )Y

Vi = X T XY
This is a system of two linear equation in the unknown x and vy,
assuming that x, and y» are both zero (briefly written z, # 0), we obtain
the unique solution (8%*).

3.1.4 Properties of the Arithmetic Operations

From the familiar laws for real numbers we obtain for any complex
numbers z,, 75, 73, z the following laws (where — z = x — 1y):

zp oz, =z vz 0 .

- 0 (Commutative laws)
212, — %44 0
z, + z,|] + z =z + (z + z )D
g 2)_ f 1 ’ 'O (Associative laws)
(2122)23 - 21(2223) 0
9. zlzmt z) =2z, + o2z (Distributive)

0+z = z+ 0=z

z+ [-2) =(-2+z =0

z .1 =z

3.1.5 Complex Conjugate Numbers

Let z = x + 1y be any complex number. Then x — iy is called the
conjugate of z and is denoted by 7, thus,

z=x+1y, Z:x—iy.
Example 9

The conjugate of z=5+2i z = 5 -2i(Fig. 299).
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y
Z_A_ z=xtiy=5+2
| »X

5
-2 T Z:x-iy:5-2i

Fig. 299: Complex Conjugate Numbers

Conjugates are useful since zz = x* + y?is real, a property we used we
used the above division. Moreover, addition and subtraction yields

z+z=2x, z - z =2iy,so that we can express the real part and the
imaginary part of z by the important formulas.

10. Re z :x:%(z +E), Imz :yzzil_(z—;)

Example 10

If z = 6 — 5i, then we have z = 6 + 5i and from (10) we obtain
x:%(6—5i+6+5i)=6 and y = -5
z is real if and only if y = 0, hence z =z by (10).

z is said to be pure imaginary if and only if x = 0, hence z = -z. Then
working with conjugates is easy, since we have

Zvt zy) =zt zy, \2)7 ) Tz 7z,
11. _— Hz _ z,
21Z,) = 212y, - —
Z, Z,

In this section we were mainly concerned with complex numbers, their
arithmetic operations and their representation as points in the complex
plane, a key idea for great progress in early complex analysis,
conceptually and the next section we discuss the use of polar
coordinates in the complex plane and situations in which polar
coordinates are advantageous.

3.2 Polar Form of Complex Number Powers and Roots
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It is often practical to express complex numbers z = x + iy in terms of
polar coordinates r, 0, these are defined by:
1. x =rcosf, y=rsinf

By substituting this we obtain the polar form of z,

2. z=rcosf +irsin@ = r(cos@ + isinf)

R 1is called the absolute value or modulus of z and is denoted by |Z|
.Hence

3. |z|=r=w/x2+y2:\/;

Geometrically, |2| is the distance of he point z from the origin (Fig.
300).
Similarly,

z, - z,|is the distance between z; and z, (Fig. 301).

0 is called the argument of z and is denoted by arg z. thus (Fig. 300).

4, 0 =arg z = arc tan 2 (z£0).
X

Geometrically, 6 is the directed angle from the positive x — axis to OP in
fig. 300. Here, as in calculus, all angles are measured in radians and
positive in the counterclockwise series.

|x2| \/5

> Real axis 1
Fig. 300: Complex Fig. 301: Distance between .
Plane, Polar Form two points Complex Fig. 302: Example 1
of a Complex Number

For Z = 0 this angle 6 i1s undefined. (Why?) For given z # 0 it is
determined only up to integer multiples of 2w. The value of 6 that lies

33



MTH 381 MATHEMATICAL METHODS III

in the interval —-m < 0 < is called the principal value of the argument
of z (# 0) and is denoted by Arg. Z. Thus 0 = Arg z satisfies by
definition.

T <Argz<m.

Example 11

Polar Form of Complex Numbers Principal Value

Letz=1+1(cf. Fig. 302). Then
z=\/§HcosE + isin EH|z| =\/5, argz:Ei2n7T (n=0,1, ... 0.)
0o 4 47 4

The principal value of the argument is arg z = n/4, other values are - 7n/
4, On/4, etc.

Example 12

Polar Form of Complex Numbers Principal Value.

: m_ .. .
Let z = 3 + 3i, then z= 6@0055 t lSlng@ the absolute value of z is |7|= 6,
and the principal value of arg z is Arg z = w/3.
Caution! In using (4), we must pay attention to the quadrant in which z
lies, since tan O has period m, so that the arguments of z and —z have
the same tangent. Example: for 0, = arg (1+1) and 6, = arg (-1 — 1)
we havetan 0, = tan0,=1.
Triangle Inequality
For any complex numbers we have the importance triangle inequality

5. |atz] <zt (Fig. 303)

Which we shall use quite frequently, this inequality follows by nothing
that

Z +z
1 2

34 Fig 303: Triangle Inequality
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The three points 0, z; and z, + z, are the vertices of a triangle (fig. 3030)

with sides |z, |z,| and |z, + z,|, and the side cannot exceed the sum of the

2

other two sides. A formal proof is left to the reader (Prob.45)
Example 13

If z,=1+1and z, = -2 + 3i, then (sketch a figure!)

2, + z,| = |-1+ 4 =V17 = 412302 + V13 = 5.020.

By induction the triangle inequality can be extended to arbitrary sums:

6. |at ozt etz ||z Hz]t ot g,

That 1is, the absolute value of a sum cannot exceed the sum of the
absolute values of the terms.

3.2.1 Multiplication and Division in Polar Form

This will give us a better understanding of multiplication and division.
o z, = rl(cos 6, + isin@l) and  z, = r2(00592 +isin92).
Then, by (6), sec. 12.1, the product is at first

z,z, =r1r2’(cos91 cosf, - sinf, sin@z) + i(sin@1 cosf, + cos0, sin92)],

The addition rules for the sine and cosine (6) in appendix 3.1) now yield

7. zZ,z, = 7'1’”2[005(61 + 62) + iSin(Bl + 62)]

Taking absolute values and arguments on both sides, we thus obtain the
important rules

8. |2.2,| =1z |2
and
0. arg(zlzz) =argz, + arg z, (up to multiples of 21).

We now turn to division. The quotient z = z,z, is the number z satisfying
,arg(zzz) =argz+ arg z, = arg z,.

77, = 7,. Hence |Zzz| = |Z| |Zz| = |21

This yield
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0. | =2 (z, #0)
2 Z
and
11. argi = arg z;, - arg z, (uptomultiplesof2ﬂ).
Zy

By combining these two formulas (10) and (11) we also have

12. 2= r_l[cos(el - 92) + iSin(el_ez)]'
Zy r
Example 13

Ilustration of formulas (8) — (11)

Let z, = -2+ 2i and z, = 3i.Then z,z,
==6-6i,z/z, = 2/3+(2/3) = |z|/|z,|
and for the arguments we obtain Arg z;, = 3n/4, Arg z, = m/2.

-3

Arg z,z, = = Arg z, + Arg z, - 21

4
Arg (zl/zz) =% = Argz, - Arg z,

Integer power of z

From (7) and (12) we have
z* = r*(cos20 + isin26),

z? = r'z[cos (-26) + isin(—20)]

and more generally, for any integer n,
13.  z" = r"(cos nf + isinnd).
Example 14

Formula of De Moivre

For |2|=r = 1, formula (3) yields the so — called formula of De Moivre

(13*) (cosf+isinB)" = cos nf + isinnf.
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This formula is useful for expressing cos nf in terms of cos 0 and sin 0.
For instance when n = 2 and we take the real and imaginary parts on
both sides of (13*), we get the familiar formulas.

cos20 = cos’f - sin?, sin20 = 2cosfsiné.

This illustrates the general fact that complex methods often simply the
deviation of real formulas.

3.2.2 Roots

If z=w" (n =1, 2,...),then to each value of w there corresponds one value

of z, we shall immediately see that to a given z # 0 there correspond
precisely n distinct values of w. each of these values is called an nth root
of z, and we write:

14. w=4/z.

Hence this symbol is multivalued, namely, n — valued, in contrast to the
usual conventions made in real calculus. The n value of %/z can easily be
determined as follows. In terms of polar forms for z and
w = R(cos @ +isin (0),
The equation w" = z becomes

w" = R"(cosng + isinng)=z=r(cosp + isinf)
By equating the absolute values on both sides we have
R" = r, thus R =4y
Where the root is real positive and thus uniquely determined. By

equating the arguments we obtain

ng =60 +2km,  thus ¢:g+2k_ﬂ
n n
Where k is an integer. For k = 0,1, ..., n — 1 we get n distinct

values of w. further integers of k would give values already obtained.
For instance, k =n gives 2kn/n = 2x, hence the w corresponding to k =
0, etc. consequently, 4/ , for z # 0, has the n distinct values

+ +
s 47 = \/;Qcose_zkﬂ . l-sing—zl‘"@k =01,..n-1.
n n

These n values lie on a circle of radius 4/ with center at the origin and
constitute the vertices of a regular polygon of n sides.
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The value of 4/z obtained by taking the principal value of arg z and k =
0in (15) is called the principal value of w = &/z

Example 15

Square Root

From (15) it follows that w =+/z has the two values

16a. w, = x/;Hcosg + isinQH
o 2 20
and
16b. w2=\/;§:0s§% +ﬂ§+isin§%+n%:—wl

Which lie symmetric with respect to the origin. For instance, the square

m LT )
root of 41 has the values J4i ot 2@0082 + isin ZE =t (\/5 + 1\/5)-

From (16) we can obtain the much more practical formula

[
17 7 =2 )+ < lsensli -0

Where signy =1 if y >0, sign y = - 1 if y <0, and all square toots of
positive numbers are taken with the positive sign. This follows from
(16) if we use the trigonometric identities.

coslG = 1/l(1+cos9)n sinle = 1/l(l—cose).
2 2 2 2
Multiply them by +/r.
1 1 1 1
Jrcos—6 = —(rrcos@), Jrsin—6 = —(r-rcos@),
2 2 2 2

Use r cos 0 = x, and finally choose the sign of 1m /7 so that sign
I(Re Jz )(lm Jz H = sign y (why?).

Example 16

38



MTH 381 MATHEMATICAL METHODS III

Complex Quadratic Equation

Solve z* -(5+i)z+8=i =0

Solution

Z=l(5+i)i\/l(5+z)2—8—z =l(5+i)iw/-2+§i
2 4 2 2

e aa s, s

- alseiel [TB (-2 Ber [1B- z)a

1 .00 30

—2(5+z)i§+215

_B+2i

_Ez_l

Example 17

Cube Root of a Positive Real Number

If z is positive real, then w =3/z has the real value i/ and the complex
values

3\/;Hcosz—ﬂ+ isinz—nHZS\/; -1 + ﬁi
0 3 30 2 2

and WHcosﬂ+isin4—ﬂ =3\/; _l—ﬁi
0 3 30 2 2

) -1 1 :
For instance 1 =1,7i5\/§ (fig.304). These are the roots of the

equation w' =1.

Example 18

nth Root of Unity

Solve the equation z" = 1.
Solution

From (15) we obtain
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18. M =cos2k—n + isinzk—n
n n

If w denotes the value corresponding to k = 1, then the n values of 4/1
can be written as 1, w, w?, ..., w" . These values are the vertices of a
regular polygon of n sides inscribed in the unit circle, with one vertex at
the point 1. Each of these n values is called an nth root of unity. For
instance, 4/1 has the value 1, i, -1 and —i (Fig. 305 shows /1. If w, is
any nth root of an arbitrary complex number z, then the n values of
1z are wi, Wiw. WiW, ... o wiw™!

Since multiply w, by w* corresponds to increasing the argument of w;,
by  2km/n.

A

I

|

\ I »X
/ 1 \ / 1 k /1
P4 N\ N /

~— ~—

y/\ y f\ y

7 NN AN 2N
/ [ \ /\ / \
[ [ \
\ > x P x {

N}

N

Fig 304. Fig 305. Fig 306.

The student should be the problems related to the polar representation
with particular care, since we shall need this representation quite often
in our work. In the next section we discuss some curves and regions in
the  complex plane which we shall also need in the chapters on
complex analysis.

3.3 Curves an Regions in the Complex Plane
In this section we consider some important curves and regions and some

related concepts we shall frequently need. This will also help us to
become more familiar with the complex plane.

The distance between two points z and a is|z —a|. Hence a circle C of
radius p and center at a (fig. 307) can be represented by

1. |Z—a| =p.

In particular, the so-called unit, that is the circle of radius 1 and center at
the origin a = 0 (fig. 308), is given by
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z|=1.
Furthermore, the inequality
2. |Z - a| <p

Holds for every point z inside C: that is, (2) represents the interior of C.
Such a region is called a circular disk or, more precisely, an open
circular disk, in contrast to the closed circular disk.

|z -d <p.

This consists of the interior of C and C itself. The open disk (2) is also
called a neighbourhood of the point a. obviously, a has infinitely many
such neighbourhoods, each of which corresponds to a certain value of
p (> 0); and a belongs to each of these neighbourhoods, that is a, is a
point of each of them.

y A y A
X
1
>
X Fig 308. Unit Circle

Fig 307. Circle in the Complex Plane

Similarly, the inequality

|2 -4 p.
Represents the exterior of the circle C. furthermore, the region between
two concentric circles of radii p; and p, (> pi1) can be represented in the
form

3. p1<|z—a| <p.

Where a is the center of the circles. Such a region is called an open
circular ring or open annulus (Fig. 309).
y A P,
RS

// A
PN
(/ N\ \

( | |

Fig 309. Annulus in the Complex Plane 41
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Example 19

Circular Disk

Determine the region in the complex plane given by |z-3 +i < 4.

Solution: the inequality is valid precisely for all z whose distance from a
= 3 — 1 does not exceed 4. Hence this is a closed circular disk of
radius 4 with center at 3 — 1.

Example 20
Unit Circle and Unit Disk
Determine each of the regions

@ <1 ® 41 (©@f>1L

Solution

(@)  The interior of the unit circle. This called the open unit disk.
(b)  The unit circle and its interior. This is called the closed ad disk
(c)  The exterior of the unit circle

By the (open) upper half we mean the set of all points z = x + 1y such
thaty > 0. Similarly, the condition y < 0 defines the lower half — plane,
x > Othe right half — plane and x < 0 the left half — plane.

3.3.1 Some Concepts Related to Sets in the Complex Plane

We finally list a few concepts that are of general interest and will be
used in our further work.

The term set of points in the complex plane means any sort of collection
of a quadratic equation. The points on a line, and the points in the
interior of a circle are sets.

A set S is called open if every point of S has a neighbourhood consisting
entirely of points that belong to S. for example, the neighbourhood
consisting entirely of points that belong to S. for example, the points in
the interior of a circle or a square form an open set, and so do the
points of the “right half — plane” Re z=x > 0.

An open set S is said to be connected if any two of its points can be

joined by a broken line of finitely many straight line segments all of
whose points belong to S. an open connected set is called a domain.
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Thus an open disk  (2) and an open annulus (3) are domains. An open
square with a diagonal removed is not a domain since this set is not
connected. (Why?).

The complement of a set S in the complex plane is defined to be the set
of all points of the complex plane that do not belong to S. a set is called
closed if its complement is open. For example, the points on and inside
the unit circle form a closed set (“closed unit disk” cf. example 2) since

its complement |z > is open.

A boundary point of a set S is points every neighbourhood of which
contains both points that belong to S and points that do not belong to S
and points that do not belong to S. for example; the boundary points of
an annulus are the points on the two bounding circles.

Clearly, if a set S is open, then no boundary point belongs to S; is S is
closed, and then every boundary point belongs to S.

A region is a set of a domain plus, perhaps, some or all of its boundary
points. (The reader is warned that some authors use the term “region”
for what we call a domain (following the modern standard terminology)
and others make no distinction between the two terms.)

So far we have been concerned with complex numbers and the complex
plane (just as at the beginning of calculus, one talks about real numbers
and the real line). In the next section we start doing complex calculus:
we introduce complex functions and derivatives. This will generalize
familiar concepts of calculus.

Problems for Sec. 12.3

Determine and sketch the sets represented by

1. |z-21=2 2. ls|z+1-4s3
3. RC(ZZ)SI 4. |argz|<%
5. -n<lmz<nm 6. l <1
z

. z+1:1‘ z+3

z-1 z =1

2z +1 _ _

9. lm4j_4 <1 10, zz+(1+2i)z+(1-2i)z +1 = 0.
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3.4 Limit Derivative Analytic Function
The functions with which complex is concerned are complex functions
that are differentiable. Hence, we should first say what we mean by a

complex function and then define the concepts of limit and derivative in
complex. This discussion will be quite similar to that in calculus.

3.4.1 Complex Function

Recall from the calculus that a real function f defined on a set S of real
numbers (usually an interval) is a rule that assigns to every x in S a real
number f(x) called the value of f at x.

Now in complex, S is set of complex numbers. And a function f defined

on S is a rule that assigns to every z in S a complex number w, called the
value of f at z. write

w= f(2)

Here z varies in S and is called a complex variable. The set S is called
the domain of definition of f.

Example 21

w= f(z)= Z* + 3z is a complex function defined for all z; that is, its
domain S is the whole complex plane.

The set of all values of a function f'is called the range of f.
W is complex, and we write w = u + iv, where u and v are the real and

imaginary parts, respectively. Now w depends on z = x + iy. Hence u
becomes a real function; of x and y, and so does v. We may thus write:

w= flz) =ulx.y) + ivlxy).

This shows that a complex function f(z) is equivalent to a pair of real
functions u(x,y) and depending on the two real variables x and y.

Example 22
Function of a Complex Variable

Letw=1f(z) =2" =3z. Finduandvandz=2-i.
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Solution

u=Re f(z) =x>+ y*+3xandv=2xy + 3y, also,
Flo+3i) = (1+3)° +3(1+3)) =1-9+6i+3+9 =-5+15

This shows that u(1,3) =-5 and v (1,3) = 15, similarly.
fla-i)=(2-i) +3(2-i)=4i+6-3i=9-7.

