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Introduction

The course — Mathematical Method of Physics 1- &amh to provide essential
methods for solving mathematical problems.

In scientific problems, often times are discovéia ta factor depends upon several
other related factors. For instance, the area bfl stepends on its length and
breadth. Potential energy of a body depends ontgralensity and height of the
body e.t.c. Moreover, the strength of a materiglethels on temperature, density,
isotropy and softness e.t.c.

What You will Learn in this Course

This is a 3units course, it is grouped into foyrr@dules i.e. modulel, 2, 3 and 4.
Module 1 has 2units; module 2 also has 2unitsak agemodule 3 with only one
unit while module 4 has 3units. In summary fourr@@dules and 8 units in all.

The course guide gives a brief summary of the totadtents contained in the
course material. Functions of several variablesastitine the relationship between
function and variables, the application of Jacoptiown to functional dependence
and independence. Also discussed here in the rayltipe and improper integrals.

Course Objectives

. Define linear second-order partial differentialuation in more than one
independent variable.
. Use the technique of separation of variables imirsgp important second order

linear partial differential equations in physics

Provide answers to the exercises at the end ©iithit.

Determine whether a given function is even, oddesiodic

Evaluate the Fourier coefficients.

Derive and apply Fourier series in forced vibnagwoblems.

Use Fourier Integral for treating various problamslving periodic function.
Apply half range expansion to solutions of sonebfgms.

Working through the Course

This course involves that you would be requireggend lot of time to read. The
content of this material is very dense and requine spending great time to study
it. This accounts for the great effort put into dsvelopment in the attempt to
make it very readable and comprehensible. Neveskethe effort required of you
is still tremendous.
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| would advice that you avail yourself the oppoityrof attending the tutorial
sessions where you would have the opportunity ehparing knowledge with
your peers.
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Course Materials
You will be provided with the following materials:

. Course guide
. Study units

In addition, the course comes with a list of recamned textbooks, which though

are not compulsory for you to acquire or indeeddyeare necessary as
supplements to the course material.

Study Units

The following are the study units contained in thsirse. The units are arranged
into four identifiable but related modules.

Module 1 Partial differential equations with applications in Physics

Unit 1 Partial Differential Equations

Unit 2 Fourier series

Module 2 Application of Fourier to PDEs (Legendre plynomials and
Bessel functions)

Unit 1 Legendre Polynomials

Unit 2 Bessel functions

Module 3 Application of Fourier to PDEs (Hermite pdynomials and

Laguerre Polynomials.)

Unit 1 Hermite Polynomials

Unit 2 Laguerre Polynomials
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Textbook and References
The following editions of these books are recomneenfdr further reading.
Hildraban, F. BAdvanced Calculus for Application.

Murray, R. Spieg (1974)Schaums Outline Series or Theory and Problem of
Advanced Calculus. Great Britain: McGraw—Hill Inc.

Stephenor, G. (197 7Mathematical Methods for Science Sudents. London:
Longman, Group Limited.

Stroud, K.A. (1995). 8 ed.Engineering Maths. () Palgraw

Verma, P.D.S. (1995Engineering Mathematics. New Delhi: Vikas Publishing
House PVT Ltd.

Assessment

There are two components of assessment for thisseodhe Tutor Marked
Assignment (TMA), and the end of course examination

Tutor-Marked Assignment

The (TMA) is the continuous assessment componenbof course. It accounts
for 30% of the total score. You will be given faq4) TMAS’ to answer. Three of
these must be answered before you are allowedttforsithe end of course
examination. The TMAS’ would be given to you by ydacilitate and returned
after you have done the assignment.

Final Examinations and Grading

This examination concludes the assessment fordhese. It constitutes 70% of
the whole course. You will be informed of the titiee examination. It may or
may not coincide with the University Semester Exzation.

Summary
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3.2 The Students have been taught how toMsthod of Separation of Variables to
SolveHeat Conduction Equation and Wave Equation resdgt

The use of Fourier transform to solve some diffeatquation, Boundary values

problems and e.t.c. Also talked about is Laplaemdformation to solve some

initial and Boundary value problem, which are diffit to handle. After which

Convolution theory is applied. And the result’s rtheetrains-formed back to

physical or mechanical problems.

So far about two methods have been thoroughly dedlt in this course. In
Mathematical methods of Physics. We shall stik @bout several other methods
to handle any category of problem, provided thebjgnm can be modeled into
Mathematical and Physics problems.
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Module 1 Partial differential equations with applications in
Physics

UNIT 1 PARTIAL DIFFERENTIAL EQUATIONS

CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1  Definition
3.2  Linear second-order Partial Differential Equations
3.2.1 Laplace's equation
3.2.2 Wave equation
3.2.3 Heat conduction equation
3.2.4 Poisson’s equation
3.3  Method of separation of variables
3.3.1 Application to Wave Equation
3.3.2 Application to Heat Conduction Equation
3.4 Laplace transform solutions of boundary-value peoid
4.0 Conclusion
5.0 Summary
6.0  Tutor Marked Assignment
7.0 References

1.0 INTRODUCTION

In this unit we will study some elementary methaafssolving partial differential
equations which occur frequently in physics an@mgineering. In general, the solution
of the partial differential equation presents a mumore difficult problem than the
solution of ordinary differential equations.

We are therefore going to limit ourselves to a wable partial differential equations
that are of physical interest.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

. Define linear second-order partial differentialuation in more than one
independent variable.
. Use the technique of separation of variables imirsgp important second order

linear partial differential equations in physics
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. Provide answers to the exercises at the end ofthit.

3.0 MAIN CONTENT

3.1  Definition

An equation involving one or more partial derivagvof (unknown) functions of two or
more independent variables is calleghatial differential equation. The order of a
PDE is the highest order partial derivative or ives which appear in the equation.
For example,

3 2 2
ua—Uag{aLjaLj]:ez (1)
0z dy dy“ 0z
is a third order PDE since the highest order texigiven by
v
ay®

A PDE is said to bé&near if it is of the first degree, i.e. not having exygmt greater than

1 in the dependent variable or its partial derxegiand does not contain product of such
terms in the equation. Partial derivatives withpext to an independent variable are
written for brevity as a subscript; thus

2 2
U, =—%tL2J and U, = gx:y
The PDE
1
C_ZUtt:Uxx+Uyy+Uzz @

(where c is a constant) is linear and is of the@sdorder while Eq. (1) is an example of
a nonlinear PDE.

Example 1. Important linear partial differential equations of second order

2 2
(1) % = 2% One-dimensional wave eguation
X
2
(2) g—l: =c? % One-dimensional heat equation
X
2 2
3 372 + Z—yl: =0 Two —dimensional Laplace equation
d°u  0°u _ . . . .
4) Fv +F =f(xy) Two —dimensional poissonequation
d°u  0°u  0°u _ : . .
(5) + Three—dimensional Laplace equation

2 2+ 2 =
ox= o0y° o0z
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3.2  Linear second-order partial differential equations

Many important PDEs occurring in science and ergging are second order linear PDEs.
A general form of a second order linear PDE in tmaependent variables x and y can be
expressed as
2 2 2
au+Bau+Cau+Da—u+E%+Fu:G (3)
x> axay oy’ ox oy
where A, B, C...... ,G may be dependent on variableadya If G =0, then Eq. (3) is
calledhomogeneousptherwise it is said to bereon-homogeneous.
The homogeneous form of Eq. (3) resemblesdateon of a general conic:
ax®+bxy+cy’ +dx+ey+ f =0
We thus say that Eq. (3) is of

eliptic BZ-4AC<0
hyperbolic ‘type whens B> —4AC >0
parabolic B*-4AC =0
For example, according to this classification the-tlimensional Laplace equation
0°u  0°u _
- 4+ =
x> oy’
is of elliptic type(A=C=1,B=D=E=G=0), and the equation
0°u  ,0°u _ :
— —a°— =0 (ais areal constant)
0X ay
is of hyperbolic type. Similarly, the equation
2
6_121 —a@ =0 (ais areal constant)
0X oy

is of parabola type.
Some important linear second-order partial diffeedrequations that are of physical
interest are listed below.

Example 2
Eliminate A and P from the functiod = Ae™ sin px

2
Z_ p®Ae® sin px

Solution: Let %—f = pAe” sinpx and

ot?
2
also 9z _ pAe” cospx  and g f = —p®Ae” sin px
ox ox
2 2
0°Z N 0°Z -0
ot ox?
ie. pAe” sinpx - p*Ae” sinpx=0

10



PHY 312 COURSE GUIDE

Example 3
Solve the equation

0°u __ d%u N 0%u _
x>  oxdy oy’
Solution: Let u(x,y) = f(y+mXx) + g(y+m,x)

0

So that m>-7m+6=0
This implies thatm=1 or 6
Hence u(x, y)=H(y+x)+G(y+6x)

3.2.1 Laplace's equation:

O%u=0 (4)
: . 9>  a9*>  d° .
where 0? is the Laplacian operataErD2 =+t Zj. The function u may be the
ox® ady°- oy
electrostatic potential in a charge-free regiongoavitational potential in a region
containing no matter.

3.2.2 Wave equation:

1 0%u
O%u=—— 5
v? at? ®)
where u represents the displacement associatedthdtivave and v, the velocity of the
wave.

3.2.3 Heat conduction equation:

g—l: = a0 (6)

where u is the temperature in a solid at time & @bnstantr is called the diffusivity and
is related to the thermal conductivity, the spedifeat capacity, and the mass density of
the object.

3.2.4 Poisson’s equation:

0%u=p(x,y,2) ()
where the functiono(x, y, z) is called the source density. For example, if uesgnts the
electrostatic potential in a region containing ges:; therp is proportional to the electric
charge density.

11
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Example 4
Laplace’s equation arises in almost all brancheanaflysis. A simple example can be
found from the motion of an incompressible fluits Velocity v(x,y,zt) and the fluid

density p(x,y,z,t) must satisfy the equation of continuity:

op
—+0.(ov) =0
o T )

If pis constant we then have
Uev=0
If furthermore, the motion is irrotational, the weity vector can be expressed as the
gradient of a scalar function V:
v=-0V
and the continuity becomes Laplace’s equation:
Ov=0.(-0V)=0, or 0% =0
The scalar function V is called the velocity potaht

3.3 Method of Separation of Variables

The technique of separation of variables is widedgd for solving many of the important
second order linear PDEs.

The basic approach of this method in attemptingptee a differential equation (say, two
independent variables x and y) is to write the depat variableu(x,y) as a product of
functions of the separate variableéct)=X(X)T(t) . In many cases the partial
differential equation reduces to ordinary equatifamsX and T.

3.3.1 Application to Wave Equation
Let us consider the vibration of an elastic stijoyerned by the one-dimensional wave
equation
0°u _ ,0%
PR ®)
where u(X, y) is the deflection of the string. &irthe string is fixed at the ends x = 0 and
x=|, we have the twboundary conditions
u(0,t)=0, u(l,t)=0 for all t 9)
The form of the motion of the string will dependtbe initial deflection (deflection at
t = 0) and on the initial velocity (velocity att0). Denoting the initial deflection by f(x)
and the initial velocity by g(x), the twaitial conditions are
u0=f9 3 =g (10)
t t=0
This method expresses the solutionu¢x,t) as the product of two functions with their
variables separated, i.e.
U (x,t)=X(X)T(t) (11)
where X and T are functions of x and t respectively
Substituting Eq. (11) in Eq. (8), we obtain

12
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XT"=c¢*X"T
or

X"0) _ 11" 12)

X(x) ¢ T()
In other words

X" _ 17"

X 1 7 13)
The original PDE is then separated into two ODEs, v

X"(x)=AX(x) =0 (14)
and

T"(t)=Ac*T(t) =0 (195)
The boundary conditions given by Eq. (9) imply

XO)T({)=0
and

X()T@)=0
Since T(t) is not identically zero, the followingraitions are satisfied

X(@©0) =0 and X(I) =0 (16)
Thus Eq. (14) is to be solved subject to conditigimen by Eq. (16).
There are 3 cases to be considered.
Case 1l A>0
The solution to Eq. (14) yields

X(x) =Ae™™ + Be'™ (17)

To satisfy the boundary condition given by Eq. (Y8 must have
Ae"' +Be™ =0

Since the determinant formed by the coefficientsAond B is non-zero, the only
solution is A = B = 0. This yields the trivial stilon X(x) = 0.

Case 2 A=0
The solution to Eq. (14) yields
X(xX) =A+Bx
To satisfy the boundary condition given by Eq. (Y8 must have
A=0
and
A+BI=0
implying
A=0, B=0
Again for this case, a trivial solution is obtained

Case 3 A<0
LetA=-k?. The solution to Eq. (14) yields
X(x) =Acoskx + Bsinkx (18)

13
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To satisfy the boundary condition given by Eq. (Y8 must have

A=0
and
Bsinkl =0
To obtain a solution whei&#0, we must have
kl=nn n=112...
Thus
2
A=—K? =—[¥j (19)

(n=0 corresponds to the trivial solution). The s$fieo/alues of A are known as the
eigenvalues of Eq. (14) and the corresponding isoisit viz,sin(%xj are called the
eigenfunctions. Since there are many possible solutions, eachbiscsipted by n. Thus

X (X) = anin(”l—” j n=123.. (20)
the solution to Eq. (15) with given by Eq. (19) is

T.(t)=E, cos(nl—”ctJ +F, sin(nl—”ctj n=123.. (21)

where E, and F, are arbitrary constants. There are thus many isakitfor Eq. (8)

which are given by
U, (x1) =X, ()T, ()

{an cos(%rctj+bn sin(?ctﬂsin%rx (22)

wherea, =B E, andb,=B F,. Since Eq. (8) is linear and homogeneous, thergéene
solution is obtained as the linear superpositioallahe solutions given by Eq. (32), i.e.

U (x,t) :Z(an cos?t +b, sin?t}sin?x (23)
n=1
Differentiating with respect to t, we have
U, (xt) =Z$(— ansin$t+bn cos%tjsinnl—nx (24)
n=1

The coefficientsa, andb, are obtained by applying the initial conditionskn. (10).
Thus,

U (x0)=f (x):ian sin%r X (25)
U (x,0)=g(x)=ibn(nl—ncjsinnl—n X (26)

In order to determin@, andb, we use the Orthogonality propertiessixh%xin the

range0< x<I, i.e.

14
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|
[sin™ xsin="" xclx s 27)
5 I 2
where d,,, is the Kronecker delta function having the propert
0O n#m
. :( 28)
1 n=m

Multiply Eq. ((25) bysin?x and integrating between the limits x = 0 and x wé get

| o |
mir M. . NI
j f (x)sml— xdx = Zjan sin==xsin== xdx
0 n=l o

I
—a — 29
a3 (29)
|
ie. a, = I—z_[ f (x)singxdx
0

Similarly multiplying Eq. (26) bysin?x and integrating between the limits x = 0

andx =1, we get

| o |
J' g (x)sin%rxdx = Zj'bn (%chsinnl—ﬂxsin?xdx
0

n=1 o

- m[mcj'_ (30)
|
ie. b = ijg(x)sinﬂrxdx
mrcy, I

With a, andb,, obtained form=1,... o, Eq. (23) is the solution to PDE given by Eq. (8)
subject to the initial conditions and the boundaogditions.

3.3.2 Application to Heat Conduction Equation

The one-dimensional heat flow in a rod boundedHh®y glanes x = 0 and x = a is of
practical interest. The solution applies to theecakere the y and z dimensions extend to
infinity. The temperature distribution is deterndniey solving the one-dimensional heat
conduction equation

9%6 106

£ (31)
ox~ v ot
Where @represents the temperature and
v=2X (32)
Cp

15
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k, C and p are the thermal conductivity, specific heat and sdgnof the material
respectively. We shall treat the case where thadaty conditions are given by

6(x=0t)=0 (33)

O(x=a,t)=0 (34)
The initial temperature distribution is given by

O(x,t=0)=f(x) (35)

Solution: Using the method of separation of variables, thdegendence and t-
dependence are separated out as expressed by

6(x, 1) = X(X)T(t) (36)
Substituting Eq. (36) into Eq. (31) yields
2
1dx _11dr_, @7
X dx vT dt
We shall now consider three cases correspondidgfesent values of the constamt
Case 1 A=0
The separated ODE foX(x) becomes
d?X
= 38
™ (38)

ie. X(xX) = Ax+B
The boundary conditions expressed by Egs. (33)34)dare respectively

X(x=0)=0 and X(x=a)=0 (39)
Since T(t) should not be identically zero. Thus Exg. (38) to satisfy the boundary
conditions given by Eqg. (39), we must have A = O=B. This gives the steady-state
solution where temperature in the rod is everywizere.

Case 2 A>0

Let a =k?. The ODE for X becomes
X _ex (40)
dx?

Therefore X (x) = Ae®™ + Be™

Applying the boundary conditions given in Eq. (38§ get
0=A+B
0= Ae® +Be™

Again we have A=B =0

Case 3 A<0

Let o =-A°. The ODE forX(x) becomes
d*Xx
dx?

Thus X (x) = AcosAx + BsinAx

The boundary conditions require

=-)2X (41)

16
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A=0
Bsinda=0 (42)
i.e. Aa=nn n=12,.. (43)

Since there are multiple solutions, eaths designated by a subscript n 4s The
solution of the ODE for T(t) is readily obtained as

T(t) =Ce™™ (44)
Thus the general solution which is a superposiioal admissible solution is given by
o(x,t) = Z D e sinn?ﬂ X (45)
—ZD ex;{ L Jsmn—nx (46)
a’ a

To complete the solutiod, must be determined from the remaining initial codi

i.e. f(X) =Z”:Dnsinn?nx (47)

In order to determinB,,, we multiply Eq. (47) bysinmx and integrate the limits x=0
a

and x = a to obtain
[ £ 00sin™ xdx="D, [a,sin"" xsin" xdx=D,
5 a =0 a a 2
Thus
p =2 [ £ 60sin™2" xclx (48)
ay a

For the specific case wherig(x) = g, (constant), the solution is given by

B0xt) = Z 1 . (n -;1)mex{_ v(2n ;21)2]72}

02N +1
0<x< a (49)
From Eq. (49), it can be deduced that a rectanquitse of heigh, for O<x<a has

the Fourier series expansion given by
46, 1 . (2n+Drx
sin
2>

= 2n+1 a
Also if f(x) = ), then
2
B(x.t) = 2ayz( 1) sm(? xjex;{— vna2772 t} (50)
If the end boundanes are maintain at differentterature i.e.
f(x=0t)=6,
O(x=a,t)=6, (51)

17
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Then case 1 of the solution wheame=0, would yield the steady-state solution given

byg, + = (9 - 6,). The general solution is given by

O(x,t) = p(x,t) + 6, += (9 -6, (52)

where ¢(x,t) is the transient solution.

The boundary conditions fag(x,t) are obtained as follows:
atx =0: O(x=01t)=6, =@xx=01t)+6, =>@xx=01t)=0
atx =a: Ox=at)=60,=¢gx=at)+6, =>@gx=a,t)=0
¢(x,t) is obtained under case 3.

SELF ASSESSMENT EXERCISE 1

1. State the nature of each of the following eaqunti(that is, whether elliptic,
parabolic or hyperbolic)
azy 0’y _

a +a—=0
@ a2 ox’

6 u, 0% ,0u
b — +3y —
(b) 2ty oy y’ ™

2(a). Show thaty(x,t) = F (2x+5t) + G(2x—5t) is a general solution of

497y _ 25M
ot? ox?

(b). Find a particular solution satisfying thenddions
y(O,t)=y(n,t) =0, y(x,0) =sin2x, y' (x,0) =0.

3. Solve the following PDEs
2
ORI
x>

i) LU_N_gye
oxy oy
3.4 Laplace transform solutions of boundary-value probéms

Laplace and Fourier transforms are useful in sglvinvariety of partial differential
equations; the choice of the appropriate transfodegends on the type of boundary
conditions imposed on the problem. Laplace trams$otan be used in solving boundary-
value problems of partial differential equation.

Example 5

18
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Solve the problem

ou _ 0%

el Salihal 53

ot ox? 3)
u(0,t) =u(3t) =0, u(x,0) =10sin27x — 6sin47x (54)

Solution: Taking the Laplace transfornh of Eq. (53) with respect to t gives
B ] 2
L ou =2L[a u}

ot | ox*
Now

Fou’

L| — | = pL(u)—u(x,0

ot pL(u) —u(x,0)
and

0% 0% ¢ _ 0°
L — |[=— | e Pu(x,t)dt =—L|u
{axz} OXZJ.S (%) ox? []

Here d%/0x*> and I:..dt are interchangeable because x and t are indepen
For convenience, let

U =U(x p) = L[u(x,t)]= Te““u(x,t)dt

We then have

0°U

ox?

from which we obtain, using the given conditiond)(5

2

9 LZJ 1 pU = 3sind7x — 5sin27x. (55)
ox® 2

Then taking the Laplace transform of the given @oons u(0,t) =u(3,t) =0, we have
Lu@t)]=0, Lu@t]=0

pU —u(x,0) =2L

or
U@ p) =0, U@p) =0
These are the boundary conditions W(x, p) . Solving Eq. (55) subject to these
conditions we find
_ 5sin27x 3sindrx

U((x,p)= -
0P = 167 prear
The solution to Eq. (55) can now be obtained byntakhe inverse Laplace transform
u(x,t) = LU (x, p)] =5 sin27x — 36e°*"* sin47x.

SELF ASSESSMENT EXERCISES 2

1. Differentiate between ordinary differential equati@and partial differential
equation.

19
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2. Derive the PDE that give rise to the function
Z=a(x+y)+b(x-y)+abt+c=0
3. Use of method of separation of variable to findgbition of the boundary value

problem

9%y 0%y

e at?
y(O,t)=0 t>0
y@t)=0 t>0
y(x,0) =sin2x
y' (x,00=0 0< X<

4.0 CONCLUSION

In this unit, we have studied the notion of a solubf partial differential equation. Also
some elementary methods of solving linear partifier@ntial equations which occur
frequently in physics and engineering were deatt .wi

5.0 SUMMARY

Here in this unit you have learnt about second ropdetial differential equation. The
classical method of separation of variables wa®resttely studied along with the
Laplace transform solutions of boundary-value peoid.