Example 23
Function of a Complex Variable

. 1
Let w= f(z) = 2iz +6z. .Find u and v and the value for fat z = 5 + 4i

Solution S (2) = 2i(x +iy) + 6(x~iy)
gives
u(x,y)= 6x-2y and v(x,y) = 2x - 6.
Also

ALy gl = o+ 4B 6%1 —4iE: i-8+3-24i=-5-23i
02 g 02 d 2
Limit, Continuity
A function f(z) is said to be limit | as z approaches a point z, written
1. lim(f(2)=1

vA ——___ A

> >
X __~ *

Fig 310: Limit
If f is defined in a neighbouhood of “0 (except itself) and if the values of

f are “close” to 1 for all z “close” to “°. that is, in precise terms, for every
positive real U we can find a positive real 0 such that for z# z;in the

disk |2z, | < 0 (Fig.310) we have

2. [f(2) - 1< 5
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That is, for every z# z, in that the value of f lies inn the disk (2).
Formally, this definition is similar to that in calculus, but there is a big
difference. Whereas in the real line, here, by definition, z may approach
7o from any direction inn the complex plane. This will be quite essential
in what follows.

If a limit exists, it is unique. (Cf. Prob. 30)
A function f(z) is said to be continuous at z = z, if f(z) is defined and

3. lim @) = £Gz,).

Note that by the definition of a limit this implies that f(z) is defined in
some neighbourhood of z,.

F(z) is said to be continuous in a domain if it is continuous at each point
of this domain.

3.4.3 Derivative

The derivative of a complex function f at a point z, is written f (z,)
and is defined by

flz, + B2) - f(z)
Az

4. f(z)= lim

Provided this limit exists. Then f is said to be differentiable at z,. if we
write Az = z = zywe also have, since 8z = z + z,

Remember that this definition of a limit implies that f(z) is defined (at
least) in a neighbourhood of z,. Also by that definition, z may approach
7o from any direction. Hence differentially at z, means that, along
whatever path z approaches z,, the quotient in (4’) always approaches a
certain value and all these values are equal. This is important and should
be kept in mind.

Example 24
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Differentiability Derivatives

The function f(z) = z, is differentiate for all z and has the derivatives f’
(z) = 2z because

' ) (Z+AZ)2-ZZ_
f (2) A1214m0 Az = 2z.

The differentiation rules are the same as an in real calculus, since their
proofs are literally the same. Thus,

oS = e =S e ) = e e = T
As well as the chain rule and power rule (2") =nz"" (n integer) hold.

Also, if f (z) is differentiable at z,. It is continuo s at z,. (Cf. Prob. 34).
Example 25
z not differentiable

It is important to note that there are many simple functions that do not
have a derivative at any point. For instance, f (z) = z = x - iyis such a
function. Indeed, we write Az = Ax + iAy, wehave

S flz+8z)- fo) 2+ b=z _ Bz _ ax-iny
' Az Az Az Ax + iDy.

but -1 along path II. Hence, by equation of (5) at 4z - 0does not exit at
any z.

This example may be surprising, but it merely illustrates that
differentiability of a complex function is a rather serve requirement.

The idea of proof approach form different directions) is based and will
be again in the next section.

vA

o Z +Az
I

>
X
3.4.1 Analytic Functi Fig. 311:Paths in (5)
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These are the functions that are differentiable in some domain, so that
we can do “calculus in complex.” They are the main concern of complex
analysis. Their introduction is our main goal in this section;

Definition (Analyticity)

A function f(z) is said to be analytical in a domain D is f(z) is defined
and differentiable at all points of D. the function f(z) is said to be
analyticata pointz =z, in D if f(z) is analytic in a neighborhood (cf.
sec. 12.3) of z,.

Also, by analytical function we mean a function that is analytical in
some domain.

Hence, analytical of f(z) at z, means that f (z) has a derivative at every
point in some neighbourhood of z, (including z, itself since, by
definition, z, is a point of all its neighbourhood). This concept is
motivated by the fact that it is of no practical interest when a function is
differentiable merely at a single point z, but not throughout some
neighbourhood of z,. Problem 28 gives an example.

An older term for analytical in D is regular in D, and a more modern
term is holomorphic in D.

Example 26
Polynomids Rational Functions

The integer power 1, z, z*, ... and more generally, polynomials, that is
functions of the form

f(2)=cy+cz+c,z’ +..c,z"

Where ¢, ... are complex constants, are analytical in the entire complex
plane. The quotient of two polynomials g(z) and h(z).

-8()
f(Z)-h(Z)-

is called a rational function. This f is analytic except at the points where
h(z)= 0 here we assume that common factors of g and h have been
cancelled partial fractions

c

(z=2z)"

(c20)

48



MTH 381 MATHEMATICAL METHODS III

(c and z, complex, m is a positive integer) are special rational functions,
they are analytic except at zo. it is algebra every rational function can be
written as a sum of a polynomial (which may be 0) and finitely partial
fractions.

The concepts discussed in this section extend familiar concepts of
calculus. Most important is the concept of an analytic function.
Indeed, .complex analysis i1s concerned exclusively with analytic
functions and although many will yield a branch of mathematics, that is
most beautiful from the theoretical point of view and most useful for
practical purposes.

Before we consider special analytic functions (exponential functions,
cosine, sine etc.) let us give equations by means of which we can readily
decide whether a function is analytic or not. These are the famous
Cauchy—Riemann equation, which we discuss in the next section.

3.5 Cauchy — Riemann Equations

We shall now derive a very important criterion (a test) for the analyticity
of a complex function.

w= f(2)=u(x, y)+i(x,y).

Roughly, f is analytic in a domain D if and only if the first partial
derivatives of u and v satisfy the two equations

1. u, =u, u, = -v,.

Everywhere in D, here %, = 6%x and u, = a”ay (and similarity for x()

are  the wusual notations for partial derivatives. The precise
formulation of this statement is given in Theorem 1 and 2 below. The
equation (1) is called the Cauchy — Riemann equations. They
are the most important equation in the ~ whole chapter.

Example 27

f(z) =z =x* = y* + 2ixy is analytic for all z, and

u=x"-y>and v=2xy

Satisfy (1), namely, ¥, =2x=v, and u, = -2y= - v, more examples will
follow.

3.5.1 Theorem 1 (Cauchy Riemann Equations)
Let f(z) = u(x,y) + 1v(x,y) be defined and continuous in some

neighborhood of a point z = x + 1y and differentiable at z itself. Then at
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the point, the first — order partial derivatives of u and v exist and satisfy
the Cauchy Riemann equations (1).

Hence if f(z) is analytic in a domain f (z) at z exists. It is given by
satisfy (1) at all points of D.

Proof
By assumption, the derivative f* (z) at z exists. It given by

flz+0z)- f(2)

Az

2. f'(z)z Aljmo

The idea of the proof is very simple, by the definition of a limit in
complex (cf. sec. 12.4) we can let Az approaches zero along any path in
a neighborhood of z. Thus we may choose the two paths I and II in fig.
312 and equate the results. By comparing the real parts we shall obtain
the first Cauchy Riemann equation and by comparing the imaginary
parts the other equation in (1). The technical details are as follows.

We write Az = Ax + Ay. In terms of u an v, the derivative in (2) becomes

3 f'(z) - lim [u(x+ Ax,y+Ay)+iv(x+ Ax,y+Ay)] - [u(x,y)+iv(x,y)]
' bz 0 Ax+ily

We first choose path 1 in fig. 312. Thus we let
Ay -~ 0 first and thenAx - 0.

y A

I z +Az

> X
Fig. 312: Paths in (2)
After Ay becomes zero, Az = Ax. then (3) becomes, if we first write the

two u — terms and then two v-terms.

u(x+ Ax,y) - u(x, y) i lim v(x+ Ax,y) - v(x, y)
Ax Lx- 0 Ax

/()= lim

Since ’(z) exists, the two real limits on the right exist. By definition,
they are the partial derivatives of u and v with respect to x. hence the
derivative f” (z) of f(z) can be written
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4. [ @ =u i,

Similarly, if we choose path II in fig 312, we let Ax - Ofirst and then
Ay - 0. After Ax becomes zero, Az = iAy, so that from (3) we now
obtain

f' (Z): lim M(-x 7y+Ay)_u(X,y) +i lim V(x’y+Ay)—v(x’y)
e iy by~ 0 iy

Since f’(z) exists, the limits on the right exist and yield partial
derivatives with respect to y; noting that 1/i = -1, we obtain:

5. f () ==iu, +v,

The existence of the derivatives f (z) thus implies the existence of the
four partial derivatives in (4) and (5). By equating the real parts u, and
vy in (4) and (5) we obtain the first Cauchy — Riemann equation (1).
Equating the imaginary parts yields the other. This proves the first
statements of the theorem and implies the second because of the
definition of analyticity.

Formulas (4) and (5) are also quite practical for calculating derivatives
£ (2), as we shall see.

Examples 28

Cauchy — Riemann equations

f(2)=zis analytic for all z. it follows that the Cauchy — Riemann
equations must be satisfied (as we have verified above).

For f(z)=z=x-iy we have u = x, v = -y and see that the second
Cauchy Riemann equation is satisfied, u,= - v, = 0, but the first is not:
u,=1#v, =-l.we conclude that f(z)=zis not analytic, confirming
example 4 of sec. 12.4. Note the savings in calculation!

The Cauchy — Riemann equations are fundamental because they are not
only necessary but also sufficient for a function to be analytic. More
precisely, the following holds.

Theorem 2 (Cauchy — Riemann Equations)

If two real — valued continuous functions u(x,y) and v(x,y) of two real
variables x and y have continuous first partial derivatives that satisfy the
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Cauchy — Riemann equations in some domain D, then the complex
function f(2) =u(x,y) + iv(x, y)is analytic in D.

The proof of this theorem is more involved that the previous proof; we
leave it optional and include it on P. 762 near the end of the chapter.
Theorems 1 and 2 are of great practical importance, since by using the
Cauchy — Riemann equations we can now easily find out whether or not
a given complex function is analytic.

Example 29

Cauchy — Riemann Equations

Is f(z) = z* analytic?

Solution

We find u = x* — 3xy and v = 3x’y and v = 3x’y — y°. next we calculate
U, = 3x, — 3y, vy, =3x* - 3y*

U, = -6xy, vy = 6Xy

We see that the Cauchy — Riemann equations are satisfied for every z,
hence f (z) = 7’ is analytic for every z, by theorem 2.

Example 30
Determination of an Analytic Function with given Real Part

We illustrate another class of practical; that can be solved by the Cauchy
— Riemann equations.

Find the most general analytic function f(z) whose real part is u = x* — y*

—X.
Solution

We have u, = 2x — 1 = v, by the first Cauchy — Riemann equation. This
we integrate with respect to y;

v=2xy-y+k(x).
As an important point, since we integrated a partial derivative with
respect to y, the “constant” of integration k may depend on the other

variable, x. (To understand this, calculate v, from the v.) from v and the
second Cauchy — Riemann equation.
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u, =-v =-2 +%
g * Y dx

On the other hand, from the given u = x* — y> — x we have u, = -2y. By
comparison, dy/dx = 0. Hence k = constant, which must be real. (Why?).

The result is

f(z)=utiv=x>-y>-x+iQ2xy- y+k).
We can express in terms of z, namely, f(z) = 2> — z + ik.

Example 31
An Analytic Function of Constant Absolute Value is Constant

The Cauchy — Riemann equations also help to establish general
properties of analytic functions.

For example, show that if f (z) is analytic in a domain D and |/ (z)|=k=
constant in D, then f(z) = constant in D.

Solution

By assumption, u” +v* =k’ by differentiation.
uu_ —vu_ = 0. uu, + v, =0.

From this and the Cauchy — Riemann equations.

6. (a) uu, —uu, = 0. (b) uu, +uu, =0

To get rid of u, multiply (6a) by u and (6b) by v and add. Similarly to
eliminate u,, multiply (6a) by — v and (6b) by u and add. This yield.

(u2 + vz)ux = 0. (u2 + vz)uy = 0.

IfK2=u’+v*=0, then u=v, hence f= 0. if k¥ # 0, thenu_  =u =0,
hence by the Cauchy — Riemann equations, also V. = v, = 0.together,

u = constant and v = constant, hence f = constant.

We mention that if we use polar form z = r(cos 0 + isin 0) and set
f(z) = u(r, 0), then the Cauchy — Riemann equations are

vo and v, :_—luG
r

7. u, =

N |-
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The derivative can then be calculated from

8a. f (z)=(ur +iv,4)(0059 —isinB)
or from

8b. [ (2)=(v —iu, )(cos@-isinB)/r.

Example 32 Cauchy — Riemann equations in polar form

letf (z)=2"=¢" (cos39 + isin30).Thenu =7’ cos30,v=r>sin30 . By
definition,

u, =3r’ cos3f, v, =37’ cos 36,

v, 3r” sin 36, u, =3r’sin30

We see that (7) holds for all z # 0.this confirms that z’ is analytic for all
z #0.(and we know that it is also analytic at (z = 0). From (8b) we
obtain the derivative as expected.

f(2)=3r"(cos30 +isin30)(cosf - isinf)=3z".

Laplace’s Equation: Harmonic functions

One of the main reasons for the great practical importance of complex
analysis in engineering mathematics results form the fact that the real
part of an analytic function f = u + iv satisfies the so — called
Laplace’s equation.

2 - -
0. Vu—uxX+uyy—O.

(V? read “nabla squared”) and the same holds fort the imaginary part

2. - -
10. 14 v—vxx+vyy—0.

Laplace’s equation is one of the most equations in physics, occurring in
gravitation, electrostatics, fluid flow, etc. (cf. chaps. 11, 17) let us
discover why this equation arises in complex analysis.

Theorem 3 (Laplace’s Equation)

If f(z) = u(x,y) + iv(x,y) is analytic in a domain d, then u and v satisfy
Laplace’s equation (9) and (10) in d and have continuous second partial
derivatives in D.
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Proof:

Differntiating u, = v, with respect to x and u, = v, with respecttoy, we
obtain

<
1

<

<
1
|

11 Xx = Yy yy vxy'

Now the derivative of an analytic function is itself analytic, as we shall
prove later (in sec. 13.6). This implies that u and v have continuous
partial derivatives of all orders; in particular, the mixed second
derivatives are equal; vyx = v,. By adding (11) we this obtain (9).
Similarly, (10), is obtained by differentiating u, = v, with respect to y
and uy = -v, with respect to x and subtracting, suing Uy, = Uy.

Solutions of Laplace’s equation having continuous second — order
partial derivatives are called harmonic functions and their theory is
called potential theory (cf. also sec. 11.11). Hence the real and
imaginary parts of an analytic function are harmonic functions.

If two harmonic functions u and v satisfy the Cauchy — Riemann
equations in a domain d, they are the real and imaginary parts of an
analytic function f in d. Then v is said to be a conjugate harmonic
function of u in d. (of course this use of the word “conjugate” has
nothing to do with that employed in definingz, the conjugate of a
complex number z).

A conjugate of a given harmonic function can be obtained from the
Cauchy — Riemann equations, as may be illustrated by the following
example.

Example 33
Conjugate Harmonic Function

Verify that u=x>-y*-yis harmonic in the complex plane and find a
conjugate harmonic function of v of u.

Solution

V*u=0 by direct calculation. Now u,=2xandu,==2y-1.hence a
conjugate v of u must satisfy

v=u_=2x, v,=-u,=2y+L

Integrating the first equation with respect to y and differentiating the
result with respect to x, we obtain.
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v=2xy+ h(x), v =2y+—
X

A comparison with the second shows that dh/dx = 1. This gives h(x) = x
+ ¢. hence v=2xy+x+c(canyreal constant)is the most general conjugate
harmonic of the given u.

The corresponding analytic function is
f(2)=u+tiv=x®-y> - y+iRxy+x+c)=z> +iz+ic.

The Cauchy — Riemann equations are the most important equations in
this  chapter. Their relation to Laplace’s equation opens wide ranges
of engineering and physical applications, as we shown in chapter 17. In
the remainder of this chapter we discuss elementary functions, one after
the other, beginning with e” in the next section. Without knowing these

functions and their properties we would not be able to do any useful
practical work. This is just as in calculus.

3.6 Exponential Function

The remaining sections of this chapter will be devoted to the most
important elementary complex function, logarithm, trigonometric
functions, etc we shall see that these complex function can easily be
defined in such a way that, for real values of the independent variable,
the function become identical with the familiar real functions. Some of
the complex functions have interesting properties. Which do not show
when the independent variable is restricted to real values. The student
should follow the consideration with great care, because these
elementary functions will be frequently needed in applications.

We begin with the complex exponential function also written one of
most important analytic functions. The definition of e” terms of the real
function €* cos y and sine y is €”= e*(cos y + sin y). This definition ' is
motivated by requirement that make e” a natural extension of the real
exponential function e*, namely.

(a)  e”should reduce to the latter when z =X is real;
(b)  ¢” should be an entire function, that is analytic for all z, and
resembling calculus, its derivative should be

2. (€9)' = ¢
from (1) we see that (a) holds, since cos 0 = 1 and sin 0 = 0. that e” is
entire is easily verified by the Cauchy-Riemann equations. Formula (2)

then follows from (4) in sec 12.5.
(€”)' = (e’ cos y), +i(e*siny),=¢€" cosy +ie” siny=¢e"
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e” has further interesting properties. Let us first show that, as in real, we
have the functional relations

3 o722 — 7122

For any
21 =% Y Viand 2, =X, + ¥, indeed, by (1).

e”'e’ = e"|cosy, +isin y,)e™ (cos y, +isin y, .

Since e"e™ =e" +e™ for these real functions, by an application of the

addition formulas for the cosine and sine functions (similar to that in
sec. 12.2) we find that this equals

z1 _z2 — tz

€ e :eXI(COS(y1+y2)+iSin(J’1+y2))_e

As asserted. An

7. ‘e"y‘:|c0sy+isiny|:\/coszy+sin2y:1.

That is, for pure imaginary exponents the exponential function has
absolute value one, a result the student should remember. From (7) and

(D),

8. e’|=e".Hence  arge’ =y+2nm (n=0,1,2,[I0)]
since ‘ez‘ = e”.shows that (1) is actually e* in polar form.
Example 34

Illustration of Some Properties of the Exponential Function

Computation of values from (1) provides no problem. For instance,
verify that

e = ¢'"(c0s 0.6 - isin 0.6) = 4.055(0.825 - 0.565i) = 3.347 - 2.290i,
‘61,4- 0.61“ - el,4 - 4.055, Argem' 0.6i — -0.6.

Since cos2m =1land sin2m = 0, we have from (5)

Furthermore use (1), (5) or (6) to verify these important special values:
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10. P =i, l=-1, &'"=-i, e'=-1.

To illustrate (3), take the product of

e’ =e’(cosi+isinl)=e

and verify that equals

*7e*(cosl - isinl)

e’e*(cos’ 1+sin’1)=e’ = ® ™9,

Finally, conclude from‘ez‘ =¢" #0in (8)that

11. e*#0forall z
So here we have an entire function that never vanishes, in contrast to
(non-constant) polynomials, which are also entire (Example 5 in Sec.