6.0 TUTOR MARKED ASSIGNMENT

1. Form the PDEs whose general solutions are as follow
(i) z=Ae™ cospx

(ii) z=f(ij
X
2. Solve the equation
0°u _ 0% _
»y oy’
3. Find the solution of the differential etjoa

0’y 9%y
a?—21=="2
ox>  ot?
y(01)=0 0<t<w
y(01)=0 0<t<w

where
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y(x,0) = f(X) O<xsL
y(x,0) = g(x) O0<x<L
4. Solve by Laplace transforms the lofaup-value problem
2
6—2:1@ for x>0,t>0
ox- kot
given that =u, (a constant) onx=0 for t >0, andu =0 for

x>0, t=0
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1.0 INTRODUCTION

In this unit, we shall discuss basic concepts,sfastd techniques in connection with
Fourier series. lllustrative examples and some mapd applications of Fourier series to
Partial differential equations will be studied.

We will also study the concept of periodic funcgBpreven and odd functions and the
conditions for Fourier expansion.

2.0 OBJECTIVES

After studying this unit, you should able to:

. Determine whether a given function is even, oddesiodic

Evaluate the Fourier coefficients.

Derive and apply Fourier series in forced vibnagwoblems.

Use Fourier Integral for treating various problamslving periodic function.
Apply half range expansion to solutions of sonebfgms.

3.0 MAIN CONTENT

3.1 Periodic Functions
A function f(x)is said to beperiodic if it defined for all real x and if there is some
positive number T such that

f(x+T)=1(x) (1)
This number T is then calledpariod of f (X) .
Periodic functions occur very frequently in manylkgation of mathematics to various
branches of science. Many phenomena in nature asighropagation of water waves,
light waves, electromagnetic waves, etc are pariadd we need periodic functions to
describe them. Familiar examples of periodic fuordiare the sine and cosine functions.

Example 1

Find the period offanx.

Solution: Suppose T is its period
f(x+T)=Tan(x+T) =Tanx

so that

Tan(x+T)-Tanx=0
using trigonometric identity, we have

22



PHY 312 COURSE GUIDE

TanT (L-Tan’x) _ 0
1-TanxTanT
This implies that
TanT =0 If and only if 1-Tan’x# 0
T=Tan™0
Hence T=n

3.2 Even and Odd Functions

A function f(x) defined on interva[a, b] is said to be a even function if

f(—x) = f(Xx) (2)
It is odd otherwise, that is

f(—x)=—-1(x) 3)
Example 2
Let f (X) =sinx
Then f(-x)=-1(x) le. sin(=x)— = —sinx

Thus it is obvious that sine function is alwaysoald function while cosine function is an
even function.

33 Fourier Theorem

According to the Fourier theorem, any finite, seaghlued periodic functiorf (x) which

is either continuous or possess only a finite numifediscontinuities (of slope or
magnitude), can be represented as the sum of theoh& terms as

f(x) :%ao +@, CoSX+a, COS2X + ...+ a, COSnx
+b,sinx+b,sin2x+. . .+b, sinnx

:%ao +i(an cosnx + b, sinnx) (4)

n=1
34 Evaluation of Fourier Coefficients

Let us assume that(x) is a periodic function of perio@n which can be represented by
a trigonometric series

£(x) =2, + > (a, cosnx+hb, sinnx) (5)
n=1

Given such a functiorf (x) we want to determine the coefficients &afand b, in the
corresponding series in Eq. (5).
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We first determine,. Integrating on both sides of Eq. (4) frorm to n, we
have

_[_’; f(X)dx = J':T[ao + Z(an cosnx+b, sin nx)}dx
n=1
If term-by-term integration of the series is allay¢éen we obtain
_[_’; f(x)dx =a, _[_’;dx +> [an J'_l;cosnde +b, .[_’;si nnxdx)
n=1

The first term on the right equalsa, All other integrals on the right are zero, as ban
readily seen by performing the integration. Hengefost result is

8= [ £ (9 6)

We now determiney,, a, ,..by a similar procedure. We multiply Eq. (5) dgzmx,
where m is any fixed positive integer, and theegnate from-7n to 7,

J'_’; f ( )cosmxdx = J'_’;{ao + i (a,cosnx+b, sin nx)} cosmxdx (7)
Integrating term-by-term, we see that th:lrightmade becomes

ao.[_l;cosmxdx + i [an I_’;cosnx cosmxdx + b, .[_l;sin nx cosmxdx}
The first integration is zero. Bn;l applying trigonetric identity, we obtain

J'_”cosnxcosmxdx = %.[_ﬂ cosf +m)xdx + %.[_ﬂ cosf —m)xdx

j_”sinnxcosnudx = %f sin(n+ m)xdx + %J'_” sin(n—m)xdx.

Integration shows that the four terms on the raylet zero, except for the last term in the
first line which equals? when n=m. since in Eq. (7) this term is multiplied by, the

right-hand side in Eq. (7) is equalggr, and our second result is
a,==[" f )cosmxdx m=12.. )
n =T

We finally determineb, b, ...... in Eqg.(5) bysinmx, where m is any fixed positive
integer, and the integrate from 7 to 7, we have

.[_’; f (x)sinmxdx = J'_z;[ao + Z(an cosnx+b, sin nx)}sinmxdx 9)
n=1
Integrating term-by-term, we see that the rightéhaide becomes
ao_[_”sin mxdx + Z[an J'”cosnxsinmxdx + bnj”sinnxsin mxdx}
T =1 =T =

The first integral is zero. The next integral istloé type considered before, and we know
that it is zero for alln = 1, 2,.... For the intelgnae obtain

j_’;sinnxsinnxdx = %'E;cos(n —m)xdx —% J'_’;cos(n + m) xdx
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The last term is zero. The first term on the rightero whenmn # m and iszwhenn=m.
Since in Eqg. (9) this term is multiplied by, the right-hand side in Eq. (6) is equal to
b.77, and our last result is

bm=lrf(x)sinmxdx m=12...
n v/
Writing n in place of m, we altogether have thecatledEuler formulas
Y
a =—| f(x)dx
@ a=_[ (9

b) a = % [ 1 e )cosmx n=12... (10)

(c) b, =lj” f (x)sinnxdx
n v/

Example 3. Square wave

Find the Fourier coefficients of the periodic fuoat
-k when -m<x<0

f(x) = and f(x+2m)=1(x)
k when O<x<rr

Functions of this type may occur as external foraesng on mechanical systems,
electromotive forces in electric circuits, etc

Solution: From Eq. (10a) we obtaay = .0This can also be seen without integration

since the area under curve of f(x) betweenand 7zis zero. From Eq. (10b)

a,= =" f ()cosmax = 1[ [* (-k)cosmax+ | ”kcosnxdx}
J1°o 7 71 - 0

_ 1{ sinnx|” sinnxq _
=1k K =0
T n n |,

-

Becausesinnx=0at — 77, 0 and nfor all n = 1, 2....Similarly, from Eg. (10c) we obta

b, =1J'” f (x)sinnxdx = EUO (—k)sinnxdx+rksinnxdx}
ner nL-r 0

0 m
=1[_kcosnx| + 1 SOSX] }=0

-

m n n |,

Sincecosta) =cosa andcos0 =1, this yields
b, = LS [cow —cos(nm) —cosnir+ cosO] _ X (L-cosnm)
nn nn

Now, cos7 = -1, cos271 =1, cos3n = -1 etc, in general
-1 for odd n,
1 for evenn,
Hence the Fourier coefficients; of our function are

2 for odd n,

cosnr=
0 for evenn,

and thus 1—cosnn:{
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4k 4k 4k
==, b,=0, b=-—, b,=0 b=—
bl 71 2 3 372 4 b5 577

and since they, are zero, the corresponding Fourier series is

4—k(sinx+£sin3x+lsin5x+ ....... J (11)
T 3 5
The partial sums are
S = 4—ksinx, S, = 4—k(sinx+}sin3x), etc,
V4 7 3

Furthermore, assuming thdt(x) is the sum of the series and settings/2, we have

f(’-’j =K =4—k(1—§+1—+.....j
2 V4 3 5

or 1—£+l—l+— :2

SELF ASSESSMENT EXERCISE 1

1. Define the periodic function. Give five examples

2. Find the smallest positive period T of the fallog functions.
0] CO<X
(i) sinx

3. Are the following functions odd, even, or neitbeld nor even?
M ¢
(i) XSinx

4. Find the Fourier series of the following funasowhich are assumed to have the
period 271
(i) f(x)=x%/4 —n<X<n
(i) f (x) =[sinx —-n<x<n

3.5 Application of Fourier Series in Forced Vibrations

We now consider an important application of Fouseries in solving a differential
equation of the type

d®x  _dx
m o +I o +kx(t) = F(t) (12)
For example, the above equation would representfdteed vibrations of a damped
oscillator with T representing the damping constant, F(t) the extéomee and m and k
representing the mass of the particle and the fooostant respectively. We write Eq. (12)

in the form
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d? x
dt2

where K:—, :— andG(t) =
o w§ - )

K = + WP X(t) = G(t) (13)

m. The solution of the homogeneous part of

Eq. (13) can be readily obtained and is given by

x(t) = Ae™ cosij —K2)k +<9J for  «f >K? (14)

X(t) = (At +B)e™ for  &f >K? (15)
in order to obtain the solution of the inhomogersepart of Eq. (13), we first assume F(t)
to be a sine or cosine function; for definitenegsassume

G(t) =bsinat (16)
The particular solution of Eq. (13) can writtertle form
X(t) = Csinat + D cosat a7)

The values of C and D can readily be obtained Ingtsuting Eq. (17) in Eq. (13),
and comparing coefficients ainat and cosat we obtain

2aK
D=- 5 b
(a)§ —a)z) +4w?* K ? 18
W02 - (18)
C=- b

(a)j —w2)2 +4w*K ?
Now, if G(t) is not a sine or cosine function, angeal solution of Eq. (13) is difficult to
obtain. However, if we make a Fourier expansio(j then the general solution of Eq.
(13) can easily be written down. As a specific eglanwe assume
G(t) =at (29)
The Fourier expansion d@&(t) can readily be obtained as

G(t) =Y b, sinnat (20)
n=1
Proceeding in a manner similar to that describedvabwe obtained the following
solution for the inhomogeneous part of Eq. (13)

X(t) = Zw:[Cn sinnat + D, cosnca] (21)
where -
D =- 2naK b
" (e -n2w?) +anterk? 22)
(ap ~n*wr)

Cn == 2 bn
(af -n2a?) +an?aK?
thus, if G(t) is a periodic function with periodtiien Eq. (21) will be valid for all values
of t.