2.4) but always have zero, as is proved in algebra. [Can you obtain (11)
from (3) ?]

Periodicity of ¢* with period 27,
12. % =¢" allz
1s a basic property that follows from (1) and the periodicity of cosy and

siny. [It also follows from (3) and (9).] Hence all the values that w = ¢*
can assume are already assumed in the horizontal strip of widt2m

13. -~-nm<ysnm

This infinite strip is called a fundamental region of ¢*.
Example 35

Solution of an Equation

Find all solution of e* =3 + 4i

Solution

eX

=e" =5,x=In5=1.609is a real part of all solutions. Furthermore,

sincee* =5,

e'cosy=3, e'siny=4, cosy = 0.6, siny = 0.8, y=0.927.
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Fig. 3. 13: Fundamental Region of the Exponential Function
e’ I in the z-plane

Ans.z=1.609+0.927i £ 2nm  (n=0,L2,LLII . These are infinitely many
solutions (due to the periodicity ofe®). They lie on the vertical line
x=1.609 at a distance 27 from their neighbors.

To summarize: many properties of e” = exp z parallel to those of ¢*; an
exception is the periodicity of e*with27i, which suggested the concept
of a fundamental region and causes the periodicity of cosz and sinz with
the real period 27 , as we shall see in the next section. Keep in mind that
e’ 1s an entire function. (Do you still remember what that means?)

3.7 Trigonometric Functions, Hyperbolic Function
Just as e”extendse”to complex, we want the complex trigonometric

functions to extend the familiar teal trigonometric functions. The idea of
making the connection is the use of the Euler formulas (Sec.2.6)

e“ =cosx+isinx, e ™ =cosx-isinx.

By addition and subtraction we obtain

cosXx = l(eiz +e "), sinx = i(e"Z -e' ") x real
2 2i

This suggests the following definitions for complex values z = x + iy

| B 4 | .
1. cosz=—(e” te "), sinz=—(e“ -e ”“
2( ) 2i(

Furthermore, in agreement with the definition from the real calculus we
define

sin z cosz
2. tanz = , cotz = —
COS z sin z
and
1
3. secz = , cosecz = —.
CoS zZ sin z

Since e’ is entire, cosz and sinz are entire functions. tanz and secz are not
entire; they are analytic except at the point where cosz is zero; and cot z
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and ¢sCZare analytic except, where sinz=0. Formulas for the
derivatives follows readily from (e”) = e*and (1)-(3); as in calculus,

4. (cosz) = -sinz, (sinz)' = cos z, (tanz)' = sec’ z,

etc. Equation (1) also shows that Euler’s formula is valid in complex:

5. e” =cosz+isinz for all z.

Real and imaginary parts of cosz and sinz are needed in computing
values, and they also help in displaying properties of our functions. We
illustrate this by typical example.

Example 36

Real and Imaginary Parts. Absolute Value. Periodicity

Show that
(a) cos z = cos xcosh y - isin xsinh y
6. (b) sin z = sin xcosh y + icosxsinh y
and
7. (a)  |cos|” = cos? x +sinh? y
(b) |sin|2 =sin” x + sinh” y

And give some application of these formulas.
Solution

From (1)

cosz = %(ei()x* Vg iy

_ . 1 .
e '(cosx+isiny)+ Eey(cosx— isin y)

(e’ +e”)cosx- %i(ey -e ’)sinx.
This yields (6a) since, as is known from calculus,

8. COShy:%(ey te’), sinhy:%(ey -e’);
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(6b) is obtained similarly. From and cosh® y =1+sin’ y we obtain

|cos|2 = cos” x(1+ sinh” y) + sin” x + sinh” y.

Sincesin® x + cos® x = 1, this gives (7a), and (7b) is obtained similarly.
For instance, cos(2 + 3icos2cosh3-isin2sinh3 = -4.190-9.109; |

From (6) we see that cosz and sinz are periodic with period 21 , just as
in real. Periodicity of tan z and cot z with period T now follows.

Formula (7) points to an essential difference between the real and the
complex cosine and sine: whereas |cosx|< land|sinx|<1, the complex

cosine and sine function are no longer bounded but approach infinity in
absolute value as Y ~ ®ssince tensinh y - .

Example 37
Solution of Equations. Zeros
Solve

(a) cosz =5 (which has no real solution),

(b) cosz=0
(c) sinz=0
Solution

(@) e -10e” +1=0from (1) by multiplication by e“. This is a
quadratic equation in e”, with solution (3D-values)

e =e "5+ 425-1=9.899 and 0.101.
Thus e’ =9.8990r0.101,e™ =1,y = +2.292, x = 2n1

Ans. z=*2nmm + 2.292i(n = 0,1,2,L1T) ] can you obtain this by using
(6a)?

(b) cosx =0, sinh y=0,by (7a), y=0.
Ans. z=£32n+m (n=0,1,2,IDL

(c) sinsx = 0, sinh y = 0,by (7b), y=0.
Ans. z= 2nit (l’l = 0,1,2,[DD)£

Hence the only zeros of cosz and sinz are those of the real cosine and
sine functions.
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From the definition it follows immediately that all the familiar formulas
for the real trigonometric functions continue to hold for complex values.

We mention in particular the addition rules

cos(z, £ z,)=cosz, cosz, £sinz, sinz,

9. . . .
sin(z, + z,) =sinz, cosz, * sinz, cos z,
and the formula

10.  cos’z+sin®z=1.

Some further useful formulas are inclined in the problem set.
HYPERBOLIC FUNCTIONS

The complex hyperbolic cosine and sine are define by the formulas

11. |coshz=1(e" +e' "), sinhz=1L(e”-¢e 7).

This suggested by the familiar definition for the real variable. These
function are entire, with derivatives

12. (cosh z)' = sinh z, sinh z = cosh z,
as in calculus. The other hyperbolic functions are defined by
sinh z cosh z
tanz = , cothz = — ,
cosh z sinh z
1 1
13. sechz = , cschz = — s
cosh z sin zh

Complex trigonometric and hyperbolic functions are related.
Ifin (11), we replace z by iz and use (1), we obtain

14. coshiz = cos z, sinh iz = isin z,

From this, since cosh is even and sinh is odd, conversely

15. cosiz = cosh z, sin iz = i sinh z,

Apart from their practical importance, these formulas are remarkable in
principle. Whereas in real calculus, the trigonometric and hyperbolic
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functions are of a different character, in complex these functions are
intimately related. Moreover the Euler formula relates them to the
exponential function. This situation illustrates that by working in
complex, rather than in real, one can often gain a deeper understanding
of special functions. This is one of the three main reasons of the
practical importance of complex analysis, mentioned at the beginning of
this chapter.

In the next section we discus the complex logarithms, which differ
substantially from the real logarithm (which is simpler), and the student
should work the next section with particular care.

4.0 CONCLUSION

To this end, we conclude by giving a summary of what we have
covered.

5.0 SUMMARY
For arithmetic operations with complex number

1. z=x+iy=re" =r(cosf +isinfh),
r=lz|=4x*+y*, 0=arctan(y/x), and for their representation in

the complex plane, see Sec 2.1 and 2.2
A complex function f(2)=u(x,y)+iv(x,y)is analytic in domain
D if it has a derivative.

2 Sl

Everywhere in D. Also, f(2)is analytic at a point z = z,if it has a

f(z+Az) - f(2)
Az

derivative in a neighborhood of z, (not merely at z, itself).
If f(2) is analytic in D, then u(x, y)and v(x,y)satisfy the (very
important!) Cauchy-Riemann equations (Sec. 2.5).

du _0Jv Ou __0v

ox 9y dy ox
everywhere in D. Then # andV also satisfy Laplace’s equation
4. u, tu, =0, vxx+vyy=O

everywhere in D . If u(x, y) and v(x,») are continuous and have
continuous partial derivatives in D that satisfy (3) in D, then
f(@)=u(x,y)+iv(x,y) is analytic in domain D .Sec. 2.5 the
complex exponential function (Sec. 2.6)
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6.0

10.
1.

12.

13.

14.

64

e” =expz=e (cosy+isiny)
is periodic with2mi, reduces toe® when z=x(y =0)and has the
derivative ¢°. The trigonometric functions are (Sec.2.7)

| i .
cosz = E(e’z +e “)=cosxcosh y - isinxsinh y

| i . . :
cosz = E(e’z +e “)=sinxcosh y—icosxsinh y

tanz = (sinz)/cos z,cotz = 1/tan z, etc.

TUTOR-MARKED ASSIGNMENT

Let z, =3+ 4iand z,=5-2i
Find in the form X+ iy

@ (z-2) b) .

z 1s pure imaginary if and only if z = -z.

: . (3+40)°
. 1 - 2
Represent in polar form
@ 2, (b) 4
Determine the principal value of the arguments of
(a) —2+2i (b))  1-i3

Represent in form x + 2y
(a) 4Hcos£+isin£ L/SOHCOS?)—H'FZ'Sin?’—nH
o 2 20 O 4 4 C

Determine and sketch the sets represented by
(@) |z-2i=2 (b) zZ+(+2)z+(1-2i)+1=0

Find f(2+1), f(-4+1i) where f(z)equals
2 (z+1)
(a) 3z° +z (b) -1

If f(2)is differentiable atz,, show that f(2) is continuous atz, .

Prove the product rule [ £()g(2)] = f'(2)g(2) + f(2)g(2)

Are the following functions analytic?

(a) f(2)z* (b) f(2)e*(coy +isiny).

Let v be a conjugate harmonic of u in some domain D. Show that
then 4 =u” - v*is harmonic in D.

Derive the Cauchy-Riemann equations in polar form equation
from equation 1.

Using the Cauchy-Riemann equations, show thate*is analytic for
all z.
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15.

16.

17.
18.
19.
20.

7.0

Compute ¢° (in the form (u +iv) and ‘62‘ ) when z equals
i

(@) m-il2 b) -1-7

2 2
x X . . .
Show that u = e” COSE? - %EIS harmonic and find a conjugate.

Prove that cos z,sin z,cosh z, and sinh z are entire functions.

What is the idea that led to the Cauchy-Riemann equations?

State the Cauchy-Riemann equations from memory.

What is an analytic function? Can a function be differentiable at a

point z, without being analytic at z, .
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UNIT 2 INTEGRATION OF COMPLEX PLANE

CONTENTS

1.0  Introduction
2.0 Objectives
3.0 Main Content
3.1  Line Integral in the Complex Plane
3.1.1 Definition of the Complex Line Integral
3.1.2 Existence of the Complex Line Integral
3.1.3 Three Basic Properties of Complex Line Integral
3.2  Two Integration Methods
3.2.1 Use of the Representation of the Path
3.2.2 Indefinite Integration
3.2.3 Bound for the Absolute Value of Integrals
3.3 Cauchy’s Integral Theorem
3.3.1 Cauchy’s Integral Theorem
3.3.2 Independence of Path, Deformation of Path
3.3.3 Cauchy Theorem for Multiple Connected Domains
3.4  Existence of Indefinite Integral
3.5 Cauchy’s Integral Formula
3.6  Derivative of Analytic Functions
3.6.1 Moreras’s Theorem
3.6.2 Liouville’s Theorem
4.0  Conclusion
5.0  Summary
6.0  Tutor-Marked Assignment
7.0  References/Further Readings

1.0 INTRODUCTION

In this unit 2, we defined and explained complex integrals. The most
fundamental result in the whole unit is Cauchy’s integral theorem. It
implies, the importance of Cauchy integral formula.

We prove that if a function is analytic, it has derivatives of all orders.
Hence, in this respect, complex analytic functions behave much more
simply than real-valued functions of real variables. Interpretation by
means of residues and applications to real integrals will be considered in
Module 3.

2.0 OBJECTIVES

Integration of complex plane is important for these two reasons which
must be accomplished.
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. in applications there occur real integrals that can be evaluated by
complex integration, whereas the usual methods of real integral
calculus are not successful; and

. some basic properties of analytic function can be established by
integration, but would be different to prove by other methods.
The existence of higher derivatives of analytic functions is a
striking property of  this type.

3.0 MAIN CONTENT

3.1 Line Integral in the Complex Plane

As in real calculus, we distinguish between definite integrals, and
indefinite integrals or antiderivatives. An indefinite integral is a
function whose derivative equals a given analytic function in a region.
By inverting known differentiation formulas we may find many types of

indefinite integrals.

We shall now define definite integrals, or line integrals, of complex
function f(z),wherez= x+iy. This is needs a short preparation on
curves in the complex plane, as follows
Path of Integration
In real calculus, a definite integral is taken over an interval (a segment)
of the real line. In the case of a complex definite integral we integrate
along a curveC in the complex plane, which will be called the path of
integration.
Now a curve C in the complex plane can be represented in the form

2(t) = x(£) + iv(t) (a<t<b) (1)
where?is a real parameter. For example,

z(t) =t + 3it (0<1<2)

represent a portion of the line y = 3x (sketch it!),

z(t) = 4cost + 4isint (-m<tsm)

represent the circlelz| = 4, etc. (More example below)
C 1s called a smooth curve if C has a derivative
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X1 = % = 50 + i5(0)

at each of its points which is continuous and nowhere zero.
Geometrically this means thatChas a continuous turning tangent. This
follow directly from the definition

z(t+ At) - z(¢)
At

0 lim

Fig. 321: Tangent vector z(f) of a curve C in the complex plane
given by z(f). The arrow on the curve indicates the positive sense
(sense of increasing f).

3.1.1 Definition of the Complex Line Integral

This will be similar to the method used in calculus. LetCbe a smooth
curve in thez-plane represented in the form (1). Let f(2)be a
continuous function defined (least) at each point of C. We subdivided
(“partition”) the interval ~ (a<7<b)in (1) by points of

Fig. 322: Complex Line Integral

ty(= a),t, 0Lk, \,t,(= D)

Where £, <f <[, To do this subdivision there corresponds a
subdivision of C by points
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z4,2,Uz,. |, 2, (= 2),
wherez; = z(¢;). On each portion of subdivision ofCwe choose an
arbitrary point, say, a pointé, between z,andz, (that is, ¢, = z(t) ) where
¢ satisfies?, S 1< ¢, a pointé,betweenz,and z, (that is, ¢, = z(¢) ) where

¢ satisfies?, S¢£<t,, a pointé,between z andz,etc. Then we form the
sum

S, = if(f,,,) )

where

Az, =z, -z -1
This we do for each 7 =123,lIllin a completely independent manner,
but in such a way that the greatest |Az,,|approaches zero as n approaches

infinity. This gives a sequence of complex numbers S,,S;,[IIL The limit
of these sequence is called the line integral (or simply the integral) of
f(2),along the oriented curve Cand is denoted by

[ f(2)dz (3)
The curve Cis called the path of integration. C is called a closed path if
Z = z,, that is, if its terminal point coincides with its initial point.

(Example: a circle, a curve shaped like an 8, etc.) Then also writes

fc instead of J'C

Examples follow in the next section.

General Assumption

All path of integration for complex line integral will be assumed to be
piecewise smooth, that is, to consist of finitely many smooth curves
joined end to end.

3.1.2 Existence of the Line Integral

From our assumption that f(2)is continuous and C is piecewise smooth,
the existence of the line integral (3) follows, as in the previous chapter
let us write f(2) = u(x,y) + iv(x,y). We also set

fm = fm + il]mand AZm + iAym

then (2) may be written
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S, =Y (+iv)bx, +ily,) 4)

Where u =u(¢,.n,)andv=v(,.N,)we sum over m froml to n. We
may now split up S, into four sums:

S, = Z ubx,, - Z vAy, + ’[Z uby, + Z vAme

These sums are real. Since fis continuous, ¥ andVvare continuous.
Hence, if we let” approach infinity in the aforementioned way, then the
greatest Ax,and Ay, will approach zero and each sum on the right
becomes a real line integral:

limS, = [ f(2)dz = [udx~ [ vdy+ | [ udy+ J'Cvdxl 5)

This shows that under our assumption (. continuous onCandC
piecewise smooth) the line integral (3) exist and its value is independent
of the choice of subdivisions and intermediate points¢,, .

3.1.3 Three Basic Properties of Complex Line Integrals

We list three properties of complex line integrals that are quite similar to
those of real definite integrals (and real line integrals) and follow
immediately from the definition.

1. Integration is a linear operation, that is, a sum of two (or more)

functions can be integrated term by term, and constant factors can be
taken out from under the integral sign:

[k A @+ ko syl = b [ £ (2)dz + ks [ S (2)dz (6)

FIG. 323. Subdivision of path (formula (7))

2. Decomposing C into two portions C,and C, (Fig), we get
[ Sz = [ [+ [, f(2)dz )

3. Reversing the sense of integration, we get the negative of the
original value:
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J f(z)dz = - J f(z)dz )

here the path C with endpointz,and Z is the same; on the left we
integrate from z,to Z, on the right fromz,to Z .

Applications follow in the next section and problems at the end of it.

3.2 Two Integration Method

Complex integration is rich in methods for evaluating integrals. We
discuss first two of them, and others will follow later in this chapter.

3.2.2 First Method: Use of Representation of the Path
This method applies to any continuous complex function.
Theorem 1 (Integration by the use of the path)

Let C be a piecewise smooth path, represented by z = z(t), where
a<t<b Let f(z) be a continuous function on C. Then

0 d

0 dtf )

[ /@)= [ fz0]z0d

Proof

The left-hand side of (1) is given by (5), Sec, 13.1, in terms of real
integrals, and we show that the right-hand side of (1) also equals (5).

We haveZz = x+iy hencez=x+iy. We simply write # for u[x(t), y(?)|
andV for V[X(t), y(t)] .We also havedx = xdt anddy = ydt . Consequently, in

(]‘)’

[ Flzlzde = [ i)+ iy

= Ic[udx - vdy + i(udy + vdx)],

Which is the right-hand side of (5), as claimed.
Steps in applying Theorem 1

A. Represent the pathCin the formz(¥) a<st< b
B. Calculate the derivative z(¢) = dz/dt
C. Substitute z(¢) for every z in f(2) (hence x(#) for x and ¥(¢) for y)
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D. Integrate f [z(t )lé(t )over? from @tob
Example 1
A Basic Result: Integral of1/z around the unit circle

Show that

] az _ 5 (C the unit circle, clockwise) (2)
Z

The important result will be frequently needed.
Solution

We may represent the unit circle Cin the form
Z(t):cost+isintz (0<£<2m).

So that the counterclockwise integration correspond to an increase of?
from 0 to 2 . By differentiation,

z(t) = —-sint + icost

1
Also f]z(H)] = — . Formula (1) now yields the desired result

z(2)
dz 21 1 . .
— = J’ ——— (- sint + icost)dt
¢z 0 cost+isint
21
=i dt
l.[O
=2

The Euler formula helps us to save work by representing the unit circle
simply in the form

z(t) = e"

Then

—e", dz=ie"dt.

z(1)
As before, we now get more quickly

dz a 21
- ZI e ie" = lJ' dt
cz ) 0
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=2 .
Example 2

Integral of Integer Powers

Let f(z)=(z-z,)" where M is an integer and Z, is a constant.
Integrate in the clockwise sense around the circleC of radiusP with
centre atz,

Solution
We may represent the unit circle Cin the form
z(t) = z, + p(cost +isint) = z, + pe" z (0<t<2m).

Then we have
(z=z,)" = p"e™, dz = ipe"dt,
and we obtain

f(z —zy)"dz = Iozn p"e™dt
C

a0
= [ e

By the Euler formula (5), the right-hand side equals
lp mt 1

21 F1) 4 2, +1 0
; cos(m + 1)t zJ'O sin(m )tD
When m = -1, we havep” ' =1,co0s0 = 1,sin0 = 0 and thus obtain 27 . For
integerm # 1each of the two integer is zero because we integrate over an

interval of length2m, equal to a period of sine and cosine. Hence the
result is

2n  (m=-1)

- 2 )" dz =
fC(Z Z0)"dz Ep (m # -1and integer).

3)

Let us now illustrate the following important fact. If we integrate a
function f(2),from a pointz,to a pointz,along different path, we
generally get the values of the integral. In other words, a complex line
integral generally depends not only on the end point of the path but also
on the geometric shape of the path.

Example 3
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Integral of Nonanalytic Function

Integrate f(z) = xfrom 0 toli (a) alongC’in fig. below, alongC
consisting  ofC,andC,.

Solution
a. C” can be represented by z(1) =t +ir (0<7<1). Hence
2(t) = +i and EGIERGER (onC").

We now calculate

[ Rezd: = J'Olra +i)dt

P

b. C, can be represented by z(¢) = ¢ (0<¢<1). Hence
X)=1  and flz)) = x(0) =1 (onC)).
C, can be represented by z(¢) = £+ it (0<¢<1). Hence
X)=1  and z0]=x0=1" (nC)).
Using (7) , we calculate

YA
A
1= .
J1z=1+1
/7
Ve
« 7
A AcC
, /
> ~ C,
>
Fig. 324. Path in Example 2 Fig. 325. Path in Example 3

ICRe zdz =Icge zdz + ICIZ{e zdz :I(: tdt +I; 1 Odt

+i

N | —

Note that this result is differ from the result in (a).

3.2.2 Second Method: Indefinite Integration
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In real calculus, if for given f(x) we know anF(x)such that
F'(x)= f(x),

then we can apply the formula

[ ()de= F)- F(a) )= /)]

This method extends to complex functions. We shall see that it is
simpler than the previous method, but, of course, we have to find an
F(z) whose derivative F'(z) equals the given function f(z)that we want
to integrate. Clearly, differentiation formulas will often helps us in
finding such anf'(z), so that this method becomes of great practical
importance.

Theorem 2 (Indefinite Integration of Analytic Functions)

Let f(2)be analytic in a simply connected domain D . Then there exists
an indefinite integral of f(2)in the domainD, that is, an analytic
function F(2)such that F'(z)= f(2)inD, and for all path in D joining
two pointz, andz,in Dwe have

4, I f(x)dz = F(z,)- F(z,) [F'(2)= f(2)]

(Note that we can write z,and z, instead of C, since we get the same value
for all thoseC fromz,and z, ).

This theorem will be proved by using Cauchy’s integral theorem which
we discuss in the next section...

Example 4

1 i+

.[0. 'Z3dZ = gz

Example 5

Ti . |\m
coszdz =sinz

-1 -7

= 2sin 7 = 2isinh 1 = 23.097i

Example 6
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8 314 8-3m
J' " edz =2e

8t 31i 8+ 37
- 2(@4- 3ni/2 _ e4' 3Ri/2)

=0

Since e° is periodic with period 27.

Example 7

2
Choosing F(z) = kz = Z?, we obtain from theorem 2 for any path from z,

andz,.
3.2.3 Bound for Absolute Value of Integrals

There will be a frequent need for estimating the absolute value of
complex line integrals. The basic formula is

6. ‘ I f(z)dz‘ < ML (ML -inequality);

here L is the length of C and M a constant such that |/(z)]s M
everywhere on C.

Proof:

We considerS, as given by (2). By the generalized triangle inequality
(6), we obtain

Sn

> fE.02,

<3 @z,

<MY [az,)|
m=1

NowAz,is the length of the chord whose endpoints arez,. andz, .
Hence the sum on the right represents the length [ of the broken line of
the chord whose endpoints arez,z, [z, (n=2). If n approaches

infinity in such a way that the greatest|Az,| approaches zero, then [’

approaches the length L of the curve C , by the definition of the
length of a curve. From this the inequality (6) follows.

We cannot see for (6) how close to the bound ML the actual absolute
value of the integral is, but this will be no hardship in applying (6). For
the time being we explain the practical use of (6) by a simple example.
Example 8
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Find a upper bound for the absolute value of the integral
ICZ *dz, C the straight-line segment from 0 to 1+

Solution

L=+2and|f(2)= ‘22‘ < 2on C gives by (6)
‘Iczzdz‘ < 242 = 2.8284

The absolute value of the integral is
‘ FETE §ﬁ= 0.9428

-2+ =
3

In the next section we discuss the most important theorem of the whole
chapter, Cauchy’s integral theorem, which is the basic in itself and has
far reaching consequences which we shall explore, above all the
existence of all higher derivatives of an analytic function, which are
themselves analytic functions.

3.3 Cauchy’s Integral Theorem

Cauchy’s integral theorem is very important in complex analysis and has
various theoretical and practical co sequences. To state this theorem, we
shall need the following concepts.

A closed path C is called a simple close path if C does not intersect or
touch itself (see diagram below). For example a circle is simple, an
eight- shaped curve is not.

A domain D in the complex plane is called a simply connected domain
if every closed path in D encloses only points of D. A domain that is not
simply connected is called multiply connected.

For instance, the interior of a circle (“circular disk™), ellipse or square is

C DRI

Simple Simple Not simple Not simple

Fig 326. Closed paths

simply connected. More generally, the interior of a simple closed curve
1s simply connected. A circular ring or annulus is multiply connected
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(more precisely: doubly connected). The figure below shows further
examples.

- ™, P Ry T PPN s 1
£ o £ _,-r}/ N\ f/ AN £ :
£ W5 (7§ \ OB (7 )

\ en \....-"f/ ¢ Bl £
N / \\ \ 0 R A lf A7
\-._____a,.r/ R_-__:__':’/ \\_______// "‘..._ h-:/
Simply Simply Doubly T-':ply
connected connected connected connected

Fig. 327: Simply and Multiply Connected Domain
Recalling that, by definition, a function is a single-valued relation, we
can now state Cauchy’s integral theorem as follows. This theorem is
sometimes also called the Cauchy-Gaursat theorem.

3.3.1 Cauchy’s Integral Theorem

If f(2)be analytic in a simply connected domainD, then for every
simple close path C in D,

1. J'Cf(z)dz =0

Proof

If we make assumption —as Cauchy did- that the derivative /() of f(2)
is continuous in D (existence of /'(z2)in D being a consequences of
analyticity), then Cauchy’s theorem follows from a basic theorem on
real

——

Fig. 328: Cauchy’s Integral Theorem
line integrals (proof below). Goursat finally proved Cauchy’s theorem
without the assumption that /'(z)is continuous (optional proof at the end
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of  this chapter). Before we go into details, let us consider some
example in  order to really understand what is going on.

We mention that a closed path is sometimes called a contour and an
integral over such a path a contour integral.

Example 9
Icezdz =0, J'Ccos zdz=0 J'Cz”dz =0 (n = 0,1,0D)|

For any close path, since these functions are (analytic for all z).

Example 10
J'seczdz:O I dz =0
¢ ’ Cz’+4
where C is the wunit circle.secz = is not analytic at
cos z
z=+m/2,23m/2,011 but all these point lie outside C ; none lie on

C. Similarly for the second integral, whose integrand is not analytic at
z = +21i outside C.

Example 11

J'CZdZ =27

(C the unit circle, counterclockwise) does not contradict Cauchy’s
theorem, since /() = Z is not analytic, so that the theorem does not
apply. (Verify this result!)

Example 12
dz _
g2 0,

where C is the unit circle. This result does not follow from the Cauchy’s
. . "

theorem, because f(z)=—; is not analytic atz = 0. Hence the condition
z

that /' be analytic in D is sufficient rather than necessary for (1) to be
true.

Example 13
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dz .
— = 27Tl,
Cz

The integration being taken around the unit circle in the clockwise

.. 1 3 1 . ) .

sense. C lies in the annulus E< |2| < 5 where — is analytic, but this
z

domain is not simply connected, so that Cauchy’s theorem cannot be
applied. Hence the condition that the domain D be simply connected is
quite essential.

Example 14
1722'6dz: 3o+ dz = 3027 + 0
Cz" -2z Cz Cz-2

= 61

(C the unit circle, counterclockwise) by partial fraction reduction.
Cauchy’s proof under the condition that f"(z)I continuous

From (5) we have
J'C f(2)dz =J'C (udx - vdy) + IC (udy + vdx).

Since f(2)is analytic in D, its derivative F'(z) exists in D. Since F'(2)is
assume to be continuous, (4) and (5) in previous section imply that u
and v have continuous partial derivatives in D. Hence Green’s theorem
with v and —v instead of F; and F,is applicable and gives

_ 0v _Ou
Ic(udx vdy) —IR %a o xdy

where R is the region bounded by C. The second Cauchy-Rieman
integration shows that the integrand on the right is identically zero.
Hence the integral on the left is zero. In the same fashion it
follows by the use of the first Cauchy-Rieman equation that the
last integral in the above formula is zero. This complete Cauchy’s
proof.

3.3.2 Independence of Path, Deformation of Path

We shall now discuss an important consequence of Cauchy’s integral
theorem that has great practical interest, proceedings as follows. If we

subdivided the path, C in Cauchy’s theorem into two arcs C,and C,,
then (1) takes the form
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2) [ fdzt[ fdz=0.

{I_

i
L

Fig. 329: Formula (2’) Fig. 330: Formula (2)

If we now reverse the sense of integration alongC,, then the integral
over C,is multiplied by -1. Denoting C, with its new orientation by C,
, we thus obtain from(6') .

2 J.CZ f(2)dz :ICI f(2)dz.

Hence, if f is analytic in D, C, and C,are any path in D joining two
points in D and having no further points in common, then (2) holds.

If those paths C; and C,have finitely many points in common, then (2)
continues to hold. This follow by apply previous result to the portion of
C,and C, between each pair of consecutives point of intersection.

If it even true that (2) holds for any paths that join ant points z,andz,
and lie entirely in the simply connected domain D in which f(2)is
analytic.

To express this we may say that the integral of f(2)is independent of
path in D. (Of course the value of the integral depends on the choice of
zyandz,.)

The proof may require additional consideration of the case in which C,
and C, have infinitely many points of intersection, and is not presented
here.

We may imagine that the pathC,in (2) was obtained fromC by a
continuous deformation. It follows that in a given integral we may
impose a continuous deformation on the path of integration (keeping the
endpoint fixed); as long as we do not pass through a point where
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Sf(2)is not analytic, the value of the integral will not change under such
deformation. This is often called the principle of deformation of
path.

Fig. 331: Paths having finitely Fig. 332: Continuous
Many Intersections Deformation of Path

Fig. 333: Unit Circle and Path C
Example 15

d. . .
J'C—Z: 21, (Counterclockwise integration) now follow from example
VA

(1), for any simple closed path C whose interior contains 0.The figure
above gives the idea: first deform ABE continuously into the path
AA'B'E'E . The heavy curve in the figure shows the resulting deformed
path. Then deform E'EGAA' and E'G'A4' .

There is more general systemic approach to problem of this kind, as we
shall now see.

3.3.3 Cauchy Theorem for Multiple Connected Domains
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A multiply connected domain D* can be cut so that so the resulting
domain (that is, D* without the point of the cut or cuts) become simply
connected.

For doubly connected domain D* we need one cut C (figure below).If
f(2)is analytic in D* and at each point of C;and C, then, sinceC,,C,and C
bound a simply connected domain, it follows from Cauchy’s theorem
that the integral of f taken overC,,C,C, in the sense indicated by the
arrows in the figure has the value zero. Since we integrate along Cin
both directions, the corresponding integrals cancel out, and we obtain

(3%) J’Cl f(z2)dz +J'C2 f(z)dz=0

where one of the curve is traversed in the counterclockwise sense and
the other in the opposite sense. Reversing the sense of integration on one
of the curves, we may write this

Fig 334: Doubly Connected Domain Fig. 335: Paths in (3)

3. .[Cl f(2)dz +Ic2 f(2)dz

where care now traversed in the same sense (the figure above). We
remember that (3) holds under the assumption that /() is analytic in the
domain bounded by C,and C, and at each point of C,andC,.

Can you see how the result in Example (7) now follows immediately
from our present consideration?

For more complicated domains we may need more than one cuts, but the
basic idea remains the same as before. For instance, for the triply
connected domain in figure below,

[ f@dz+[ f(2)dz+ [ f(z)dz=0

where C,and C; are traversed in the same sense and C,is traversed in the
opposite sense.
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Fig. 336: Triply Connected Domain
Example 16
From (3), Example 2, it now follows that

o aim=-1)
f (z-2,)"dz =[] .

¢ [0(m # —land int eger)

For counterclockwise integration around any simple closed path
containing Z, in its interior.

In the next section, using Cauchy integral theorem, we prove the
existence of indefinite integrals of analytic functions. This will also
justify our earlier method of indefinite integration.

Fig. 339: Problem 29
3.4 Existence of Indefinite Integral

This section includes an application of Cauchy’s integral theorem. It
relates to Theorem 2 in section 3.2 on the evaluation of line integrals by
indefinite integration and substitution of the limits of integration:

Lo [ feMz=F(z)- F(z) [F'(2)= £(2)],

Where F(2)is an indefinite integral of f{z), that is F'(z)= f(z), as
indicated.
In most applications, such af(z)can be found from differentiation
formulas.
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Theorem 1 (Existence of an Indefinite Integral)

If f(2)is analytic in a simply connected domain D, then there exists an
indefinite integral F(2)of f(z)in D, which is analytic in D joining two
points Zyandz,in D, the integral of f(z) fromz,andz, can be evaluated
by formula  (1).

Proof

The conditions of Cauchy’s integral theorem are satisfied. Hence the
line integral of f(z) from z,in D to any z in D is independent of path in

D. We keep z,fixed. Then this integral becomes a function of z, which
we denote by F(2) :

2. F)=[ S

We show that this F(2) is analytic in D and that F'(z) = f(z). The idea of
doing this is as follows. We form the differential quotient

F(z+Az)- F(z) _
Az )

_ 1 ztlz * *
= ELO f(z)dz,

1 ztlz « 5 ztlz * «[]
EgzO Sz = [ (e

Subtract /(z) from it and show that expression obtained approaches zero
asAz - 0;this is done by using the continuity of f(z). We now give the
details.

Fig. 340: Path of Integration

We keep z fixed. Then we choosez + Az in D. This is possible since D is
a domain; hence D contains a neighborhood of z. See figure above. The
segment we use as the path of integration in the previous formula. We
now subtract /(z). This is a constant, since z is kept fixed. Hence
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[ e = @ d = fene

Thus
&= e

This trick permits us to write a single integral:

F(z+Az)-F(z) _ Z:Lz*ﬂz Y= (M
- f@= [l sl

f(2)is analytic, hence continuous. An €>0 being given, we can thus find
a 0 > Osuch that

- f@)<e when |z = 2[<§

Consequently, letting|Az| < 3 | we see that the ML-inequality yields

|F(z+ Az)- F(z2)
Az

1
o]

1
-M€|AZ|=€;

~r@)= e sl

that is, by the definition of a limit and of the derivative,

Fi(z) = l}m F(z+ AAZ) -F(z2) - ().

Since z is any point in D, this proves that £(z) is analytic in D and is an
indefinite integral or antiderivative of f(2)in D, written

F(z)= If(z)dz

Also, if G'(2)= f(2), thenF'(z2)-G'(2)=0in D; henceF ()~ G(2)is
constant in D. That is, two indefinite integrals of /(z). This proves the
theorem.

See section 3.2 for examples and problems on indefinite integration.

The theorem in this section followed from Cauchy’s integral theorem. A
much more fundamental consequence is Cauchy’s integral formula for
evaluating integrals over close curves, which we discuss in the next
section.

3.5 Cauchy’s Integral Formula

The most important consequences of Cauchy’s integral theorem is
Cauchy’s integral formula this formula is useful for evaluating integrals
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(example below). More importantly, it plays a key role in providing the
surprising fact that analytic function have derivative of all orders (see
section 3.6), In establishing Taylor series representations and so on.
Cauchy’s integral formula and its conditions of validity may be stated as
follows.

Theorem 1 (Cauchy’s Integral Formula)

Let f(2)is analytic in a simply connected domain D. Then for any point

zyin D and any simple closed path C in D which encloses z,(fig.
below),

1. f S (Z) dz = 27mif (z,) (Cauchy’s integral formula)

The integration being taken in the counterclockwise sense.