3.6 Half-Range Expansions
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In various physical and engineering problems thera practical need for applying
Fourier series to function§(t) which are defined merely on some finite intervihe

function f(t) is defined on an intervdl<t<l| and on this interval we want represent
f (t) by a Fourier series.
A half-range Fourier seriesfor a function f (x) is a series consisting of the sine

and cosine terms only.
Such functions are defined on an inter{@l I]and we then obtain a Fourier cosine series

which represents an even periodic functit) of periodT = 2l so that
f(t)=a,+> a, cos%Tt o<t<l (23)

n=1
and the coefficients are

1 2
g =7[ e, a, =5 f (rosT n=12.. (24)

Then we obtain a Fourier sine series which reptesam odd periodic functior, (t) of
period T =2l so that

F(t) = ansinnl—”t o<t<I (25)
n=1

and the coefficients are
== j f (t)sm—tdt n=12... (26)

The series |n Egs.(23) and (25) with the coeffitsen Eqgs.(24) and (26) are callbdlf-
range expansion®f the given functionf (t)

Example 4

Find the half-range expansions of the function

2kt when 0<t<|—2

()=

2—k(l—t) when |§<t<l

Solution: From Eq. (24) we obtain

1) 2k g2 2K ¢ _k
—|—|:|— o tdt+_.|.|/2(| _t)dt}——

) :l_z[zl_k ;/zt tdt+—j ( —t)cos—tdt}
Now by integration by part
[[“tco tdt-'—t it - 2 [sin ™ ot
N N7 I
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| 2

_ sinM+—(cosM—1j
2nr 2 nArr 2

Similarly,

12 nr1? nir
Sin————| cosN/T—cos—-
onmr 2 nip? 2

By inserting these two results we obtain

u. = aK (Zcosn— cosnr— 1)

n 2]7_2

j/z(l -t )cos—tdt =-

Thus,
a, =-16k/2°/*, a,=-16k/6°7°, a,=-16k/10°77
anda, = Owhenn# 2, 6,10 14,...Hence the first half-range expansion foft) is

f(t)_E-lnzik( co 2

This series represents the even periodic expaagitre functionf (t). Similarly from Eq.
(26)

1 6nr
t+—cos—t+
6° I

T n’n?
and the other half-range expansionfdt) is

ft)=— 8 12 sin— t—izsins—nt isin":)—ﬂt -
1 3 I 5 I
This series represents the odd periodic extendidit.

Example 5

Find a Fourier sine series for
0 xg2
f(x)= on (0, 3).
9 {2 X>2 ©.3)
Solution: Since the function is odd, the;y = 0

Then bnzgj'f(x)sinﬂxdx
| Jo I
23 . N
=—| f (x)sin— xdx
AR "3

-—j Osm 3 dx+— J'Zsm?xdx

Now by integration, we have

i 00575 oo
b——cosT cosnir

The series thus becomes

f(x) = ,T[ szﬂT (-1)" }sn%
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so that
41 . x 3 . 2k 2 . 3K
f(X) =—| =sin——-—sin— +—sin— — +...
m2 3 4 3 3 3

Example 6
Find the Fourier cosine series for

f(x)=€e* on (0, n)
Solution: Since f (x) is an odd function, then

b, = l—lf)exdx = %(e” —1)

Also
27, NIK 2 "
b, :—J' €' cos—dx = — 5 (e cosnn—l)
r+o m m\1l+n

Thus the series becomes

e = ]—ZT(e” —1)+]—2Tgl+1nz [(—1)“e” —1]cosnx

SELF ASSESSMENT EXERCISE 2

1. Find the Fourier sine series for
f(x)=€e* on (0, n)

2. Find the Fourier series for
f(X)=x on 0<x <2
consisting of (i) sine series only (i) cossexies only

3.7  Fourier Integral

Fourier series are powerful tools in treating vasioproblems involving periodic
functions. When the fundamental period is madenitdj the limiting form of the Fourier
series becomes an integral which is caledrier Integral.

3.7.1 Definition

Let f(x) be defined and single valued in the intel[\fdl, L]. If f(x) satisfies the
following conditions:

0] f (x) is periodic and of period 2L

(i) f (x) and f'(x) are piecewise continuous
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(iii) J'_oo | f (X)|dxis convergent, therf (x) can be expressed as

f(x)= j:(A(a Ycosax + B (@ )sinax)dx (27)
A@) = % [" f )cosaxdx (28)
B(a) = % [~ f ()sinaxdx (29)

3.8  Fourier Integrals of Even and Odd Functions

It is of practical interest to note that if a fuioct is even or odd and can be represented by
a Fourier integral, and then this representatioth lwa simpler than in the case of an
arbitrary function. This follows immediately fronuoprevious formulas, as we shall now
see.

If f(x) is an even function, theB(a) =0

Ala) = % j: f ( cosaxdx (30)
and Eq. (27) reduces to the simpler form

f(x) = j: A @ Ycosaxdx (f even) (31)
Similarly, if f(x) is odd, thenA(a) =0in Eg. (28), also

B(a) = % j: f (x)sinaxdx (32)
and

f(x) = j:B(a)sinaxdx (f odd) (33)

These simplifications are quite similar to thoséhi@ case of a Fourier series discussed.

Example 7
Find the Fourier Integral of (x) = x* —JTSXSTT
Solution:

A@) = % [ f &)cosaxd

1 peo
== I x? cosaxdx
J19

Using integration by parts, we obtain
Ala) = i[icoscrx—izsina'x} =0
| a a

-

Also
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B(@)==[" f ()sinaxdx
n 00
= ljm x? sinaxdx
719
So that

2
B(a) = 1 [X— Ccosax — % cosa'x}
| a a

27T o
==2(-)
-7 a

From Eq. (27)
f(x) = I:(A @ Ycosax + B (@ )sinax)dx
and
f(x) = j‘”(o- cosax + 27 (<1)° sinaxjdx = 2—’27(—1)”
0 a a
Hence

f(x)=x= %”(—1)” j:sinaxdx = %(—1)”

4.0 CONCLUSION

In this unit, you have studied the concept of p#idofunctions, representations of
functions by Fourier series, involving sine andigegunction are given special attention.
We also use the series expansion in the deterrmmafiFourier coefficients and the half-
range expansions.

50 SUMMARY

In this unit, you have studied:

. Even and odd functions

. Fourier Integral representations and Fourier sexigansion.

. Application of Fourier Integral technique in thienplification of even and odd
functions.

6.0 TUTOR MARKED ASSIGNMENT

1. Find the smallest positive period T following functions
(i) sin27x
. 27X
(i) cosT

2. Find the Fourier series for
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0 -5<x<0
f(x)= where f (x) has period 10
3 0<x<5

3. Find the Fourier series for
f(x)=x* for 0<x<27

4, Find the Fourier series of function
f(X)=x+7n when-n<x<n and f(x+2n)=f(x)

5. Expand the function
f(t) =t —% < x<% in a Fourier series to show that
2
f(t)=t>= T i—{cosa,t—lcoszm+icosax—...j takew=271/T
4’| 3 4 9
6. Represent the following functionis(t) by a Fourier cosine series

0 f(t):sinlﬁt o<t<l)

(i) f()=¢ (0<t<l)

7. Find the Fourier integral representation of thecfion

1 h
f(X): Wen|x|<l
0  when [x>1.
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Module 2 Application of Fourier to PDEs
(Legemdpolynomials and Bessel functions)

UNIT 1 LEGENDRE POLYNOMIALS

CONTENTS

1.0 Introduction

34



PHY 312 COURSE GUIDE

2.0  Objectives
3.0 Main Content
3.1 Legendre Equation
3.2  The Polynomial solution of the Legendre’s Eqrat
3.3  The Generating Function
3.4  Rodrigue’s Formula
3.5  Orthogonality of the Legendre polynomials
3.6  The Angular Momentum Problem in Quantum Meotgni
3.7 Important Integrals Involving Legendre Function
4.0 Conclusion
5.0 Summary
6.0  Tutor Marked Assignment
7.0 References

1.0 INTRODUCTION

In this unit, you will be introduced to the polyn@insolutions of the Legendre equation,
the generating function as well as the OrthogoypalftLegendre polynomials. Also we
shall consider some important integrals involvinggendre functions which are of
considerable use in many areas of physics.

2.0 OBJECTIVES

At the end of this study you should be able totdofollowing:

. Obtain the polynomial solution of the Legendre euuma

. Use the generating functions to derive some ingmbiitlentities.
. Determine the Orthogonality of the Legendre polyirads.

3.0 MAIN CONTENT
3.1 Legendre Equation.

The equation
L=x*y"(X) = 2xy' () +n(n+1)y(x) =0 @)
where n is a constant is known as ltlegendre’s differential equationln this unit we

will discuss the solutions of the above equatiothendomainr-1< x <1. We will show
that when

n=0223,..
one of the solutions of Eg. (1) becomes a polynbniteese polynomial solutions are

known as thé.egendre polynomialsyihich appear in many diverse areas of physics and
engineering.

3.2  The Polynomial solution of the Legendre’s Equation
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If we compare Eq. (1) with homogeneous, lineareddhtial equations of the type

Y'(X)+U XY (X)+V(X)y(x) =0 (2
we find that the coefficients
U =22 and v(x=""*D 3)
X 1-x?

are analytical at the origin. Thus the point x is @n ordinary point and a series solution
of Eq. (1) using Frobenius method should be possilch that

y(X) = COSn (X) + ClTn (X)

where

S.(x) =1 n(n2|+1) 2 4 N(n= 2)(rlu+1)(n +3) (4
and '

T () =x- (n-l):;n+2) ot (n-l)(n—3)5(ln+ 2(n+4) o _ by

If n# 0.1 2,... both Egs. (4a) and (4b) are infinite series ami/eage only if|x <1.
It may be readily seen that when

n=0.24...
the even series becomes a polynomial and the gt semains an infinite series.
Similarly for

n=1 3 5,...
the odd series becomes a polynomial and the evers semains an infinite series.
Thus when

n=201 2 3...
one of the solutions becomes a polynomial. The hdgepolynomial, or the Legendre
function of the first kind is denoted Wy, x (and is defined in terms of the terminating

series as below:

21(()1()) for n=0,2 4, 6,...
ns T“n(x) for n=1357,.. X
7.0
Thus,
P(X=1 P(X=x BR(X)== (3x -1),
P (X) = (5x -3x) P(¥)= (35x ~30x2+3), (6)

R(X) = (63x5 70%* +15x)....