Proof

By addition and subtraction, f(2) = f(z,)+[f(2)= f(2,)].. We insert this
into (1) on the left and can take constant factor f(z,) out from under the
integral sign. Then

f@-f),

z-z,

§ 1 e T

The first on the right hand equals f(z,) (27 (see Example 8 in sec. 3.3,
with m=-1). This proves this theorem, provided the second integral on
the right is zero. This is what we are now going to show. It’s integrand
is analytic, except atz,. Hence by the principle of deformation of path
(sec. 3.3) we replace C by a small circle K of radiusP and centre z,
(figure below), without altering the value of the integral. Since f(2)is

analytic, it is continuous. Hence, an >0 being given, we can find a
0 > 0 such that

1f(2)- f(z)<e for all z in the disk |z-z|< 9
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Fig. 341: Cauchy’s Integral Fig. 342: Proof of
Formula Cauchy’s  Integral
Formula

Choosing the radius P of k smaller thand , we thus have the inequality

£
< -

‘f(Z)-f(Zo) .
p

VAR

At each point of k. The length of k is 27 £.Hence by ML-inequality in
sec. 3.2,

f(2)- f(zy)
ﬂ zZ-z,
Since €(>0) can be choosing arbitrarily small, it follows that the last
integral on the right-hand side of (2) has the value zero, and the theorem
is proved.

dz<Eomp=ome
0

Example 17

Cauchy’s Integral Formula

z

f ¢ dz = 2me’ = 27’
Cz=-2 2

Z -

For any contour enclosing z, = 2 (sincee’is entire), and zero for any
contour for which z, = 2 lies outside (by Cauchy’s integral theorem).

Example 18
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Cauchy’s Integral Formula

3 _ 3

fz 6dz=f z 3dz=2ﬂ[%z3—3] _

C2z-i C2z-1i z=i/2
:%_m (z, = Liinside C) |

Example 19

Integration around different contour

z2+1
z2 -1

g(z)=

in the counterclockwise sense around a circle of radius 1 with centre at
the point

=

a.  z=1 b) = () z=-1+L, (d) z=i.

Solution

To see what is going on, locate the point where g(z) is not analytic and
sketch them along with the contours (figure below) . These points are -1
andl. We see that (b) will give the same result as (a), by the principle of
deformation of path. And (d) gives zero, By Cauchy’s integral theorem.
We consider (a) and afterward (c).

a. Herez, =1, sothatz-z, =z-1lin (1). Hence we must write
Z2+1_z2+1 1 z°+1

thus f(z2)= —,
z° -1

g(2) =

-1 z+1z-1

(el

(o)
Fig. 343: Example 3

Looking back, we point to a chain of basic results. The beginning was
Cauchy’s integral theorem in sec. 3.3. From it followed Cauchy’s

89



MTH 381 MATHEMATICAL METHODS III

integral formula (1) in this section. From it follows the existence of all
higher derivatives of an analytic function, in the next section. This is the
probably the most exciting link of our chain. From it follows in the
Taylor series for analytic functions.

3.6 Derivative of Analytic Functions

From the assumption that a real function of a real variable is once
differentiable, nothing follows about the existence of derivatives of
higher order. We shall now se that from the assumption that a complex
function has a first derivative in a domain D, there follows the existence
of derivative of all orders in D. This means that in this respect complex
analytic functions behave much more simply than real functions that are
once differentiable.

Theorem 1 (Derivative of Analytic Function)

If f(2)is analytic in a domain D, then it has derivatives of all orders in
D, which are then also analytic function in D. The value of these
derivatives at a pointz,in D are given by the formulas

) SE= g

) S

and in general

S

(1) fn(ZO)_an C(z=z,)"!

(n=12,00){

here C is any simple closed path in D that encloses z,and whose full interior

belongs to D; And we integrate counterclockwise around C(figure
below).

Comment

For memorizing (1), it is useful to observe that these formulas are
obtained formally by differentiating the Cauchy formula (1), Sec. 3.5,

under the integral sign with respect to z,.

Proof of Theorem
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We prove (') .
We start from the definition

Sz, +Bz) = f(z,)
Az

S (z0) = lim

On the right we representf(z, +Az)and f(z,)by Cauchy’s integral
formula (1), sec. 3.5; the two integral we can combine into a single
integral by  taking the common denominator and simplifying the

numerator (where z = z,drops out and only f(2)Az remains):

fGrb)-fG) . 1 G [ f() D
Az 2mAz gc z-(z, +Az) fC z-z, [J

o 1)
2milz fC (z-z,-Dz)(z-z,)

dz[

Fig. 345: Theorem 1 and its Proof

Clearly, we can now establish(l') by showing that, as Az - 0, the integral
on the right approaches the integral in (I'). To do this, we consider the
difference between these two integrals. We can write this difference as a
single integral by taking the common denominator and simplifying. This
gives

f(2) f(2)

f “(z-z,-Dz)(z- Zo) f “(z- Zo)
. 1)

C(z-zy-Dz)(z-z,)

dz

We show by ML-inequality (Sec. 3.2) that this difference approaches
zero aslz - 0,
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Being analytic, the function f(2)is continuous on C , hence bounded in
f(z)|< K. Let d be the smallest distance fromz,to

the points of C(see fig. below). Then for a11|Z| on C,

absolute value, say,

2 2
|Z-ZO| >d”°,

hence

1 1
<

2= 2
lz-z| d

Furthermore, if |Az| < d/2, then for all z on C we also have
1 2

|z-zO-Az|2£, hence ——<—1L[
z=zy - Az
2 z-z,-Dz] " d

Let L be the length of C. Then by ML-inequality, if|Az| < d/2,

f /) 7 < Kad 2ot
C(z-zy-Dz)z~-z,) d d

This approaches zero as 4z - 0, Formula(1') is proved.

Note that we used Cauchy’s integral formula (1), Sec. 3.5, but if all we
had known about f(z,)is the fact that it can be represented by (1),
Sec. 3.5, our argument would have established the existence of the
derivative f'(zy) of f(z).This is essential to continuation and
completion of this proof, because it implies that(1") can be proved by
similar argument, with freplaced by /', and that the general formula (1)
then follows by induction.

Example 20
Evaluation of Line Integrals

From (1'), for any contour enclosing the point 7 (counterclockwise)

COSz

dz = 2mi(cos z)’
fo oy = Aoy _

=2misinmi = 21w sinh 1
Example 21
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From(1"), for any contour enclosing the point -1(counterclockwise)

4 2
-3z7 +
f Lﬁdz = mi(z* - 3z + 6)" .
€ (z+10) z=-i
= m|122> - 6., = -187
Example 22

By(l'), for any contour for which 1 lies inside and#2i lie outside
(counterclockwise),

!

f 282 dz = 21 26
Cz=-D(z"+4) z"+4

z=1

z 2 _ .z
- (z7+4)-¢e° 2z
(z* +4)° z=1
_ 0em; 5 0501
25

3.6.1 Moreras’s Theorem

If f(2)is continuous in a simply connected domain D and if

2. fc f(2)dz=0
for every closed path in D, then f(2)is analytic in D.

Proof

In sec.3.4 it was shown that if f(2)
F(z)= I f(zHdz"

is analytic in D and £'(z) = f(2). In the proof we use only the continuity
of f(z)and the property that its integral around every close path in D is
zero; from the assumptions we concluded that F(z)is analytic. By
theorem 1, the derivative of F(z)is analytic, that is f(2)is analytic in D,
and Morera’s theorem is proved.

Theorem 1 also yields a basic inequality that has many applications. To
get it, all we have to do is to choose for C in (1) a circle of radius » and

centre Z,and apply ML-inequality (Sec. 3.2); with |/(z)S M|on C we
obtain from (1)
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@,

‘f(")z ‘: j;
0 C)Z_Zo)ml

n!
2m
This yields Cauchy’s inequality

R VECPAPEELS

n

To gain first impression of the importance of this inequality, let us prove
a famous theorem on entire functions (functions that are analytic for all
z; cf.Sec. 2.6)

3.6.2 Liouville’s Theorem

If an entire function f(z)is bounded in absolute value for all z, then f(2)
must be a constant.

Proof

f(2)|is bounded, say, |/(z)|< K for all z. Usind (3), we

<K/r Since this is true for every r, we can take r as

By assumption,
see that |/(z,)

large as we please and conclude that f'(z,)=0. Sincez, is arbitrary,
f'(2)=0for all z, and f(2) is a constant.

This completes the proof.

This is the end of section on complex integration, which gave us a first
impression of the methods that have no counterpart in real integral
calculus. We have seen that these methods result directly or indirectly
from Cauchy’s integral theorem (Sec.3..3) More on integration follows
in the next section.

In the next section, we consider power series, which play a great role in
complex analysis, and we shall see that the Taylor series of calculus

have a complex counterpart, so thate®, cosz,sinzetc. have Maclaurin
series that are quite similar to those in calculus.

4.0 CONCLUSION
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In conclusion, we define that if a function is analytic, it has derivative of
all orders. While further conclusions is as discussed in the summary
below.

5.0 SUMMARY

The complex line integral of a function f(z)taken over a path Cis
donated by (sec. 3.1)

_[C f(2)dz or, if Cis closed, also by fc f(2)dz.

Such an integral can be evaluated by using the equation z=z(?) of C,
where a<t<b (se.3.2):

b ) ._d
Lo [ f@dz= [ S0 Ev =

As another method, if /(2) is analytic (sec.2.4) in a simply connected
domain D, then there exists an £(z)in D such thatF'(z) = f(z)and for
every path C in D from a point z,to a pointz, we have

2. [ S@dz=F(z)- F(z,) [F'(2)= (D]

Cauchy integral theorem states that if f(z)is analytic in as simply
connected domain D, then for every closed path C in D

3. fS@dz=0

If f(2)is as in Cauchy’s integral theorem, then for any z, in its interior
we have Cauchy integral formula

L f@)
R O ]

Furthermore, then f(z) has derivative of all orders in D that are
themselves analytic functions in D and (sec. 3.6)

f (Z)

5 £z, (n = 1,2,[TI).

)_ZITf C(z-

6.0 TUTOR-MARKED ASSIGNMENT
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6.

7.0

d
Show that fc E-om (C the unit circle clockwise)
z
Evaluate fce “dzby the method in theorem 1 and compare the
result by method in theorem 2.
(C is the line segment from 0 tol + %)

For what contour C will it follow from Cauchy’s theorem that
.

dz _
(a) jic? =0, (b) f(zs -
Evaluate the following integrals
@ [-0d () [ zcosz:

State and prove Morera’s theorem
State and prove Liouville’s theorem

z

dz=079
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1.0 INTRODUCTION

Since there are various methods of determining the coefficients of a
Laurent series, without using the integral formulas. We intend (may) use
the formula for b, for evaluating complex integrals in a very elegant and
simple fashion.b, will be called the residue or f(z)at z=z,.The

powerful method may also be applied for evaluation certain real
integrals, as we shall see in section 3.3 and3.4 of Module 3 and unit 1

2.0 OBJECTIVES

* to be able to determine and explain Residue;

* to be able to use Residue to evaluate integrals; and

» to show that the Residue integration method can be extended to the
case of several singular points of f(z)inside C

3.0 MAIN CONTENT
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3.1 Residues

Let us first explain what a residue is and how it can be used for
evaluating  Integrals

f f(2)dz.

There will be counter integral taken around a simple closed path C.
If f(2)is analytic everywhere on C and inside C, such an integral is zero
by Cauchy’s integral theorem and we are done.

If f(2)has a singularity at a pointz = z,inside C, but is otherwise
analytic on C and inside, then /(z) has a Laurent series

b, b

z-z, (z-z,)

+ [T

fG)=Y a,G=z)" +

That converges for all points near = =—= ¢ (except at z = z, itself),

in some domain of the form 0< |z = z)|< R Snow comes the key idea.

The coefficient b, of the first negative power of this Laurent

(z=2)

series 1s given by the integral formula, with n=1, that s,

_L z)az
bl_zmgf( )da

Since we can obtain Laurent series by various methods, without using
the integral formulas for the coefficients, we can find b, by one of these
methods and then use the formula for b, for evaluating the integral:

1.

fc f(2)dz = 21ib,.

Here we integrate in the counterclockwise sense around the simple
closed path that contains z = z; in its interior.

The coefficient b, is called the residue of f(z)at z=z,and we shall
denote it by

2. b, = Res f(z)

z= 1)
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Examplel

Evaluation of an Integral by Means of a Residue

Integrate the function f(z)= z *around the unit circle C in the
counterclockwise sense.

Solution

We obtain the Laurent series thus:

f(2)=

sin z i 1 z z
z* z2 3z 57

Which converges for [Z[ >0 (that is for all z # 0).) This series shows that
f(2) has a pole of third order atz=0and the residue of f(z)at z=0is

1:%!.

From (1) we thus obtain the answer
2 iz = 2mib,= - .
c 4 1 3

z

Example 2
Be Careful to use the right Laurent Series!

Integrate f(z) =1/(z’ - z*) around the circle C: 2= 1/2 in the clockwise
sense.

Solution
2z’ -z* = 2°(1- z) Shows f(z) thatz=0andz=1. Now z = 1lies outside C.

Hence it is of no interest here. So we need the residue of f(z)at 0. We find it

from the Laurent series that converges for 0 < |z < 1 that

31 4:i3+i2+l+1+z+E|DDD£ 0<|z|<1
zZ —Z zZ zZ z

We see it from this residue is 1. Clockwise integration thus yields

£ e ~2miRes f(2) = - 27

3 4
z -z

Caution! Had we use the wrong series (II) say:
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L 101 (| < D),

3 4 4 5 6
A z z z

We would have obtained the wrong answer 0. Explain!
3.1.1 Two Formulas for Residues at Simple Poles

Before we continue the integration, we ask the following: To get a
residue, a single coefficient of a Laurent series, must we divide the
whole series or is there a more economical way? For poles, there is. We
shall derive, once and for all, some formulas for residues at poles, so
that in this case we no longer need the whole series.

Let f(2) have a simple pole atz = z,

b,

zZ= Z,

f(z)=

ta,ta(z-z)+a,(z-z,)° + 0L 0<|z-2z,|<R

Here b, = 0 (why?) Multiply both sides by z ~ z, we have
(2= 2)f(2)= by + (2= z)|a’ + a,(z - z,) + [T}
We now letz - z,. The right hand side approachesb, . This gives

IZ{:eZs f(z)=b, = £1TZH(Z - 24)f(2) 3)
Example 3

Residue at a Simple Pole

9i+1 _ . L9+l 09z+1 0
Res—o = lim(z - i) = [
zz z(z7+1) =i z(z+i) [E(z+D[.,

o,
-2

Another, sometimes simpler formula for the residue at a simple pole is
obtained by starting from

_ p(2)

e q(z)

with analytic p(z) and¢(z) where we assume that p(z,) # Oandg(z)has a

simple zero at z - z,(so that f(z) has a simple pole at z - z,ad wanted. By
the definition of a simple zero, ¢(2) has a Taylor series of the form

(z- Zo)z

y q'(z,) + L

q(2) = (27 20)q'(20) *
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This we substitute into /' = p/q and then f into (3), finding

p@) (= 2)p(2) -
fe /@ mET G “o[(z 2N ) ¥ (2 - 20)q"(z,)/ 2+ O,

We now see that on the right, a factorz -z, is canceled and resulting

denominator has the limitq'(z,). Hence our second formula for the
residue at a pole is

p(z) _ p(zy)
O T e ®)

Example 4
Residue at a Simple Pole Calculated by Formula (4)

9z+i 09z+i U 10i .
== = =-5;

Res
=i z(z> +1) EE»ZZ + I)E[Z:l_ -

Example 5
Another Application of Formula (4)

cosTz

SO

Solution

p(z) = cosTz is entire, and g(z) = z* - 1 has a simple zero atl,i,-1,-i. Hence
f(2)has a simple pole at these points (and no further poles).
Since ¢"(z) =4=z>,we see from (4) that the residue equal the

cosh 1 . .
value for Qﬁgat those points, that is,
4

coshm ~ 2.8980, coslim _ COSTT _ _i, _coshn’ cosh(-7) _ i
4i - 4i 4 4 4(-i)’ 4

3.1.1 Two Formulas for Residues at Simple Poles

101



MTH 381 MATHEMATICAL METHODS III

Let /(z)be analytic function that has pole of any order m>1 at a point
z =z, . Then, by the definition of such pole, the Laurent series of /(2)
converging near Z = Z, (exceptz = z; ) is
f(Z) - bm + bm 1 b2 +

(z-z)" (z=z)"' (z-2)° z-z,

ta,+ta(z-z)+I

whereb,, # 0. Multiplying both sides by (z - z,)", we have

(z —=2,)" f(2) =b,, +b,, ,(z —=z,) +BL (z —=2,)"? +b,(z —=z,)""!

tay(z-z))" ++a,(z-zy)" "+ I
We see that the residueb, of f(z)atz = z,is now the coefficient of the

power (z-z,)" 'in the Taylor series of the function

g(s)=(z-2))" f(2)

On the left, with center z = z, . Thus by Taylor’s theorem,

T
b= ——g" " (z,)

(m-1)!
Hence if f(z) hasa pole of mth order atz = z,, the residue is given by

Res f(z) = [(z z)" f(Z)]D (5)

(m ) d’"1

In particular, for a second-order pole (m=2),

Res f(2) = lim{|(z - )2/ (2)]).

Example 6
Residue at a Pole of Higher Order

The function

f(z2) = 50z

(z+4)(z-1%)
has a pole pole of second order atz = 1

e d _ o d 050z [
M TR T

Example 7

Residue from a Partial Fraction
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If f(2)is rational, we can also determine its residue from partial
fractions. In Example 6,

50z -8 8 10

J@)= (Z+4)(z—12): s+ 1 (z-1)*

This shows that the residue t z=1is 8 (as before),and at z=-4 (simple
pole) it is -8. Why is this so? Considerz = 1. There the Laurent has two
fractions as its principal part and the first fraction as the sum of the other
part. This first fraction is analytic at z = 1, so that it has a Taylor series
with centre z =1, as it should be. Similarly, at z=4 the first fraction is
the principal part of the Laurent series.

Example 8
Integration around a Second Second-order Pole

Counterclockwise integration around any simple closed path C such that
z = 1is inside C and z=4 outside C yields

= 2711'ﬁ = 1.0053i
50

f o 7dz = Re s 2mi z 3
C(z+4)(z-1) 1 (z+4)(z-1)

So far we can evaluate integrals of analytic functions f(z) over closed
curve Cwhen f(z) has only one singular point insideC. In the next
section we show that the residue integration method can be readily
extended to the case of several singular points of /(z)inside C .

3.2 Residue Theorem

So far we are in a position to evaluate contour integrals whose
integrands have only a single isolated singularity inside the contour of
integration. We shall now see that our simple method may be extended
to the case when the integrand has several isolated singularity inside the
contour. This extension is surprisingly simple, as follows

Residue Theorem

Let f(2)be a function that is analytic inside a simple closed path C and
on C, except for finitely many singular pointz,, z,,IIL £} inside C . Then

o/ @)= 23 Res f(2), (1)

The integral being taken in the clockwise sense around the path C
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Proof: We enclose each of the singular points z; in a circle C; with
radius small enough that k circles and C are all separated (fig. 362).
Then

Fig. 362: Residue Theorem

Sf(2)is analytic in the multiply connected domain D bounded by C and
C, IMMC, and on the entire boundary of D. From the Cauchy’s integral
theorem we have

f./ X+ § f(2Mz+§ f(2)z+ OIDf f(2)dz = 0 )

the integral along C being taken in the counterclockwise sense and the
other integrals in the clockwise sense. We now reverse the sense of

integration alongC, UIIIC, . Then the signs of the values of these
integrals change, and we obtain from (2)

f./ @z § f(2Mz 4§ f(2)dz+ OIS f(2)dz 3)

All these integrals are now taken in the clockwise sense. By (1) in the
previous section

f. f(2z = Res /().

So that (3) yields (1), and the theorem is proved.

This important theorem has various applications with complex and real
integrals. We shall first consider some complex integrals.

Example 9

Integration by the residue theorem
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Evaluate the following integral counterclockwise around any simple
close path such that:

a. 0 and 1 are inside C
b. 0 is inside, 1outside,
C. 1 is inside, O outside,
d. Oand]1 are outside.
4-3z
fc ' -z
Solution

The integrand has simple poles at 0 and 1, with residues

Res 4-3z :D4—3ZD _— Res 4-3z :D4—3ZD .
=0 z(z-1) Hz—la:O ’ =1 z(z-1) Hz szl '

Confirm this by (4) Ans.(a). (27m(=4+1) = -67,) (b). - 87 (¢). 2m (d). 0

Example 10

Integration by the Residue Theorem

Evaluate the following integral, where Cis the ellipse9x”+ y*> =9
(counterclockwise).

ze'” i
f . +z¢ A
crz" =16

Since z* -16=0 at + 2iand t 2, the first term of the integrand has simple
poles at * 2i inside C, with residues (note: e*' =1)

Solution

ze'” [ze” 0 1 ze'” (ze' O 1
Res— =00 =7 Res— “0ps0 0 T
=2 z7 =16 [4z° 0., 16 =2z"-16 p4z ., 16

and simple poles at +2 which lie outsideC, so that they are of no
interest here. The second term of the integrand has an essential

. . . . 2 .
singularity at 0, with residue’? A as obtained from

2 3 2
1
Ze"/Z:ZHl+E+ AR +DD[[§=2+7T+—” O + 0D

z 2z 3177 z z
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Ans. 27(-6/-1/6+m*/2) = m(n* - 1/4)i = 30.221i.by the residue theorem.
Example 10

Confirmation of an Earlier Result

1

Integrate m (™M a positive integer) in the clockwise sense around
0

and simple close path C enclosing pointz = z,.

Solution

1

—(Z_ 2 in its own Laurent series with centrez = 2z, consisting of this
0

one- term principal path, and
1 1
Res =1, Res—=0 (m = 2,3[M)!

Z: Zg z - ZO Z* Zg (Z— ZO)WI

In agreement with Example (2), we thus obtain

dz _2m ifm=1
Je (z-z)" [0 ifm= 230
It should be very surprising to hear that our present complex integration
method can be used for evaluating real integrals (incidentally, some of

them difficult to evaluate by other methods). In the next section we
discuss two methods for accomplishing this goal.

3.3 Evaluation of Real Integral

We want to show that residue theorem also yields a very elegant and
simple method for evaluating certain classes of complicated real
integrals.

Integrals of Rational fractions of Cosf and Sin6

We first consider integrals of the type
I= ION F(cos,sin6)d (1)
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where F(cost,sinf)is a real rational fraction ofCos6 and Sin6 [for
example, (sin’ 0)/ (5-4cosf)and is finite on the interval of integration.
Settinge” =z,we  obtain

1oy 1HZ 1H
cosf = —(e" + =—[z+—
e e =gl

: Lot —eiy=LH - 1H
sind = —(e" —e")=—[z-—
Zi( ) 2ig 20

2)

and we see that the integrand becomes a rational function of z, say, f(z)

Asfranges from0 to 27, the variable z ranges once around the unit
circle |2/=1in the counterclockwise sense. Since we havedf = dz/iz,
and the given integral takes the form

_ dz
I__fcf(Z)l'?’ (3)
The integration being taken counterclockwise around the unit circle.
Example 11

An Integral of the Type (1)

Show by the present method that

do

21
of ——=2m
I V2 - cos8

Solution

d.
We use cosf = (z+ %) anddd = = Then the integral becomes

1z

dz/iz dz 2 dz

jiCx/§+;Bz+IH_jSCc+;'(z2+2\/Z+1)_ ifc(z—ﬁ—l)(z-ﬁ+1)
g zO

We see that the integrand has two simple poles, one at z, = +/2 +1, which
lies outside the unit circle. C: |Z| =1 and is thus of no interest, and the
other at z, = v2 -1 inside C, where the residue is
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Res ! :|:| 1 ! :-l
Se (z-2-D(z-V2+1) e-2-10.5, 2

Together with  the factor—2/iin front of the integral this yields the
desired result2m(=2/i)(-1/2) = 2m

3.3.1 Improper Integrals of Rational Function

We now consider the real integral of the type

[, /o )

Such an integral, for which the interval of integration is not finite, is
called animproper integral, and it has the meaning
{ . 0 . b
L f(x)dx = }H};l L f(x)dx + bIAlI.I;I J’O f(x)dx. (5a)

If both limit exist, we may couple the two independent passages to —
and® , and write

_[ S (x)dx = Ilgr? _[RR f(x)dx (5b)

We assume that the function /() in (4) ia a real rational function whose
denominator is different from zero for all real x and is of degree at least
two units higher than the degree of denominator. Then the limit in (5a)
exists, and we may start from (5b). We may consider the corresponding
contour integral

§.f(2)dz (5¢)

Around a path C on the diagram below. Since f(x)is rational, f(z) has
finitely many poles in the upper-half plane, and if we choose R large
enough, then

-R Rz
Fig. 363: Path C of the Contour Integral in (5%)

C encloses all these poles .By the residue theorem we then obtain
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ff(2)dz = [ f()dz + IRR f(x)dx = 2y Resf(2)

When the sun consists of all the residues, of f(z)at the point in the
upper half-plane at which f(z)has a pole. From this we have

(6) I.RR f@)dx = 2my Res £(2) =], f(2)dz

We prove thatR - « the value of the integral over the semicircle S
approaches zero. If we setz = Re" , then S is represented by R = const,and
as Zzranges along S, the variablef ranges from0 to 7 .Since, by
assumption, the degree of the denominator of f(2)is at least two units
higher than the degree of the numerator, we have

k
(@) < e (4= R> R,)

for sufficiently large constants k and R, . By the ML-inequality

[ /() < LI S (R>R,)

R R

Hence, asR approaches infinity, the value of the integral over S
approaches zero, and (5) and (6) yield the result

(7)

f f(x)dx = 21y Res f(z)

the sum being extended over the residues of f(z)corresponding to the
poles of /(2)in the upper half-plane.

Example 12
An Improper Integral from 0 to®
Using (7), show that
C o _ T
J e 22

Solution

Indeed, f(2) = has four simple poles at the points

1
(1+2%)
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1i/4

3ri/4
ze’' , Zz,e ,

- 31i/4 -1i/4
5

z,e z,.e

The first two of these poles lie in the upper-half plane. We find

O 1 0O 010
ReSf(Z)—EKTD E‘l_a

_31i/4
b

-Jklv—‘

D 1 g 1 _9ri/4

G T i

By (1) and (7), in the current section,

¢ odx 27T . m m
I :_(_eml/4 11/4) lTsm———

1+ x* 4 4 2/

Since 1/(1 + x*) is an even function, we thus obtain, as asserted,

} de _ 1. dc _ 1
b o1+x* 2 14Xt 22

Z}

Zy4

AW
N

Fig. 364: Example 2
Example 13
Another Improper Integral
Using (7) show that

x2-1

n
——————dx="—.
. X s rd 6

Solution

The degree of denominator is two units higher than that of the
numerator, so that our method again applies. Now

110



MTH 381 MATHEMATICAL METHODS III

_p(2) _ z7 -1 _ z2 -1
SO T Festia (Frae))

has simple poles at 2iandiin the upper-plane (and at - 2iand-/in the
lower half-plane, which are of no interest here). We calculate the
residues from (4), noting that ¢'(z) = 4z’ +10z,

0 z*-1 O 5 0z-10 _-2
Res f(z) = p——— =—, Resf@)=pg—5—0 =—
2 2 /(@) D423+IOZE|Z:2,~ 12i zi /@ D423+1()ZD i

Ans.2mi(5/12i-1/3i) = %, as asserted.

Looking back, we realize that the key ideas of our present methods were
these. In the first method we mapped the interval of integration on the
real axis onto a closed curved in the complex plane (the unit circle). In
the  second method we attached to an interval on the real axis a semi
circle such  that we got a closed curve in the complex plane, which we
then “blew up.” This second method can be applied to further types of
integrals, as we show in the next section, the last in the chapter.

3.4 Further Types of Real Integrals

There are further classes of integrals that can be evaluated by applying
the residue theorem to suitable complex integrals. In application
suchintegral may arise in connection with integral transformations or
representation of special functions. In the present section we shall
consider two such classes of integrals. One of them is important in the
problems involving the Fourier integral representation. The other class
consists of real integral whose integrand is finite at some point in the
interval of integration.

3.4.1 Fourier Integral

Real integral of the form
1. I f(x)=cossxdx and J' f(x) = sin sxdx (s real)

occur in connection with the Fourier integral.

If f(x)is a rational function satisfying the assumptions on the degree
stated in connection with (4), then the integral (1) may be evaluated in a
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similar to that used for the integral in (4) of the previous section. In fact,
we may then consider the corresponding integral

fC f(2)edz (s real and positive)

Over the contour C in sec 3.3 instead of (7), sec. 3.3, we get

[ f()edz = 2my Res|f(2)e"] (5>0)  (2)

where the sum consists of the residue of f(z)e™ as its pole in the upper

half-plane. Equating the and imaginary parts on both sides of (2), we
have

[, f(x)cossvdx = -2m'y ImRes| ()], | (5>0) (3)

_[ S (x)sin sxdx = 27‘[1'2 ReRes’f(Z)eisZ

We remember that (7), was established by proving that the value of the
integral over the semicircle S in fig. approaches zero as R - « .

To establish (2) we should now prove the same fact for our present contour
integral. This can be done as follows, Since S lies in the upper half-plane
y20and s> 0, we see that

eisz:eisx e-isy:e'sysl (S>O, yZO)
From this obtain the inequality
()€ |2) = | £ (e | < | (] (s>0, »20)

which reduces our present problem to that in previous section.

Continuing as before, we see that the value of the integral under
consideration approaches zero as R approaches infinity. This establishes
(2), which implies (3).

Example 14
An Application of (3)
Show that
Pocossy Ty fosinsx >0, k>0
e A (200
Solution
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In fact, lczi_—zhas only one pole in the upper plane, namely, a simple
X

pole at z=ik, and from (4) we obtain

ReS eisz [bisz D _ & ks D
vz HazH,  How B

Therefore,

Since €™ = cossx + isin sx, this yields the above results

3.4.2 Types of Real Improper Integrals

Another kind of improper integral is a definite integral
B
[\ (o 4)

whose integral becomes infinite at a point @in the interval of
integration,

lim| f (x)| =
Then the integral (4) means

[ /G =lim [ f (e + lim [ f(x)d 5)

where T and /T approaches zero independently and through positive
values. It may happen that neither of these limits exists, if 7] - 0
independently,

but
limd" /Gt [ f(dx (6)

exists. This is called the Cauchy principal value of the integral. It is
written

pv.v. J'j f(x)dx.

For example,
tdx [

vaI ——hma —+I 35—
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the principal value exists although the integral itself has no meaning.
The whole situation is quite similar to that discussed in the second
part of the previous section.

To evaluate improper integral whose integrands have poles on the real
axis, we use a part that avoids these singularities by following small
semi-circles at the singular points; the procedure maybe illustrated by
the following example.

Example 15
An Application
Show that
J,“ S x dx = E '
0 X 2

(This is the limit of sine integral Si(x) as X -~ )

Solution
.. (sinz) ) )
a. We do not consider because this function does not behave
z
suitably at infinity. We consider ¢ , which has a simple pole at z=0,
zZ

iz

. . . e
and integrate around the contour in figure below. Since
z

is analytic
inside and on C Cauchy’s integral theorem gives

eiz

f."d==0 (7)

b. We prove that the value of the integral over the large semicircle C,
approaches R as approaches infinity. Setting

z=Re" dz=iRe" db,

z 2 and therefore

z=1
eiz LA Ty
[ - U e idd|< [ |e*|ao (z=Re")
C z 0 0
In the integrant on the right,
eiz - ‘eiR(cosﬁ +isinf ) — ‘eiRcosﬁ e- Rsinf — e- Rsinf
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We insert this, sin(77-6)=sinf to get an integral from0to /2,
and then @ 2 26/m (when0< 6 <7/2); to get an integral that we
can evaluate:

Fig. 365: Contour in Example 2

AN

Fig. 366: Inequality in Example 2

n
lZ

df = J' e dg = I i g

file

<2I0 o /”dHZE(l—e' )- 0 as R - oC,

Hence the value of the integral over C,approaches as R —~

c. For the integral over small semicircle C, in figure above , we have

Eap e

ICz z G z (&)

The first integral on the right equals—7. The integral of the
second integral is analytic and thus bounded, say, less than some
constant M in absolute value for all z onC, and between C,and
the x-axis. Hence by the ML - inequality, the absolute value of
this integral cannot exceed M . This approachesr - 0. Because
of part (b), from (7) we thus obtain
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ix iz

eiz

[ d== pv.v.f € dx+lim[ Sdz
C, z X r- 0JC, z
. eix ]
= pV.V.I dx-1=0
b
Hence this principal value equals 7 ; its real part is 0 and its imaginary
part is
pV.V.‘r SIY =1 (8)
N
d. Now the integrand in (8) is not singular at x = 0. Furthermore,

Since for positive X the function 1/x decreases, the area under the
curve of the integrand between two consecutive positive zeros
decreases in a monotone fashion, that is, the absolute value of the
integrals

ntirosin X

I" - Inn X

From a monotone decreasing sequence,

dx n = 0,1,IIT

b

]1 Iz,DDDDandln - Oas n - 0
Since these integrals have alternating sign (why?), it follows from the
Leibniz test that the infinite series/, t 1, + 1, + Illconverges. Clearly,
the sum of the series is the integral

¢+ sin x bsin x

fy == limf =

which therefore exists. Similarly the integral from 0 to — ® exists. Hence
we need not take the principal value in (8), and

dx

> sinx
.7
Since the integrand is an even function, the desired result follows.
In part (c) of example 2 we avoided the simple pole by integrating along
a small semicircle C,, and then we let C, shrink to a point. This process
suggests the following.

de=T11

3.4.3 Simple Poles on the Real Axis

If (z) has a simple pole at z = a on the real axis, then

lrmol,[c f(2)dz = 7'[z'R:e sf(z).
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Fig. 367: Theorem 1
Proof

By the definition of a simple pole the integrand f(z)has at z = athe
Laurent series

f(2)=

bl
z

+g(2), b, = Res f(z)
—_— a z:a

where g(2)is analytic on the semicircle of integration
C,:z=a+re", 0<8=m

and for all z between C, and the x-axis. By integration,

[,/ (2)dz = J’O

b, . .,
- ire" df + .[Cz g(z)dz

re

The first integral on the right equals- 5,7 .The second cannot exceed
Mrr in absolute value, by the ML-inequality and Mmr - Oas r - 0.

We may combine this theorem with (7) or (3) in this section.

Thus,
pV.V.-[: f(x)dx = 2y Resf (2)+70y Resf(2) (9)

(summation over all poles in the upper half-plane in the first sum, and
on the x-axis in the second), valid for rational f(x) = p(x)/q(x)with
degree q 2 degree p+ 2 having simple poles on the x-axis.

This i1s the end of unit 1, which added another powerful general
integration method to the methods discussed in the chapter on
integration. Remember that our present residue method is based on
Laurent series, which we  therefore had to discuss first.

In the next chapter we present a systemic discussion of mapping by
analytic functions (“conformal mapping”) .Conformal mapping will
then be applied to potential theory, our last chapter on complex analysis.

4.0 CONCLUSION

In conclusion, haven run through this unit we have seen that our simple
method have been extended to the case when the integrand has several
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isolated singularities inside the contour. We also proof the Residue
theorem.

5.0 SUMMARY

The residue of an analytic functionf(z)at a pointz=z, is the

coefficient of the power in the Laurent series

0
b, b

z-2, (z-2,)°

f(2)=a,+a,(z-z,)+ D

+ [T of f(z2)which

converges near Z, (except at z, itself). This residue is given by the
integral 3.1

1
b, = z—m.ff(z)dz (1)

but can be obtained in various other ways, so that one can use (1) for
evaluating integral over closed curves. More generally, the residue
theorem (sec.3.2) states that if f(z)is analytic in a domain D such

except at finitely many pointsZ; and Cis a simple close path in D such
that noZ; lies on Cand the full interior of C belongs to D, then

f, /(M= 53 Res /() 2

(summation only over those Z; that lie inside C).

This integration method is elegant and powerful. Formulas for the
residue at poles are (7 = order of the pole)

Res f(2) = de""l ’(Z - Zo)mf(Z)]E m = 1,2,[IT (3)

li
(m = 1)!= 2Hdz""!
Hence for a simple pole (m=1),

Res f(2) = lim(z - 2,) /(2) (3")
Another formula for the case of a simple pole of f(z) = p(2)/q(z)

R z)= pz) =

eI 00 (3

Residue integration involves closed curves, but the real interval of
integration0< 6 < 2mis transformed into the unit circle by setting

z=¢€", so that by residue integration we can integrate real integrals of
the form (sec. 3.3)
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21
J'OT F(cosBsin6)do
where F is a rational function of cosé and sin8 ,such as, for instance,
s 2
sin“ @

—,etc.
5-4cosf

Another method of integrating real integrals by residues is the use of a
closed contour consisting of an interval - R < x < R of the real axis and a

semicircle|z| = R . From the residue theorem, if we let R ~ ®, we obtain for
rational /(x) = p(x)/q(x) (withq(x) # 0 andg > degree p +2)

[ f()dv=2my Res/(2) (sec.3.3)
I o8 sxdx = —2712 ImRe s[f(z)ei"Z]
[ sinsxdv= 21y ImRes|f(z)e”] (sec.3.4)
(sum of all residues at poles in the upper-half plane). In sec.3.4, we also

extend this method to real integrals whose integrands become infinite at
some point in the interval of integration.