Obviously, P, @=1 (7)
Higher order Legendre polynomials can easily baiakt by using the recurrence
relation
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nP,(x) = 2n-)xP_(X) - (n—-DP,_,(X)

Since for even values of n the polynomi&gx) contain only even powers of x and for

odd values of n the polynomials contain only odd/@s of x, we readily have
R(=X=D"R(X

and obviously (8)
R.(=D)=(-D" 9)

3.3  The Generating Function

The generating function for the Legendre polynomisalgiven by
G(xt)=@-2xt+t*) ¥ => P (t"; ~1<sx<1t<1 (10)
n=0
Let us assume that

G(xt) = @-2xt +t*) ¥ =>"K (x)t" (11)
n=0
where K, (x) is a polynomial of degree n. Putting x = 1 in EfL)( we obtain

SK, (0" = (L- 2t +17) 2
n=0
=@1-1)"
S1Ht+t2 +t3 4t 4 L
Equating the coefficients df from both sides, we have
K,0=1 (12)
Now, if we can show thaK, x( $atisfies Eq. (1), theK, x( Will be identical toP, &)
Differentiating G(x, t) with respect to x and t, whbtain

(- 2xt +t2)%—(t3:(x—t)G(x,t) (13)
and

t%—?:(x—t)%—(j (14)
Using Egs. (11), (13) and (14), we have

(1= 2423 1K, (0t = (k=) S K, (9" (15)
and - "~

£ 0K, O™ = (x=) S KL (0t” (16)

Equating the coefficient a"™* on both sides of Egs. (15) and (16), we get
nK,, (%) = @n=DXK ., () + (n-DK,,,(x) =0 (17)
and
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XK () =K, () =(n=DK,_,(X) (18)
Replacing n by n+1 in Eq. (18), we obtain
XK, () =Ko () = K (%) (19)

We next differentiate Eq. (17) with respect to xl @iminateK’ _, with help of Eq. (18)
to obtain

Kp ()= XK, () =K, () =0 (20)
If we multiply Eq. (19) by x and subtract it frongH20), we would get

@-x*)K; =n(K,, = xK,) =0 (21)
Differentiating the above equation with respecttave have

@A-x*)K!=2xK! —=n(K!_, - xK! =K )=0 (22)
Using Egs. (19) and (22), we obtain

@-x*)K!(x) = 2xK ! (X) —n(n+DK, (x) =0 (23)

which shows thaK (x) is a solution of Legendre equation. In view of §@3.and (12)
and the fact thak, (x) is a polynomial in x of degree n, it follows thkf (x) is nothing
but P,(x) . Eq. (17) gives the recurrence relation R)(x)

nR,(X) = 2n-DxP_,(X)-(n-DP_,(X) (24)

3.4 Rodrigues’ Formula

Let

@x) =(x*-1)" (25)
Differentiating Eq. (35), we get

de¢ _ 2nx(x* -1t
dx
or
2
a- xz)d—go+ 2x(n —1)d—§0+ 2np=0
dx dx

Differentiating the above equation n times withpexs to x, we would get

2
1-x) % 4 2% 3% 4 i+ 419 =0 (26)
adx dx
where
dn¢ d" [ 2 n]
= = X =1 27
% dx"  dx" ( ) 27)

This shows thaty, X i} a solution of the Legendre’s equation. Furthes, obvious from
Eqg. (27) thatg, X )s a polynomial of degree n in x. Henge x ¢hpuld be a constant
multiple ofP, (x), i.e.

nffy2 _1q\"
d zxnl =CP,(¥) (28)
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Tl -ar]= 2 foray -y

dx"
|
=nl(x-1)" + n%(x+1)n(x—1)""1

- |
+%%(x+l)zn(n—l)(x—l)”"2 + ... +(x+D)"n (29)
It may be seen that all terms on the right hand eftEq. (29) contain a factor (x-1)
except for the last term. Hence

d" [, .\
x“ =1 =2"nl 30
il (30)
Using Egs. (7), (28) and (29), we obtain
c=2"n (31)
Therefore
Pz 9 (x2-1) (32)

2"nl dx"
This is known as thRodrigues formulafor the Legendre polynomials. For example
1 d*(, .y
P, (X) _ﬁm(x 1)
1
==(3x*-1
L3 )
which is consistent with Eq. (6)

3.5 Orthogonality of the Legendre polynomials

Since the Legendre’s differential equation is & 8turm-Liouville form in the interval
-1< x<1, with P, (x) satisfying the appropriate boundary conditions=at1. The

Legendre polynomials form an orthogonal set of fioms in the intervak1< x<1, i.e
[ P.()p,(0cx=0 mzn (33)

The Orthogonality of the Legendre polynomials carploved as followsP, x( ¥atisfies
Eq. (1) which can be written in the Sturm-Liouviftgm as

% (x2 —1)%} +n(n+1)P,(x) =0 (34)
Similarly )
2Hbe —1)dpgix)} +m(m+1)P,(x) =0 (35)

Multiply E6|. (34) by P, (x) and Eq. (35) byP,(x) and subtracting Eq. (35) from Eq. (34),
we get

%[(1—x2)(Pn'<x)Pm(x>— HACLYS)]

39



PHY 312 COURSE GUIDE

=(m-n)(n+m+1)P,(x)P,(X)
Integrating the above equation from x = -1 to x, wé get
=3P P () = PR ()]
= (m-n)(n+m+1)[" P,(P, (x)cx
Because of the factal— x*) the left hand side of the above equation vanishesce
J'_ll P, (X)P, (x)dx for m#n
To determine the value of the integral
[,P2(x)ax
we square both sides of Eg. (10) and obtain

1-2xt+12)* =3 3P ()P, (t™ (36)

m=0n=0
Integrating both sides of the above equation wapect to x from -1 to +1 and using Eq.
(33), we get

2n - = - -
Zt jP(x)dx jll th+t2dx t|n1_t

= 1+£t2 +Et4 +...+Lt2n +...
3 5 2n+1

Equating the coefficients af" on both sides of the above equation, we have

1 2
P?(x)dx = ——— n=07123.. 37
[P 9ax=—= L (37)

Thus we may write
[ ROOR, (k= =25

2n+1 ™
where
0 if nZm
Jnm = H
1 if n=m
Example

We consider the functionos7x/2 and expand it in a series (in the domalrx x <1) up
to the second power of x:
2
cos% => C,R.(x)
n=0
Now
2n+1 ¢+

C, = j S—P (X)dx

Substituting forPn(x) from Eq. (6) and carrying out brute force integratiwe readily
get
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Thus

X2 10(, 12\ 3x*-1
cos—=—+—|1-—
2 s 2

3.6  The Angular Momentum Problem in Quantum Mechangs

In electrostatics the potentidl satisfies the Laplace equation

0°® =0 (38)
We wish to solve the above equation for a perfemttyducting sphere (of radius a), place
in an electric field which is in the absence of $phere was of uniform magnitude
E,along z-direction. We assume the origin of our dowte system to be at the centre of
the sphere. Because the sphere is a perfect camdtiet potential on its surface will be
constant which, without any loss of generality, rhayassumed to be zero. Thus, Eq. (35)
is said to be solved subject to the boundary candit

®d(r=a)=0 (39)
At a large distance from the sphere the field sthoeimain unchanged and thus

E(r - o)=E,2
Since

E=-0®
we have

=-E,rcosf+C (40)
where C is a constant. Obviously, we should usspherical system of coordinates so

that
DZq):izi(rZan.p%i(singaﬁj
r<or or r<sind o6 04
1 0%
+——— — =0 41
r’sin’ g o¢’ 4D

From the symmetry of the problem it is obvious tfhawould be independent of the
azimuthal coordinatg so that Eq. (41) simplifies to

izi(ﬂai)j.,. - 1 i(sinﬁai)j =0 (42)
reor or r<sin@ o 06
Separation of variables
® =R(r)0(6)
will yield
li(ﬁﬁj = 1 i(sinﬁd—ej =a constant (= 1) (43)
Rdr dr ©sing dfd dé

Changing the independent variable fréghio u by the relation
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M =Ccosfd
in the angular equation we get

G 2,ud—e+/1@ 0 (44)
du

In order that the solutlon of Eq. (44) does noedie aj =+1(6 =0 and 77), we must

have
A=I(1+D);1=01 2,...

and then
0(6) = 2R (cos) (45)
Thus the radial equation can be written as
1d (rzﬁjzl(l +1)
Rdr dr
or
, d°R drR

r

+2rd— [1+)R=0 (46)

The above equation is the Cauchy’s differentialagignm and its solution can readily be
written as
B

r|+1

R=Ar'+
Hence the complete solution of Eq. (42) is given by
o(r,0) = ZAr P(cos@)+z |+lP(cosé?)
[AJP (cosd) + AirP(cose)+ AP, (cosd) + .. |
+%Po(cosé?) +%Pl(cosé?) +...

Applying the boundary condition given by Eq. (48 get
A):C’ AJ.=_E0’ A2=A3:...=O
Thus

®(r,0) = (C +Ejp (cost) +(— Eor + Ble(cosé’)

+B—§P2(cos¢9)+, .
Applying the condition at r = ar[see E3qg. (39)], gt
(C+B€j+[— E.a+— B, jP(cosH)
+% Pz(COSH)+%P3(COSH)+ ...=0

Since the above equation has to be satisfied foahles of & and sincd, (cosf Yorm a
set of orthogonal functions, the coefficients®{cosg shpuld be zero giving
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B, =-aC, B, = Ea
B,=B;=B,...=0
Thus

o(r,6) :C(1+?aj—EO(1+‘:‘—zjrcose (47)

The 1/r potential would correspond to a charged spherethadefore, for an uncharged
sphere we must have C = 0 giving

d(r,0) :—Eorcose(h?—zj (48)

this is the required solution to the problem. Oae easily determine the components of
the electric field as:

3
E=-9®_g cosH(1+ 2a—3j
or r

3
E,=-19P = E sing|1-2
r og r

rsind og

3.7 Important Integrals Involving Legendre Functions

We give below some important integrals involvinggkeadre functions which are of
considerable use in many areas of physics.

P (x)= % [T+ (6 -2 cost] e (49)
P (cosp) = %_[O”(cosgﬁ i sinwcosﬁ)ndﬁ (50)
1 2 _ 292

[ @R, (x)dx i1 (51)
m _ (n+m)!

-[1 @-x [P (X)] ~ m(n-m)! (52)
m 1 (n+m)!

J._l[Pn (X)] dX B [n +1j (n - m)l (53)

2

SELF ASSESSMENT EXERCISES

1. Show that(n+1)P,(x) =P.,,(X) —P., X )
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2. Using the Rodrigue’s formula show that
P (%) =n(n+1)

4.0 CONCLUSION

The concept of generating function for the Legenmiynomials allows us to readily
derive some important identities.

We have also established in this unit, relationslepveen Orthogonality of the Legendre
polynomials and the generating function.

50 SUMMARY

This unit deals with Legendre functions and itsliaagions to physical problems
especially in Quantum mechanics.

6.0 TUTOR MARKED ASSIGNMENT

1. Show that
@-x*)P!(X) =nP_, (X) - nxP, (X)

_n(n+1)
orvy a9~ P ()]

2. Determine the coefficients
C,, C., CZ, C,, in the expansion

sm( j ZC (X)) —1<x<1

3. Consider the function
0 -1<x<0
f(x)= i
1 O<x<1
Show that
f(x): Z[ @ -PLO-P() -1<x<1
4. Show that the generating function

\/1 2xu +u? Z e
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Hint: Start from the binomial expansion Igff\/l—v, setv = 2xu—u?, multiply

the powers of2xu —u?out, collect all the terms involving', and verify that the
sum of these terms B, (x)u".
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1.0 INTRODUCTION
In this unit we shall consider the series solutienwell as Bessel functions of the first

and second kinds of order n.

We will also be introduced to some integrals whach useful in obtaining solutions of
some problems.

2.0 OBJECTIVES

By the end of this study, you should be able

. Derive the solution of Bessel function of thetfiksd.

. Establish a relationship between the recurrendatioa and the generating
functions.

. Obtain the solution of Bessel function of the setkind.

3.0 MAIN CONTENT

3.1 Bessel Differential Equation
The equation
2
x2d—2/+xﬂ(x2 -n?)y(x)=0 (1)
dx dx

where n is a constant is knownBessel’s differential equation.
Since n*appears in Eq. (1), we will assume, without ang lolsgenerality, that n is either
zero or a positive number. The two linearly indegent solutions of Eq. (1) are
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J,(X) and J_,(X)
where J, (X)is defined by the infinite series

3,09 =3 (1) ;[gj @)

= rr(n+r+1)
or

3 (9=—X {1— X, X —} 3)
2'T(n+1)|~ 2(2n+2) 24(2n+2)2n+4)

wherel (n+r +1) represents the gamma function.

3.2 Series Solution and Bessel Function of the First kd

If we Eq. (1) with homogeneous, linear differengglation of the type
Y (x) +U Q)Y (x) +V (X) y(x) = R(x) 4)
we find the coefficients
2

U =1 and  V(x)=1-—
X X

are singular at x = 0. However, x = 0 is a reguergular point of the differential
equation and a series solution of Eq. (1) in asogndowers of x. Indeed, one of the
solutions of Eq. (1) is given by

J,(X) :Cox”[l— X + X’ - . } 5)
22n+2) 24(2n+2)(2n+4)
and whereC, is an arbitrary constant. This solution is analyt x = 0 forn=0and
converges for all finite values of x. If we choose
C,=2"T(n+1 (6)
then the Eq. (5) is denoted By, x ar)d is known as thBessel function of the first kind
of order n.

~ © o 1 5 n+2r
=2 r!r(n+r+1)[2j

r=0

1 (Xjn 1 [ijz 1 [Xjn+4
|2 ]2 -.. 7)
MMn+H\2 Ir(n+2) 2 2M(n+3)\ 2

In particular
se1- X2 K202
0 (].')2 (2!)2 (3!)2 C
PR A . N
v r(32) ur(s2) 2r(72)

|2 x®  x°
S e e
TX 3 5

(8)

47



PHY 312 COURSE GUIDE

=\/Zsinx 9)
X

It follows immediately from Egs. (7) and (8) that
J,0)=0 for n>0

and
J,0)=1
If n2 0,12 3...then
S
J 10
-« = rZ::;rlF( -n+r+1) (10)
Example 1

In this example we will determine the value bf,,(x) from Eq. (10). Thus

_2) (2, (x2)”
r(¥2) ur(z/2) 2r(s2)

|2 x> x*

= [ Sj1-2+ 2 -
TK 21 4
2

=, |— cosx
X

which is linearly independent of,,(x) [see Eqg. (9)] and it can be verified that
J_y»(X) does in fact satisfy Eq. (1) for n =%2. Thus

Jy(X) :\/%sinx (11)
2
.y (X) = \/%cosx (12)

Using the above two equations and the recurreragae [see Eq. (21)]
2n
‘]n+1(x) :?‘]n(x) _‘]n—l(x) (13)

we can readily obtain closed form expressiondoy,, X , @), (X),J.7,,(X), ...

3,(0) = \F (S'”X—cos j (14)

J_5,(X) = —[—lcosx smxj (15)
X\ X

J_42(¥)

and
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Jg,(X) = \/%( (3;2)(2) sinx—gcosxj (16)

J.(X) = ‘/3((3_2)(2) cosx—Esinxj a7
& X X
etc.

We next examine EQq.(10) when n is a positive inte§je be specific we assume n = 4;
then the first, second, third and fourth termshia series given by Eq. (10) will contain
the terms

1 1 1 1
: : , and——
r=3 r=2 reyn r©)
respectively and all these terms are zero. In génkee first n terms of the series would
vanish giving

. (02"
(%)= ZrIF( -n+r+1) (18)

If we put r = k+n, we would obtain

— c _1\k+n (>(/2)n+2k
J‘"(X)'g( D ki k)

_ Z( ) (X/2)n+2k
= KIT(k+n+1)
=(=1"J,(x) 19)
Thus forn= 0,1, 2, 3 ...,J_,(x) does not represent the second independent solition
EqQ. (1). The second independent solution will lze=alésed later.

3.3 Recurrence Relations

The following are some very useful relations invogd,, (x) :

XJ5(%) =N, (%) = X34 (%) (20a)
=xJ,,,(x) ~nJ, (x) (20b)
Thus
_2n

Jr1 ()35 () == 30 (X) (21)
Also

%[X”Jn(x)] =x"J, ,(X) (22)
In order to prove Eg. (20a) w.r.t x to obtain

x3L() = (-1 M(ﬁjw 1, 23)

pprd rir(n+r+1)\ 2 2

or
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, B o r 1 X n+2r
9 =ECY ()
w r 1 )2
XD e+ (Ej

0 r 1 X n+2r-1
0,003V ()

r=0

or
X\];(X) = n‘]n(x) - X‘]n+1 (X)
which proves Eq. (20a). Eq. (23) can also be writte

D C2(n+r)(x/2)™ T x
XJ”(X)_rZ:(;(_l) r(n+r+1) 2

_nz( ) (X/Z)I’H' r

s rr(n+r+1)
B o . (X/2)n—1+2r
=x> (1)) ———-nJ (X
;( ) rir(n+r) "
or
x5 (X) = X3, 1 (¥) —nd, (X)
which proves Eq. (20b). From Eq. (25) we readilyagb

%[X‘“Jn(x)] =x"J,1(X)

Further, adding Egs. (25) and (26) we get
Jn—l(x) - ‘]n+1(x) = 2‘]:1 (X)
Using Eq. (21) we may write

3,00 = 23,09 = 359
3(0=5 3,09 -3,09
=(%—1le(x)—i‘Jo(x)
X X

3,09= 2309 = 3,09

(4—8 §jJ() [ J%(x)
X
etc.

The proof of Eq. (22) is simple
%[XHJH(X)] =x"J'(X) +nx""J_(X)

= x"[Jn_l(x) —an(x)} +IX"LJ, (%)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

5



PHY 312 COURSE GUIDE

=x"J,,(X) [Using Eq. (20b)] (32)
Now using Eg. (20a)
Jo (%) ==J,(x) (33)

Therefore

J'Jl(x)dx =-J,(x) + Constant

(34)
or

j: J,(xdx=1 [Becausd, (0) = 1 (35)
Equation (32) gives us

j X", ()dx = x"J, (X) (36)
Example 2
In this example we will evaluate the integral

Ix“Jl(x)dx

in terms ofJ, & )Jand J,(x). Since
%[XpJp(x)]: xPJ, (X)) [see Eq. (22)]
we have
jprp_l(x)dx: xJ,(X)
Thus
_[x“Jl(x)dx: Ixz[szl(x)][jx
=x2[x23,(%)] - [ 2%, (x)dx
=x*J,(X) —2x°J,(X)

=x*J,(X) - 2x3E J,(X) - Jl(x)}

= (¢ -8 22,09 -2,9 |+ 22,09

= (4x316x)J1(x) - (x*=8x%)J,(X)
plus, of course, a constant of integration.

3.4  The Generating Function

Bessel functions are oftedefined through the generating function G(z,t) which igegi
by the following equation
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G(zt) = exr{g(t —%ﬂ (37)

For every finite value of z, the function G(z,t)asregular function of t for all (real or
complex) values of t except at point t = 0. Thusai be expanded in a Laurent series

z 1) . &,y
ex;{z(t _Yﬂ = nzz_wt J.(2 (38)

In the above equation, the coefficienttdfs defined asl, 4 ;) we will presently show
that this definition is consistent with series givgy Eq. (3). Now, for any finite value of
z and for0 < f| < co we may write

2.9 3.3
21 (2) 20 (2) 3
and
=
expg-——|= —
Tt
z1 (z)* 1 z\° 1
=l-=S+| = | == | ==+... 40
2t (2) 21t? [2) 3t® (40)
Thus the generating function can be expressedsages of the form
G(zt) :exr{g(t—%ﬂ =3 A @t" (41)
or
& z1 (22 (z)\°t® |
NN =1+ = =+ = =+
n;)oph() { 21 (2) 2! (2} 3
2 3 T
y 1—Ei+[ij %-[Ej I 42)
21t \2) 21t 2) 31t
On the other hand, the coefficientiwill be given by
z\’ 1 )" 1 z\° 1
2)=1-| = + = -l = +... 43
so=-(3) a3 a3 o @)
Comparing the above equation with Eg. (8), we find
A(2)=3,(2)

Similarly, the coefficient ot"on the right hand side of Eq. (42) will be given by

_ E n1 E n+2 1 E n+4 1 _
A“(Z)_(zj n!+(2) (n+1)[|.|+(2j m+2)

which when compared with Eq. (7) gives us
A(2=J,(2

proving
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z 1) 3,y
ex E[t_ij|— Zt Jn(Z)

n=-oo

o]

In the above equation, if we replace t by -1/y,oléain

ex g(y—%ﬂ =S )"y, @)= 3y (2)

n=-co n=-oc0

r o]

Thus
J,(29=(-D"3_.(2

3.4.1 Derivation of the Recurrence Relations from the Geerating Function

Differentiating Eq. (38) w.r.t z, we obtain

1(, 1 z(. 1\ &o..
E(t_IjeXF{E(t_Ij} —n:z_wt Jn(Z)

Thus
St (2)- 31, (2) = S t234(2)

n=-o

Comparing the coefficients af , we obtain
J01(2) = 3,u(2) =23, (2)
Similarly, if we differentiate Eq. (38) w.r.t t weill obtain

g(“tizj >3, = S, @)

Comparing the coefficients af ™, we get
43,.,(2)-3,..(2] =23, (2)

3.5 Some Useful Integrals

Using J,(2) = %.[Oﬂcos{xsiné?— nH]dH

2 cml2 .
J.(2)== j cossing)dg
71 0

Thus
© _~ax 22| o gixsiné 4 o-ixsing
IO e Jo(x)dX—7—TI0 [L e fdx}de

e i P 7
7 | a-isind a+isind
=2_a 712 dé

nv a?+sin’d

(44)

(49)

(46)
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or

j: e J,(x)dx = (47)

1
Vi+a’®
where in evaluating the integral on the right hamk of Eq. (46), we have used the
substitutiony = a cotd . By makinga - 0, we get

[ 3,09dx =1 (48)
From Eq. (28), we have

2‘]:1()() = ‘Jn—l(x) - Jn+1(x)
Thus

2[ 3,00 =[] 3,200~ [ 3pa()
But

[ 3,00=3,00];

=0 for n>0

Thus

[ 9000 =] 3009 n>0 (49)
Since

_[: J,(x)=1 [see Eq. (35)]
and

j:Jo(x) =1 [see Eq. (48)]
Using Eqg. (49), we have

j:Jn(x) =1 n=0123.. (50)
Replacinga by a +ig in Eq. (47), we get

o o 1
—(a+|ﬁ)XJO d -
e GO J@+ip)?+1

which in the limit ofa — Obecomes
00 i 1
iBX —
jo eJ,(X)dx = N
For S <1, the right hand side is real and we have

[ 3o &)cospxdx = !
0 1_ﬁ2

(51)

(52)

(53)

and

j:JO (X)sinBxdx =0
Similarly, 8 >1,the right hand side of Eq. (52) is imaginary andhaee

.[: J, & )cospxdx =0
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j:JO (x)sin Bxdx = - (54)
1-B
3.6  Spherical Bessel Functions
We start with the Bessel equation [Eq. (1)] with | +%, le.
dzy dy ( 1]2
x> =2+ X —1+= X) =0 55
dx? dx{ 2 y) 59)
where
1=01 2...
The solutions of Eq. (55) are
J ,(x) andJ [ (X)
|+5 _I_E
If we make the transformation
(9 = y() (56)
Jx
we would readily obtain
1 d(x2£j+[1 |(|+1)}f() 0 (57)
x* dx dx x?