6.0 TUTOR-MARKED ASSIGNMENT

1. Explain the term residues and how it can be used for evaluating
integrals
2. Find the residues at the singular points of the following functions;
cos2z e’
@ (b) tan: O
3. Evaluate the following integrals where C is the unit circle
(counterclockwise).

(a) jiccot zdz (b) jic " iizez (©) fc ZZ2 2_+2IZ

4. Show that
21 do

I —_— =27
0 2-cosf
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MODULE 4 INTEGRAL TRANSFORM

Unit 1 Integral Transform
Unit 2 Fourier Series Application
Unit 3 Laplace Transforms and Application

UNIT 1 INTEGRAL TRANSFORM
CONTENTS

8.0  Introduction
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1.0 INTRODUCTION

The integral transform method is one of the best methods used in
handling problems involving mechanical vibrations. The integral
transform method is given by

b
F(p)= [ f(x)k(x. p)d
With the inverse,

f)=Y F(p)H(x.p)

F(p)is the integral transform of f(x)and k(x,0) is called the kernel of
the transformation
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2.0 OBJECTIVES

* to be able to state various form of integral transform;
o state Fourier Sine series and Fourier Cosine series;
. apply Fourier transform to solve some fourth, third and second

order differential equations; and

. to develop techniques and methods through transformation or
along with transform to be able to solve physical and mechanical
problems (vibrations).

3.0 MAIN CONTENT
3.1 Integral Transform

Let f(x) be a function defined in the intervala < x< b ie. f(X) is
defined onx -space. Letk(x, 0) be a function ¥ of and some parameter? .

Then the integral transform method is given by,

F(p)= [ f(0k(x, p)dx (1)

F(p)is called an integral transform of /(x) andk(x, p) is called the kernel
of the transform

Symbolically,

F=Tf ()
where T is an integral operator which means multiply what follows 7 by
k(x, p) and integrate the product with respect to * between the limit of 'a'
and'b' .The new function F(p)can be regarded as the image off(x)
produced by T .

F(p)is defined on p-space/image-space.
For integral transform to be a useful concept, it is necessary that there

should exist an inverse operator 7" 'which yields a unique F(¢) from a
given F'(p) . From equation (2) we have that:

f=T(F) 3)

Finding the operator7 'is equivalent to solving equation (1) regardless
an integral equation for f(¢)

@)= [ F(o)H(p,x)dp 4

122



MTH 381 MATHEMATICAL METHODS III

i.e. F(?)is an integral transform of F(0) with kernel H(p,x).
A specification of the7 ' operator ass in equation (4) is know as
Inversion Theorem.

3.1 Finite Fourier Transforms

3.1.1 Half range Fourier Sine Series

f(x):ﬂilbpSin¥ 0sx<L
Where

bp = [, f (o) sin 2

k(x, p) = %%

The image space is given by all the positive integral values of P . Hence
bp rather thanb(p).

3.1.2 Half range Fourier Sine Series 0< x< L
f(x)= %ao X ﬂz] cos%

Where
_ ¢t 02 p R[]
ap = .[0 f(x)%yzcosTde

3.1.2 Ordinary Fourier Series

il

f(x)= ZC e: L
=y C
3 ve"p@T@

Where -L<x<L

L 0l PR
Cp —J'_Lf(x)HZexpEl—zT%x
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3.2 The Fourier Transform

3.2.1 Fourier Sine Transforms

v iage .
Fi(p)= @;g [, f(sinp(x)ax

0<x<

With inversion
2 .
(= @;g [, Fo(p)sin p(x)dp

0spsw

Since kernel for operator and its inversion.

3.2.2 Fourier Cosine Transforms

F.(p)= @%g [} F(x)cosp(x)d
With the inversion

£9= P2 F(pyeos psras
g

MATHEMATICAL METHODS III

()

(7)

®)

Same kernelcos p(x) for operator and its inversion.

3.2.3 Ordinary Fourier Transforms

F(p)=(2m) [ f(x)e* Ve

The kernel k(x,p) = e"*
With inversion is

Sy =(am) A Fpye " Vdp
Then H = (p,x)e "

havek # H(p,x)

If f(x)is even then f(-x)= f(x)

124
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and F'(p) = F.(p)

But if f(x)is odd then f(-x) = -f(x) and
Thus F(p) = iF.(p)

From equation (9) above, we can deduce that;
(2n) “F ()= [ f(xe ™ Vel

= J’O Fe " D+ [ f e O

But if

xX=-t
Ox=001¢=0
x=-o[ ¢t=0
O dx=-dt

Thus, we have

J'_Om Fx)e " Wy = I(: f=0)e " Dy

(2n) “F(p) = ﬂ fG)e Dt [ f(=x)e " Vdx

If f(x)iseventhen f(-x)= f(x)

[ Equation (16) becomes

J'O f (x)[e” @+ "™ \dx for even f(x)

2, f(x)cos p(x)dx = (2m)* F(p)

But, for odd f(x)

J’(: f(x)[eiﬂ () _ e'iﬁ (x) dx

=i Io £(x)sin p(x)dx

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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3.3 Fourier Integral Formular
“Le aof _

F(x)= EJ’ d,OIO f(t)cos p(x-t)dt

Note that from (9) and (10) we have that:
:i MRy X 65 i (x)

F(x) 27‘[L e dpL f(@e" Pdt

We have now prove that equations (19) equals (20)
Consider equation (19)

J' f(t)cos p(x - t)dx is a an even function of P

So that (19) can be re-written in the form

F(x)= % I dp fo f(t)cos p(x - t)dt

) : 1
Since [ g(p)dp = g(p)dp
g(p)is even

R
Hence O_EL aV,OI0 f(t)sin p(x - t)dt

(19)

(20)

1)

(22)

In other to arrive at equation (19), we have equation (21) equals (22)

because

cosf = isinf =¢ "

0 F(x):$ I dp I F(te " 0dt

| IR _
= — g e’ Vdt
oy B P'[”f()e

Which is equal to (20).

3.4 Transforms of Derivatives
F)= Fom =Ll [ et e
02m g I

We shall now transform y'(x) = F(»'(x))
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2 )
1 : .
B F(v' - ! il (X)d
G =0 [ e Vs
Using integration by parts, we have

DA
IH O amf® _. ¢ i 5 0
x)e - x)e" Vdx
50 DO i, e T

suppose ¥(x) - 0 as x » * «

MATHEMATICAL METHODS III

(24)

(25)

0 HLH J' y'(x)e” Vdx = ip@ﬁ@ J' y(x)e" Vdx

02m 0
=ip(Y(p))

1RO =ip(Y(p),
" 1 % ! ! i (x
Y@=00 [ e Vs

Integration by parts,

B4
! H ay i (0 [° Al ) i (%) i
‘— x)e - x)e" “Wdx
02m O BD/() - lpLy() %

suppose V'(x) » 0

Then we have
- ip‘[m‘ Y (x)e" V.

Which - p[F(y'(x))| = ip(- ip(Y (p)))
=-ip*[Y(p))
=-p*(y()

Suppose we have

d’y dy
+ =+ y=
Tttty f(x)

y—»O, y'—»Oasxaia

(26)
27)

(28)

(29)

(30)

In other to arrive at equation (19), we equation (21)

Because cosf = isinf =¢e " .

0 f(x):% [Ldo[ fe" " a
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| P ! i (x)
=—1 e d e’ “dt.
) P‘[”f()

Which is equal to (20).

FQO"+y'+y)=G(p)
O -p’Y(p)-iY(p)+Y(p) = G(p)
Y(p)- p*-ip+1]
0 0
Y(p)= G(p)

31
AT e

4.0 CONCLUSION

To this end, we concluded this unit by stating various form of integral
transform. The Fourier sine and cosine series representation.

The inverse theorem was also considered.

5.0 SUMMARY

The general scheme of solving problem by integral transform is
summarized below;

Physical problems ..
modeled it terms of Application of Equivilent .
squation involving i) sutahle integral equation Fip); Solving
and difficult to solve transform using % now easy to T gnatin »
Dfdﬂ:l&ﬂl}r op erator T Solve
Solution in
terms of Fip)

Applying
Inverse t.he_:lnrem — Solve for fx)
operator T

Thus the diagrammatic expression of the summary.

6.0 TUTOR-MARKED ASSIGNMENT

1. State the method of integral transforms and its inverse.
State also the Kernels of the method and its inverse

2. Discuss briefly the inverse theorem.

3. State the three theorems of finite Fourier transforms.
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.% , .
4 I FQ)=Flyw)= B0 [ e s

use the transformation y'(x) = F(y" (%)), proof that
Fly' () = ip[¥(p)].
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1.0 INTRODUCTION

Fourier series arises from the task of representing a given periodic
function f(x) by trigonometric series. The Fourier series coefficients are
determined from f(x) by Euler formula.

2.0 OBJECTIVES

¢ to be able to determine Fourier coefficients;
¢ to find the convergence and sum of Fourier series; and
¢ using Euler formula for the Fourier coefficients.

3.0 MAIN CONTENT
3.1 Fourier Series
3.1.1 Euler Formula for the Fourier Coefficients

Let us assume that f(x) is a periodic function of period 27 that can be
represented by a trigonometric series

J(x)=a,+ Zl a, cosnx + b, sinnx (1)

That is to say, we assume the convergence of the series and has f(x) as
its sum.
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In any function f(x) of such, we shall determine the coefficients @, and
b,of the corresponding series.

(1)  To determine 4, ,we shall integrate both sides of the equation 1,
from-T<x<TmT

Thus, we have

'[N” S (x)dx = '[ﬁn Eﬂo + ELZ a, cosnx + b, sin nx%x

1 . 1 . 1
:I a,dx + Z anI cos nxdx + Z an sin nxdx
- =T =T
n=1 n=1

n — a, .
+ Z — sin nx
- n1 n

m b
- Z " CoSnx
_7T 1 n

T
=da,Xx
0 -7

= 2Ma, + ” la (sinnn—sin(—nn))—(cosnn—cos(—nn))
0 Z I’l[ n

= 2Ma, (2)
Hence
21, = I £ (x)dx
1 o
U a, = EIV f(x)dx (3)

To determine 4,,4a,,1111&, using the same procedure. However,

multiplying equation (1) bycosmx  when m is any fixed real number,
and integrate from-7T< x< 7

1 O :
O I f(x)cos mxdx = J' W, * ELZ a, cosnx+ b, sin anDcos mxdx (4)
-1 -1 D ) %

1 : T ¢ T
= aoLCOSdeX+ z anJ'_"cosnxdx+ Z an'”sm nxdx (5)
il : el )

Evaluate (5) term by term, we have

[sin max [

aOJ'_HH cosmxdx = a, Ea—— =0 (6)

Using trigonometric identities

[}

1 1 & 1
) dx = — ; + + - d 7
Z a Lcos X COS mxdx = - HZI a L [cos(n m)x + cos(n m)x]x x (7)

n:
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Similarly,

n:

From (7), we have,

i sin(n + m)x |1
I cos(n+ m)xdx = sinn + m)x T _ 0
o n+m n
and
i sin(n - m)x|T
J' cos(n - m)xdx = sin(n = m)x 1T_ 0
o n-m |

forn# m

but if7 = mwe have that
f cos(n - m)xdx = f cos(0)xdx = I dx.
because cos0=1

[ fﬂdx: x?n: 2m

From equation (80 we obtain thus

1 + T
I sin(n + m)xdx = —M =0
o n+m m
and
1 - T
I sin(n - m)xdx = —M =0
T n—m T

Substituting equations (9), (10), and (11) into (7), we have

: 1 0 n#m
z anJ' COS nx cos mxdx = []
n:1 o Dﬂ n=m

and substituting equations (12), (13), and (14) into (8) gives

132
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o 1 ¢
z an' sin nx cos mxdx = EO nem (15)
n: 1 . D’T n=m

Then, in view of equations (14), (15) and (6), equation (5) becomes:

I f(x)cosmxdx = a (0)+ z anm +WZ b, (0)

n=m n-1

=a,l (16)

0 a,-= %fq f(x)cos mxdx (17)

by, b, ,1IIIIb, can also be obtained in the same manner, by multiplying
equation (1) by sinmx and integrate from-7T< x< 7T,

Using the trigonometric identities and manipulation, we have
1 . 1 D _ . ED .
J' f(x)sin mxdx = I W, * @ a, cosnx+ b, sin nx%sm mxdx (18)
-1 -1
] Tl
Integrating term by term, we see that the right hand side becomes
‘[nw f(x)sin mxdx = In a, sin mxdx + Z In a, cos nx sin mxdx
T =T e =T

+ Z J'Hn b, sin nx sin mxdx (19)

n: 1 ’

Using the same principle as before

'[nw a, sin mxdx = 0 (20)
Z an'[nw cos nx sin mxdx = 0 (21
n: 1 '

for n=1,2,3,IIT

but

nzl fﬁ b, sin nx sin mxdx = % %’_ﬁﬁ [cos(n - m)x - cos(n + M)Xdex%
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1 (=Dsin(n-m)x _ 1 (-Dsin(n + m)x 0

2 (n-m) 2 (n+m) (22)

ntm

but for n=m

Lo cosOax =1 ax=n

2 )
1 %

O J' sin nx cos mxdx = 50 nem (23)
1 T n=m

0 substituting equation (23) into (19) we obtain thus

.[ f(x)sinmxdx = b,

a b, = %fﬂ f(x)sin mxdx (24)

For m = 1,21

Writing 7 in place of 7 in equation (17) and (24) respectively, we have

a, = %f” f(x)dx

1
a, = n-[” f(x) cos mxdx (25)

and

8

b, = lf f(x)sin mxdx
7'[' -1

This is called the Euler formula.

These numbers given in equation (25) are called the Fourier coefficients
of f(x). However, the trigonometric series in equation (1) with
coefficients given by (25) is called the Fourier series of f(x) .

Example 1

Find the Fourier coefficients of the periodic function f(x) where

1) 1 if -m<x<0
x)=
Hl if 0<x<m
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and f(x+2m)= f(x).

Solution

a =L H f(x)a’x:L 0—c17x+ " U
0 271-[" ZITHU IO B8

1 1 _ 0 _L_ e
e el oy I R )

_1

2
and

1 1 n 1
— ([ dc=—(x)| =—|1-0
271-[0 271()0 2n[ ]
-1
2
0=-Lyloy
2 2

From equation (25) 1.e.

a, = lJ'H f(x)cosnxdx
7'[ -1

1 0 1
= —J' - cosnxdx + —J' cos nxdx
T i 0

_ 1 B-sinnx|0 , sinnx

-n n

0 0
OE_

_ITD n

Similarly for

b, = 1 f £(x)sin nxdx
7'[' -1

_lpge . o 0
= ;%’r smnxdx+J'0 smnxde
1 Ceosnx|0  cosnx|mO
=—0 - ]
I/ n 0Q

1
= —[cosO - cos(-nx) - cosnx + cos0
nit

= L[2 - 2cos(nx)]
ni
N.B cos(-n1T) = cos(nx)
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= L[1— cos(nﬂ)]
nit

= i[l_ (_1)"]
nim

N.B cosnx=(-1)"

3.2 Even and Odd Numbers

Fourier coefficients of a function can be avoided if the function is odd or
even. We say a function ¥ = g(x) is said to be even if

g(-x)=g(x) forall x. (26)
While a function %(x) is said to be odd if
h(-x) = -h(x) forall x. (27)

However, it worth mentioning here that the function cos7x is even, while
the function sinnxis odd.

If g(x)is an even function, then
L L
J'_L g(xdx) = 2J'0 g(x)dx. (28)

If 2(x) is an odd function, then
,[LL h(x)dx = 0 (29)

The product of both odd and even function is odd
U let  gq(x) = g(x)h(x)
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and (=) = g(-0)h(-x) = g~ h(x)] = ~q(x)
3.2.1 Theorem 1 (Fourier Series of Even and Odd Function)

The Fourier series of an even function f(x) of periodic 2L is a “Fourier
cosine series”

S o™
f(x)=a, + nz cos— (30)

1

with coefficients
_1 .z _ 2.z nix
a, = Z.[O f(x)dx a, = ZJ'O f(x)cosde

n =12,

Also the Fourier series of an odd function /() of period 2L is a “Fourier
sine series”

=Y

L]
n:1

nio
b sin—
. sin 7 (31)
with coefficients
b= 2" rx)sin™ ax 32
e ’ (32)

In particular, this theorem implies that the Fourier series of an even
function f(x) of period 2L = 2m Fourier cosine series.

f(x)=a,+a, cosx+a,cos2x+ a,cos3x+ 1L
with coefficients (33)
=L rwd =2 d
a, = ;.[0 fdx, a,-= ;J’O f(x)cosnxdx
n2,1,2......... (34)

Similarly, the Fourier series of an odd function f(x) of period 27 is a
Fourier sine series.

f(x)=b,sinx+ b,sin2x + b, sin3x + [IIIL
with coefficients (35)
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b, =

SRS

J'OL f(x)sin nxdx (36)

3.2.2 Theorem 2 (Sun of Functions)

The Fourier coefficients of a sum f, + f, are the sums of the
corresponding Fourier coefficients of /, f and f, .

The Fourier coefficients of a ¢/ are ¢ times the corresponding Fourier
coefficients of f.

Example 2

The function £~ (x)is the sum of the function

a O<x<m
S(x)=10
71

as in example 1 and the constant 1.
-nm<x<0

Hence from example 1 and theorem 2, above, we conclude that
f(x)=1+ iEsinx+ lsin3)c+ lsin5x+ lsin6x+ DDDD[H
mQ 3 5 6 0

Example 3
Find the Fourier series of the function

S(x)=x+m if —m<x<T and

Sx+2m)= f(x)
Solution
Let f=f, +f, where f =xandf,=T1.

The Fourier coefficients of f, are zero, except for the one (the constant
term), which is 7.