The above equation represents $pierical Bessel equation. From Egs. (55) and (56) it
readily follows that the two independent solutiofi€g.(57) are

Ly 0 and-Ly

Bt A st

The spherical Bessel functions are defined thrabghequations

()= \/7 1(%) (58)
n (X):(_l)l\/g‘)-l-l(x) (59)

55

and



PHY 312 COURSE GUIDE

and represent the two independent solutions of3A). Now, if we define the function
u(x) = xf(x)

then Eq. (57) takes the form

d—zg{l——l ( J;l)}u(x) =0 (60)
dx X

The above equation also appears at many placethamg@neral solution is given by
u(x) = cl[xJ, (x)] + cz[xnI (x)] (61)

which also be written in the form
mwzqyﬁMbﬂ+%L&%Juﬁ (62)

Forl =0, the solutions of Eq. (60) are
sinx and cosx
Thus, forl =0the two independent solutions of Eq.(57) are

sinx COSX
— and —
X X
Indeed if we use the definitions g¢f(x) and n (x) given Eqgs. (58) and (59) respectively,

we would readily obtain

jo(9 = 20X 63)
X
(= (64)
() = sirlx _ Cosx (65)
X X
cosx sinx
=—-== t
(== == etc (66)

Further, if we multiply the recurrence relation [Eg1)]
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2n
‘]n+1(x) = ? ‘]n(x) - ‘]n—l(x)

by 1/£ and assume =| —l—, we would get
2X 2

@ -1)
X

(X)) = N_,(X) =N _,(X) (67)

using which we can readily obtain analytic expr@sgor j,(X), j; &).... etc.
Similarly,

@ -1)

n(x) = N_1(X) =N _,(X) (68)

3.7  Bessel functions of the second kind,

The Bessel functions of the second kind, denote¥ (Y, are solutions of the Bessel
differential equation. They have a singularityla origin (x = 0).Y, X )s sometimes also
called theNeumann function.For non-integer n, it is related t§, x ©y:

Yn(X) - Jn (X)CZT:]IZ]; ‘]—n(x) (69)

or

Y,(x) = EP 3,(0-()" iJ.;,(x)} (70)
n|ou ou J=n

We need to show now that x (d¢fined by Eq.(70) satisfies Eq.(1) where n isegith
zero or an integer. We know that

2

J;’,(x)+1\];,(x)+(1—’u—2j\]y(x) =0 (71)
X X

for any value ofy . Differentiating the above equation with respegt t we get

d_ZMJ,EiMJ,(l_N_ZJM:Z_ﬂJ (x) (72)

dx* du  xdx du x> | ou X

Similarly
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2.0J_,(X 0J_, (X 0J_, (X
92 00,09, 1d 00,00 () 109,09 2u; 73
dx® du xdx du X ou X

From Egs. (72) and (73), it is easy to show that

d” —S,(X) + ldis (x)+(1—’u—2j5y(x)

d 2
:i—é’[aﬂ(x)—(—l)"J_y(x)] (74)
where
S,(9=2-3,(0= (D" 23_,(%) (75)
ou ou

ThusY, ()is the second solution of Bessel's equation forre#ll values of n and is

known as the Bessel function of the second kindrdér n. The general solution of Eq.(1)
can, therefore, be written as

y = C:l‘]n (X) + C2Yn (X) (76)
where C, and C, are arbitrary constants.

The expression fo¥,(x)for n= 0, 1, 2,. . .can be obtained by using Egs. (2) and (70)
and is given below

2 _1(x (n—r—l)I
Y, (X —I—T(In(x/2)+y)Jn(X) ( j Z (4j

—%[2}2( O [y 4 (1 +1)] @)

=0 rt(n+r)!
where ¢(r)=is‘l; #$0)=0
and VZHTM(”)_I” n]

Example 3

In this example we will solve the radial part oé tSchrodinger equation
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1d( ,dRY (24 10+D)) -~
r—za(f E}(T r2 jR(x)—O, 12012 (78)

in the region0 <r < a subject to the following boundary conditions that
R(a) =0 (79)

and R(r) is finite in the region0<r <a. Equation (78) can be conveniently written in
the form

L8R g <o
p - do\" dp P

where

p=kr; k=QuEINn*)"?

Thus the general solution of the above equatigivisn by

R(0) = Aj,(p) +Bn, (p) (80)

But n (p)diverges ap =0, therefore, we must choose B=0. The boundary condit
R(a)=0 leads to the transcendental equation

ji(ky)=0 (81)
Thus, foll =0, we have

ka=nm,n=1 2,.. . (82)
which will give allowed values of k. Similarly, for=1, we get

tanka = ka (83)

3.8  Modified Bessel Functions

If we replace x by ix in Eq. (1), we obtain

Xy"+xy' = (x* +n*)y =0 (84)
The two solutions of the above equation will obaiyube

J.(x) and Y,(ix)
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As these functions are real for all values of hukdefine a real function as

1o (¥) =173, (ix) (85)
or
00 (X/4)n+2r
,Z:(; ri(n+r +1)! (86)

This function will be the solution of Eq. (84) amsl known as the Modified Bessel
function of the first kind. For very large valuesxo

uw~£%

The other solution known as the Modified Bessekfiom of the second kind is defined
as

(87)

71, 00-1,9 )

sinnzn

K()—

For non-integer values of h, and|_, are linearly independent and as such x i &

linear combination of these functions [compare Vith (69) which gives the definition
of Y,(x)]. When n is an integer, it can be shown [see Eg)] (Bat

| =1 (89)

and thereforeK , (x) becomes indeterminate for n = 0 or an integer.irAthe case of
Y. (x) for n = 0 or an integer, we defirne  (x)as

o, ()= 1,(x)
or
(-n"| o, (¥ _al,(X
K(»—Z{ z aﬂ}m (1)

For x very large
K, () ~ e (92)
2X
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From Eq. (88) it follows that
K. () = K, (X) (93)

which is true for all values of n. recurrence rielas for |, can be derived from those of
J,(X) and Eq. (85). They are

X, (9 =X, ()= nl, (X) (94)
XI5 (%) =0l (%) + X1 (X) (95)
I n—l(X) + I n+1(X) = 2| rll(X) (96)
and similarly

XKr’1 = (nKn - XKn—l) (97)
xK! =nK, +xK, (98)
Kot Kpn = _ZK;\ (99)
Example 4

In this example we will consider the solutionslw equation

2
S S el m-pk-rRm=0 =01 (100
r r
(=n, O<r<a
where (101)

andn, <n, k,(w/c) represents the free space wave number. The guantepresents
the propagation constant and for guided mo@étakes discrete values in the domain

kenz < B* <kgny (102)

Thus, in the region®<r <a andr >a, Eq. (100) can be written in the form

2 2
rzzr?+r$+{U2§—I2}R(r):0 0<r<a (103)
and
,d’R dR I
r [— — r)= r>a.
d2+dr+W > TI7|R(r) =0 > (104)
r a
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where

U? =a|kn? - g7 (105)
and

W2 = a2| g% - kZn?| (106)
so that

V?Z =U?+W? =a’k(n/ —n?) (107)

is a constant. The solutions of Eq. (103) are
r r

J, (U —j and Y, (U —j (108)
a a

and the latter solution has to be rejected as/érdes at r = 0. Similarly, the solutions of
Eq. (104) are

) )

and the second solution has to be rejected bedadiserges as

r - o.Thus
A J, (U Lj O<r<a
_]3u) a
and R(r) = A (209)
— K, (WLJ r>a
K, (W) a

where the constants have been so chosen and Rghimuous at r = a. Continuity of
dR/dr at r = a gives us

LW KIO)
30T K W)

(110)

which is the fundamental equation determining tgerevaluesg/k, .

SELF ASSESSMENT EXERCISES

1. Using J,(2) =0.22389 J,(2) =057672 calculate J,(2), J,(2), and J,(2).
Hint: Use Eq. (21)
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2. Show that

jJ (x)xdx—— a?J?(a ){

n-1 (a) ‘] n+l (a)
NHEY

4.0 CONCLUSION

In this unit, we have considered Bessel functioth gpherical Bessel function.
We have also established in this unit, relationsleifsveen the recurrence relation and the
generating function.

5.0 SUMMARY

This unit is on Bessel functions. It has a lot pblécation that arises in numerous diverse
areas of applied mathematics. This unit will baighificant importance in the
subsequent course in quantum mechanics.

6.0 TUTOR MARKED ASSIGNMENT

1. Using
J,(2) =057672 J,(2) =0.35283 calculate J,(2), J,(2), and J.(2).

Hint: Use Eq. (21)

2. Using the integral
J' (1 X )mX2n+2r+1d r(n+r+1)r(m+1)

m>-1 n>-1
2r(m+n+r+2)

Prove that
_ m n+1J d
Jpuma(¥) = I'(m+1)( j J,@=y*)"y™3,0)dy
Hint: Use the expansion given by Eg. (2) and integrate e/ term.
3. In problem 2 assume=n = —%, and use Eq. (12) to deduce
cos
J,(0)==< j \/_Xy
4. Show that the solution of the differahgquation
y'(x) +(ae” ~b)y(x) =0
is given by

Y0 =A),(H+BI, (&) =2/ae’’ u=2b
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Module 3 Application of Fourier to PDEs

(Hermite polynomials and Laguerré@olynomials.)

UNIT 1 HERMITE POLYNOMIALS

CONTENTS
1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1  Hermite Differential Equation
3.2  The Generating Function
3.3  Rodrigues Formula
3.4  Orthogonality of Hermite Polynomials
3.5 The Integral Representation of the Hermite Polyradsni
3.6  Fourier Transform of Hermite-Gauss Functions
3.7  Some Important Formulae Involving Hermite polynoisia
4.0 Conclusion
5.0 Summary
6.0  Tutor Marked Assignment
7.0 References

1.0 INTRODUCTION

In this unit we shall consider certain boundaryueaproblems whose solutions form
orthogonal set of functions. Also, it can be seethis unit how the generating function
can readily be used to derive the Rodrigues’ foemul

7.0 OBJECTIVES

After studying this unit, you should be able to:

. Define Hermite polynomials as the polynomial soiog of the Hermite
differential equation.
. Determine the Orthogonality of Hermite polynomials
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. Derive the Rodrigues’ formula which can be usedhtain explicit expressions
for Hermite polynomials.
. Provide answers to the exercises at the end ©iitfit.