Hence, by theorem 2, the Fourier coefficients a,,b, are those f;, except
fora,, whichis 7. Since fis odd, a, =0 for n=12,[IL

and

U

2 . 2
b, = ;Io f, (x)sin nxdx = EJ’O x sin nxdx

n
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Integrating by parts we obtain

- mld 1
bn ZEDM D+lg Cosnde
mQ n OD T =0 B
2
= —cosnmn
n
2 2
=—(-1)" =~ forodd n
n n

_ 2
=-— forevenn
n

2 1
Hence, b, = 2,b, = ~1b, = 2,b, = -~ [T

Therefore the Fourier series of f(x) is given thus;
f(x)=m+ 2&inx— lsin2x + lsin3x - lsin4x + lsinSxH
0 2 3 4 5 0

4.0 CONCLUSION

To this end the conclusion of this unit is embedded in the summary as
discussed below.

5.0 SUMMARY

A Fourier series of a given function /() of period 27 is a series of the
form

a, + z a,cosnx + b, sinnx

n:1
With coefficients given as in equation (25).
Theorem 1 given conditions that is sufficient for this series to converge
and at each x to have the value f(x), except at discontinuities of f(x),
where the series equals the arithmetic mean of the left-hand and right-

hand limits of f(x) at that point.

6.0 TUTOR-MARKED ASSIGNMENT
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7.0

Find the Fourier coefficients of the periodic function f(x) where
O-k if —-m<x<0

JO=0 i o<x<n

and f(x+2m)= f(x)

Explain the term odd and even function of a Fourier series
Find the Fourier series of the function

S(x)=x+m if 0<x<m and

Sf(x+2m) = f(x)

Find the smallest positive period 2 of the following function
(a) COS X, sin x, cos 2x,sin 2x

If /(x) and g(x) have period 7 , show that

h = af +bg(a,b,constant) has the period ? .

Thus all functions of period 2 from a vector space.
Evaluate the following integrals when

n = 0,1,2,I1L

(a) J'O% cos nxdx (b) '["”/fx oS nxdx

©) I% ' d) [ ¥ cosnxd
e cos nxdx (d) on cos nxdx
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UNIT 3 THE LAPLACE TRANSFORM
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1.0 INTRODUCTION

The laplace transform is a method for solving differential equations and
corresponding initial and boundary value problems. The process of
solution consists of three main steps:

In this way the laplace transformation reduces the problem of solving a
differential equation to an algebraic problem.

The laplace transform is the most important method used — solving
engineering mathematics.

2.0 OBJECTIVES

Our objective is to undergo the three main steps of solving initial and
boundary value problem.

. the given hard problem is to be transformed into a simple
equation;

. the simple equation is solved by purely algebraic manipulations;
and

. the solution of the simple equation t be transformed back to

obtain the solution to the given hard problem.

3.0 MAIN CONTENT
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3.1 The Classical Laplace Transform

Let f be a function of the real variable t which is defined for all t
> (0 and which is either continuous or at least sectionally

continuous. The classical Laplace Transform 7 of f is the function
Fo(s) defined by the formula

Fo(s) = £ ()} =1, e f(t) dt. (1)

This definition of Fy(s) clearly makes sense only for those values of s for
which the infinite integral is convergent. For many applications it is
enough to regard s as a real parameter, but in general it should be taken
as complex, say s = 0 +iw. Thus Fy(s) is really a function of a complex
variable defined over a certain region of the complex plane; the region
of definition comprises just those values of s for which the infinite
integral exists.

3.1.1 Elementary Applications of the Laplace Transform
Depend Essentially on Three Basic Properties

i. Linearity. If the Laplace Transforms of f and g are Fy(s) and
Go(s) respectively, and if a, and a, are any (real) constants, then
the Laplace Transform of the function /4 defined by

1s h(t) = af(t) + axg(t)
Ho(S) = alFo(S) + azGo(S). (2)

The proof is trivial.

ii. Transform of a Derivative. If f is differentiable (and therefore
continuous) for /2 0, then
= sF%(s) — f(0). (3)
Proof

Using integration by parts we have

LrWF = [ e S 0di=[e @), se  ra

—-f0) 5 [ e " f
Since lim e*'f(t) =0

Corollary. If fis n-times differentiable for t > 0, then
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€ L/™(t) F = s"Fo(s) — s"'0) —s" 2 £(0) ........ — £ D(0).

iii. = The Convelution Theorem. Let f and g have Laplace
Transforms Fy(s) and G(s) respectively, and define h as follows:

H(t) = ji)f(f)g(t- 1)dr, t20.
Then,
CLh(t)} =Fo(s)Go(s). 4)

(Recall that h, as defined here, is the convolution of the functions u(t)f{(t)
and u(t)g(t). If f and g happen to be functions which vanish identically
for all negative values of t then the above result can be expressed in the
form:

The Laplace transform of the convolution of f and g is the product of the
individual Laplace Transform.

Proof

The Laplace Transform of h is given by
Hi(s) = € f o ()3t

Now,
t 00
J'Of(T)g(f —1)dT = Iof(T)g(f —Tu(r-T)dt
because u(t-T)=1 forall T suchthat? <t
and u(t-T7)=0 forallT suchthatT >t.
Hence
o []oo d a
= * t=T)u(t- ‘.
Ho(s) = [ o€ " /Ot~ Tt = 1)dr
Again,
(o0] 0
I gt-Du(-1)e "dt = I g(t-1)e dr
0 T
because u(t-T)=1 foralltsuchthatt>T
and u(t-T)=0 foralltsuchthatt<T .
Thus,

o  [Jow .0
Ho(s) = Iof(T)gT g(t-1)e ”thg'T.

And so putting T=t-T , we get
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His) = [ fOF & " T in

Since T=0whent=1T7.
That is,

Hi(s) = [ o /(D) “dr[ g(T)e " dT = F(s)Dy(s).

Remark

The change in the order of integration in the proof given above is
justified by the absolute convergence of the integrals concerned.

3.1.2 Applications of Laplace

The most immediate application of these properties is in the solution of
ordinary differential equations with constants. Consider the case of the
general second-order equation

dzy

a
dt?

dy
+2b—+cy = f(t 5
It c () (5)

Where y(0) = @ and d'(0) = B . If €[y(t)] = Yo(s) then

Ndy ] 0d2yD
t = -a t = -0g-
HE% sYo(s)- 0, and HW% 2Y0(s)-as- B.

Taking Laplace Transforms of both sides of (5.5) therefore gives

a[s’Yo(s) - @ s- B1+2b[sYo(s)- @ ]+ cYo(s)=Fos).
That is,
F,(s) ,aast (af +2ba)
as® +2bs+c as® +2bs+c

Yo(s) = (6)

Y(s) is thus given explicitly as a function of s, and what remains is an
inversion problem; that is to say we need to determine a function y(t)
whose Laplace Transform is Y(s). The question of uniqueness which
naturally arises at this point is not, in practice, a serious problem. In
brief, if y; and y, are any two functions which have the same Laplace
Transform Y(s), then they can differ in value only on a set of points
which is (in a sense which can be made precise) a negligibly small set.
In fact we have the following situation:

if Llyi0] = £ly0] then [ [y~ y2(0)] dt =0,
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With this proviso in mind, we admit the slight abuse of notation
involved, and write:
: 20 Fy(s) O, , Qaas+(af +2ba [
=0 '[Y,(s)]=¢" 0 +t!
y(®) Yo ()] Das2+2bs+cE 0 as®+2bs+c E
where y is define for all t > 0.

(7)

A more serious problem from the practical point of view is that of
implementing the required inversion; that is, of division effective
procedures which allow us to recover a function f(t) given its Laplace
Transform Fy(s). in a large number of commonly occurring cases this
can be done by expressing Fy(s) as a combination of standard functions
of s whose inverse transforms are known .

Note that with zero initial conditions, (y(0) = y'(0) = 0), the differential
equation (5) can be regarded as representing a linear time-invariant
system which transforms a given input signal f into a corresponding
output y. This output function y is the particular integral associated
with f and, using the Convolution Theorem, it can be expressed in terms
of the appropriate impulse response function characterizing the system:

t -1
Y(t) = J'Of(T)hl(f‘ 1)dr =t [F,(s)H,
Where
Hu(s) = [ *h(t) dt =

as® +2bs+ ¢

Non-zero initial conditions correspond to the presence of stored energy
in the system at time t = 0. the response of the system to this stored
energy is independent of the particular input f and is given by the
complementary function. The complete solution (valid for all t > 0) of
the equation (5) can be written in the form.

Y(t) = € '[F,(s)H,(s)]+ € '[aas + (af + 2ba )]H,(s)]. (8)

In applying the classical Laplace transform technique to (5) we are
tacitly assuming that the system which it is being taken to represent is
unforced for t < 0; that is, that the response which we compute from (5)
is actually the response to the excitation f(t)u(t). This is sometimes
expressed by saying that the input is suddenly applied at time t = 0.

3.2 Laplace Transforms Of Generalized Functions
If a 1s any positive number then there is no specialty in extending

the definition of the classical, one-sided, Laplace Transform to
apply to the case of a delta function located at t = a, or to any of its
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derivatives located there; for a direct application of the appropriate
sampling property gives immediately

00, (1)} = 6o (t - a)} = I:e- (- a)dt = ¢ o
08 (- a))= e Ty = - e )é - o o0
and so on

Now take the case of a function f defined by a relation of the form
f(t) = ¢1(t)u(a-t) + @,(t)u(t —a) (11)

where a > 0, and ¢, and ¢, are continuously differentiable functions.
Using the notation

f(t)= ¢, (Hu(a—t) + @, (Hu(t—a) (forallt # a)
and
Df(t) = ¢, (Hu(a—t) + ¢, (Hu(a—t) + [¢2(a) - #1(a)]0 (t—a)
= f{()+[f(a+)- f(@a)]o(t - a). (12)

Using integration by parts to evaluate the Laplace integral we have

® -st a . -st ® -st
_[0 e*'f(t)dt = Io @, (t)e*'dt + J’O @, (t)e™dt

i 0 g
- st D a -st D - st D ® -st
0.0 +SIO(019t)e dt+ & "o, (0 ja @, (t)e™dt

(NN V.-

=sf e "+ [ 0.0 - [p.(@ - pi@] - 0.0)

= sF,(s)- f(0) - e “[f(a+) - f(a-)] (13)

so that a modification of the derivative rule is required when we adhere
to the classical meaning of the term “derivative” in the case of
discontinuous functions.

On the other hand, form (12) we get

| :; e*[Df(H)]dt = | : e P(t)dt + [f(a+) — f(a-)] e

= sFy(s) — f(0) (14)
and the usual form of the derivative rule continues to apply.
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The result (13) makes sense even when we allow a to tend to zero, for
then we get

t[f(t)] = J':; @, (H)e™dt = SI:)O @ ,(t)e*'dt - ¢,(0)
= sFo(s) — f(0+). (15)

However, a complication arises with regard to ¢[Df(t)] when a =0. If
we have

then f(t) = @ (t)u(-t) + @ (t)u(t)
DA(t) = ¢, (tyu(-t)+ [#2(0) - ¢1(0)]9 (1)
and so,
C[Df(t)] = €[, (t)] + [92(0) - ©1(0)] €[ (1)]
=sU[Pa(t)] - ©2(0) +[92(0) - #1(0)] A(s)
=sFy(s) — f(0 +) + [f(0+)— (0 -)] A (s). (16)

The difficulty is that, as remarked in Sec. 4.5, the Laplace Transform of
the delta function (which we have denoted by A (s)) is not defined by the
Laplace integral

” e™o (t)dt = e e™u(t) J (t)dt.
0 -

The role of the delta function as a (generalized) impulse response
function suggests that we should have A (s) =1 for all s, and this is the
definition most usually adopted. However the discussion on the
significance of the formal product u(t)d (t) shows that there are grounds

1
for taking A (s) = 5 for all s; other values for A (s) have also at the

issue cannot be resolved simply by an appeal to the definition of 0 as a
limit, nor by means of the formulation as a (Riemann) Stieltjes integral.
In the latter case, for example, we have for an arbitrary continuous
integrand f

j:; f()dua(t) = (1 — c)f(0) (17)

We could therefore obtain A (s) =1 by choosing ¢ = 0 or, equally well,
1 1
A(s) = Eby choosing ¢ =7 Whatever value we choose for A (s) the

relation (16) is bond to be consistent with the behaviour of 0 as the
derivative of the unit step function u. for, since
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el = [ °0° edt = 1/s,
We have
CR] = [ -u0+)] + A S)u(0) - u(0)]
—(1=1)+ A(s) (1—0) = A(s).

On the other hand care must be taken to ensure that the correct form of
(16) 1s used when a specific definition of A (s) has been decided on.

Thus, for A (s) = 1 we get

C[DA(t)] = sFo(s) - f(0 -)
= sFy(s) (18)

Whenever f(t) = 0 for all t <O0.

1
But for A (s) = Y the result becomes

CDA(t)] = sFy(s) - % [£(0+) + £(0 -)].

In what follows we shall adopt the majority view and define A (s) to be 1
for all values of s. Similarly we shall take the Laplace Transform of J'
to be s; the analogue of (19) then becomes

£[Df(t)] = s°Fo(s) — sf(0-) — £(0-) (19)
= s"Fy(s)

whenever f(t) = 0 for all t < 0. The convenience of these definitions is
readily illustrated by the following derivation of the Laplace Transform
of a periodic function:

Let f be a function which vanishes identically outside the finite interval

(0,T). The periodic extension of f, of period T, is the function obtained
by summing the translates, f(t — kT), fork=0, £ 1, £2,...., (see fig. 5.1)

fi(t) = kz f(t=kT) (20)
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flt+7) flt)

(t-T)

Fig. 5.1

We can write fr as a convolution:
fiy="Y [/(OD08(t - kD))= f()D y (1~ kT).
k= - )

further, using he above definition of A (s), we obtain
tﬁi (¢ - kT).E - fﬁwz (¢ - kT).E

— 1 +e—ST+e—25T+e—3ST+ L=

l-e
The summation being valid provided that

RNV .
el =jete e <,

21

(22)

That is, for all s such that Re(s) > 0. Hence, appealing to the Conclusion

Theorem for the Laplace transform, (21) and (22) together yield

Fy(s)

1-e*

Oe 0
ﬁBZ o(t- kT).H:

(23)

149



MTH 381 MATHEMATICAL METHODS III

3.3 Computation of Laplace Transforms

If f is an ordinary function whose Laplace Transform exists (for
some values of s) then we should be able to find that transform, in
principle at least, by evaluating directly the integral which defines
Fo(s). It is usually simpler in practice to make use of certain
appropriate properties of the Laplace integral and to derive specific
transforms from them. The following results are easy to establish
and are particularly useful in this respect:

(L.T.I) The first Translation Property. If €[f(t)] = Fo(s), and if a is any
real constant, then

€ [e™f(t)] = Fo(s — a).

L.T.2) The Second Translation Property. If €[f(t)] = Fo(s), and if a is
any positive constant, then

C[u(t—a)f(t —a)] = e™Fy(s).

(L.T.3) Change of Scale. If C[f(t)] = Fo(s), nd if a is any positive
constant, then

1 s
f[f(at)] = ;FOQZE.
(L.T.4) Multiplication t. If €[f(t)] = Fo(s), then
C[tf(t)] = - %Fo(s) = - Fy(s).

(L.T.5) Transform of an Integral. If €[f(t)] = Fo(s), and if the function
g is defined by

t
() = [ f(7 )t
then
€[g(0] = * Fifs).

The fist three of the above properties follow immediately on making
suitable changes of variable in the Laplace integrals concerned. For
(L.T.4) we have only to differentiate with respect to s under the integral
sign, while in the case of (L.T.5) it is enough to note that g'(t) = f(t) and
that g(0) = 0; the result then follows from the rule for finding the
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Laplace Transform of a derivative. Using these properties, an
elementary basic table of standard transforms can be constructed
without difficulty (Table 1). This list can be extended by using various
special techniques. In particular the results for the transforms of delta
functions derived in the preceding section are of considerable value in
this connection.

fu(t)(t) Fo(s) Region of (absolute) convergence
u(t) /s Re(s) >0
t 1/s Re(s) >0

t"(n>1) n!/s"! Re(s) >0
e 1

s-a Re(s) > a
e™ 1

s+ta Re(s)>-a
sinh at a

s?-a Re(s)>|a |
cosh at s

PR Re(s) > a|
sin at a

o2 + 42 Re(s) >0
cos at s

214 Re(s) >0
Examplel

Find the Laplace transform of the triangular waveform show in fig. 5.3.

N

[

O
M
Wr
N
O
(@)}

Fig. 5.3

We shall obviously expect to use the formula (23) for the Laplace
Transform of the periodic extension of a function f, but the first need is
to establish the transform of this function f itself. In fig. 5.4 there is
shown a decomposition of the required function into a combination of
ramp functions:
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f(t) = tu(t) — 2(t — Du(t— 1) + (t— 2)u(t - 2)

f

Fig. 5.4 (a).

Fig. 5.4(b).

A straightforward application of the second translation property (L.T.2)
immediately gives

1 2 . e¥ O-e0 4
Fi(s)= —-—5e¢ +S5=F——[ =—e sinh>>
s° s S 0 s O s
Hence, applying (5.23)
04 ., .. ,s00 1 0O 2sinh’s/2 tanhs/2
CIf(t)] = e *sinh” — - = = .
()] H? 28 B-¢H s%sinhs s?

4.0 CONCLUSION

In this unit we consider the Laplace transform atum from practical point
of view and illustrate its use by important engineering problems, many
of them related to ordinary differential equations.

5.0 SUMMARY
The main purpose of the Laplace transformation is the solution of
differential equations and systems of such equations, as well as

corresponding initial value problems.

The Laplace transform f(s) = € (f) of a function f(t) depend by.
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5 - st
F(s) €(f) [ ¢ " /()

Further, more discussion, the Laplace of the derivation such that.

£() =s () +£(0)
£(f") =s* €(f) — sf(0) — £(0).

2
a’y+

Hence, by taking the transform of a given differential equation —;
x

dy _
@ + by = f(t).

U t(y)=y(s)
Hence, the simple equation becomes.

(s>x asx b)y = €(8) x s f(0) + £(0) + a f(0).

Hence, € (0 ) the transformation back to hard problem can be gotten
from the table 1 — unit 3.

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the Laplace transform of the following function
a) eat,
b) cos wt
c) cosh bt
2. Use Laplace transforms to obtain, for t x0, the solution of the
linear differential equation
d’y

- Xy = t., which satisfies the condition y(0) = 1, y'(0) = -2
X
3. Use the convolution theorem for the Laplace Transform to solve the

t )
integral equation y(t) = cost + 2sint + I Oy(T)Sln(f -17)dt fort> 0.

4. Identify the function whose Laplace Transforms are:

s2+2
a)

s+1

coshs
b) 5

e
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