3.0 MAIN CONTENT
3.1 Hermite differential equation

The equation
y'(X) = 2xy'(x) + (A =1)y(x) =0 1)

where A is a constant is known as tHermite differential equation. When is an odd
integer, i.e. when

A=2n+1 n=01, 2... (2)
one of the solutions of Eg. (1) becomes a polynbniteese polynomial solutions are
calledHermite polynomialsHermite polynomials appear in many diverse ardwus, t
most important being the harmonic oscillator prabia quantum mechanics.
Using Frobenius method to solve Eq.(1), and foltayhe various steps, we have
Sepl: We substitute the power series

V()= C X" ©

in EQ. (1) and obtain the identity
Cop(p-1)+C(p+I)px+

2IC (p+r)(p+r-1)-C,,(2p+2r-3-A)x" =0
r=2
Sep 2: Equating to zero the coefficients of various powadrs, we obtain

0] p=0 or p=1 (4a)
i)  p(p+1C, =0 (4b)
iy c =2PTA37A o o2 (4c)

(p+r)(p+r-1)
When p =0, C, becomes indeterminate; hence p = 0 will yield bbthlinearly
independent solutions of Eq. (1). Thus, we get
;= wq_z forr=2 (5)
r(r-1)
which gives
1-1
C2 = TCO
3-1
C3 :TCI, .
C, = (1—/1)4(I5—/1)CO
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c =8 A=A - -
5
Because C,,C,,. . .arerelated taC, andC,, C,, . . .are related tcC,, we can
split the solution into even and odd series. Tinesmay write

. .etc

Y(X) = (Cy +Cx2 +Cyx* +. . )+(Cx+Cyx® ++. . )
=C0[1+ 1A e, E2AA=A) ey }

2! 4
+C1[X+ B=A) (o, BN 5, }
3 ol

(6)
It may be readily seen that when

A=1509...
the even series becomes a polynomial and the ot semains an infinite series.
Similarly, for

A=3 711 ...

the odd series becomes a polynomial and the evass semains an infinite series. Thus,
when
A=2n+1 n=012 ...

one of the solutions becomes a polynomial. If thetiplication constanC, or C, is
chosen that the coefficient of the highest power iof the polynomial becomes’ 2hen
these polynomials are known as Hermite polynonuétsrder n and are denoted by
H . (x). For example, foll =9 (n = 4), the polynomial solution

y(x) = Co{l—4x+gx4}

If we choose
C, =12

the coefficient ofx* becomes2*and, therefore
H,(x) =16x" -48x* +12

Similarly,

for A =7 (n=3), the polynomial solution is given by
2
y(X) = Cl[x—gxs}
Choosing
we get

H,(x) =8x® -12x
In general
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N n|(2X)n -2r
rzzt;rl(n 2r)! %

where
n o
— if niseven
2
n if nis odd
Using Eq.(7) one can obtain Hermite polynomialsarious orders, the first few are
given below:
Ho(X) =1 H,(X)=2x,  H,(X)=4x* -2 }

H,(x)=8x*-12x,  H,(x) =16x* —48x? +12 (8)

Higher order Hermite polynomials can easily be oigtd either by using Eq. (7) or by
using the recurrence relation (see Eq. 20)
3.2 The Generating Function

The generating function for Hermite polynomialgigen by
=1

G(xt)=e > =Y = H_(x)t" (9)
= nl
Expandinge‘tz and e® in power series, we have
et =1-t*+ 1t4 Loy
2 3
2 3
xt =1+ (2X)t+ (2X) t2 + (2X) t3 +
2 3
Multiplying the above two series, we shall obtaipower series in t with
Coefficient oft® =1 = % H,(X)
113 [13 — — 1
t=2 =1 H,(x)
0 0 2 2 1
t°=2x" -1 :EHZ(X) etc

It is also evident that the coefficienttdfn the multiplication of the two series will be a
polynomial of degree n and will contain odd powetsen n is odd and even powers

when n is even. In this polynomial, the coefficiefix" can easily be seen to (& /n!).
We then assume that

G(xD) =& = > LK, (M (10)
n=0 '*
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where K, (x)is a polynomial of degree n. Differentiating EcO)With respect to t, we
get

Pa2x _ X X\ 1 n-1

(2x - 2t)e = ; " K, O)t"™ = 2 oo K, (Xt

or
c 1 n o 1 n
2(x-1)) =K, ()t" =D =K, (Nt (11)
o N! neo N!

Comparing the coefficients af on both sides of Eq. (11), we obtain

2xK, (x) = 2nK,_, (X) = K, (X) (12)
We next differentiate Eq.(10) with respect to »otimain

2@1 K. (x)t" =Zl K (x)t" (13)

o N! neo N!

Comparing the coefficients df' on both sides of Eq. (11), we get

Ki(¥) =2nK (%) (14)
If we replace n by (n+1) in Eq.(14), we would get

Kt (X) = 2(n+ DK (X) (15)
Differentiating Eqgs.(14) and (12) with respect tave obtain respectively

Kr(x) = 2nK;_,(x) (16)
and

2xK (x) + 2K, (X) = 2nK [ (X) = K74 (X) (17)
Subtracting Egs. (17) and (16) and using (15), ate g

Ko (X) —2xK, (X) +2nK (x) =0 (18)

which shows thak, X )s a solution of the Hermite equation (1) with= 2n+1, i.e. of
the equation

y'(X) = 2xy'(x) + 2ny(x) =0 (19)
Since, as discussed befok€, (x) is also a polynomial of degree n (with coefficient
x"equal t2"), K, (x)is, therefore, nothing bt (x) . Equations (12) and (14), thus,
give recurrence relations fbr, (x)

2xH, (x)=2nH,_,(X) +H ,,(X) (20)
and

H,(X) =2nH (%) (21)

3.3 Rodrigues Formula

In the preceding section we have shown that
Gx ) =e " = 3 L H, (0t (22)
n=o0 I\
One can rewrite the generating function G(x, thie form

G(X,t) - exze—(H—X)2
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It may be easily seen that

0"G 2 0" .
=" (-)"—e " 23
ot" = ox" (23)
From Eq. (22) it follows that
0"G
=H, (X 24
|7 Ha (24)
Using Egs (23) and (24), we obtain
H, (0 = (-)ne” e (25)

dx"
which is known afkodrigues formula for Hermite polynomials. For example,
2

2 d 2 2 d —x2
H,(x)=e* —e™* = —(-2xe™*
(%) pve dx( )
=e’|-2e7 +4x%*
=4x* -2
which is consistent with Eqg. (8). Similarly, we cdetermine other Hermite polynomials
by elementary differentiation of Eq. (25).

3.4 Orthogonality of Hermite Polynomials

The Hermite polynomials satisfy Eq.(1) fdr=2n+1. Thus, we have

d*H dH
L —2Xx—2+2nH (X)=0 26
T 2x H2nH, (%) (26)

In order to derive the Orthogonality condition wansform Eq. (26) to the Sturm-
Liouville form by multiplying it by

exd— I 2xde =e* (27)
to obtain

d[ _edH,

—e

dx | dx }
Similarly

d[ _.dH 2

—|e* — ™ | =-2mle”™ H_(X 29

5 } ) (29)
We multiply Eq.(28) byH  (x) and Eq.(29) byH  (x), subtract them and integrate the
resulting equation with respect to x frorvto c to obtain

rm Hm(x)i e aH, —Hn(x)i e Ll dx
- dx dx dx dx

=2(m- n)j_je‘Xz H.,(X)H,(x)dx

= —2n[e'x2 H n(x)] (28)

Now

70



PHY 312 COURSE GUIDE

LHS= f:%{H m(x){e-xz d:xn } -H, (x)[e'XZ d;'Xm }}dx

+o0

> dH > dH
=|H_(x)e™ L-H_ (x)e™ o
[ m(X) ™ 2 (X) dX }
=0
Thus
.[jme'szm(x)Hn(x)dx =0; m#n (30)

which shows that the Hermite polynomials are Ortmad with respect to the weight
function €™ . Thus if we define the functions

p()=Ne*?H (x); n=0, 1 2... (31)
then Eq. (30) assumes the form
[ a.(00,(9dx =0; m#n (32)

3.5 The Integral Representation of the Hermite Polyomials

The integral representation of the Hermite polyradns given by
2n(_i)n X2 [T n —t2+2ixt
e t"e dt (33)
e

In order to prove the above relation we start whihrelation

1 X2 [T —t2+2ixt
=—e e dt
7T J‘—OO
which can easily be obtained from the well knowmfola

+00 2 2
_[ e Adt = \/E ex;{’g—}
o a 4a

by assumingr =1and S = 2ix. Now according to the Rodrigues formula
2 dn _XZ
e
dx"
1 d"

=(-D"e* —

Ve el
= (_1)n iex2 J'+°°(2i)ntne—tz+2ixtdt

NS

from which Eq. (50) readily follows.

Hn(X) =

—x?

e

H,() =(-]"€"

too 2 .
e t +2|xtdt

—00

3.6 Fourier Transform of Hermite-Gauss Functions

In this section we will show that
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1

i"\2mr

e ?H _(x) = f:[ekz’zH n(k)]e”‘xdk (34)

implying that the Fourier transform of the Herm@auss function is a Hermite-Guass

function. In order to prove Eq. (34) we start wiitle generating function

G(xt)=e*" = > %Hn(k)t”

n=01..""%

We multiply the above b{ikx—%kzj and integrate over k to obtain

et .rwe[_% k?+ (2t + ix)k}dk = Zt—.f+°°H (e e dk (35)
_w =l
Now
) 2
LHS =ze* ZHGXI{@}

- /2”.etz+2ixte—x2/2
) H (X) .
— X112 n n
=+/2re En —y (it)

Comparing coefficients of" on both sides of Eq. (35), we get Eq. (34).

3.7  Some Important Formulae Involving Hermite polyromials

P nl
H,(x+y)=2 gmHn-p(xﬁ)Hp(sz_) (36)
H,(9 — \/5(2—:) e/ co{q/ n +1)x—%’j (37)

1 s
25 = (2233) Z l'_|25—2_n (X)|
2° 41 nl(2s-2n)!

s=012... (38)
25 = (2s+])! & H 550120 (X)
2% 41 . ni(2s+1-2n)!
SELF ASSESSMENT EXERCISES
1. Using the generating function fdr, x ( 9how that
1 > 1
a —cosh2x = ——H,, (X
@ 5 e
> 1
b —sinh2x = H
( ) e n:% ) (2n +1)| 2n+1( )
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4.0

1

(c) ecos2x= n:%:lm(—l)” 2n)] H,. (X)
. _ % /_aqn 1
(d)  esin2x= n:OZ,l,...( 1) @D H, . (X)

Hint: To obtain (a) and (b) substitute t = 1 and t s -#q. (9); add and subtract
the resulting equations. Similarly for (c) and (sjibstitute t = | and equate real
and imaginary parts.

Prove that
+00 2 |
_[_ e H,, (a,X)dx = \/ﬁ%(az -q"

Hint: Replace x byayin Eq.(9), multiply the resulting equation Wyz and
integrate with respect toy.

CONCLUSION

Here in this unit we have dealt with the Hermitéypomials which are Orthogonal with

respect to the weight functie®™ . We have also established that the Fourier tramstd
the Hermite-Gauss function is a Hermite-Guass fanct

5.0

SUMMARY

This unit is on the Hermite polynomials. It hasoa &f application in linear harmonic
oscillator problem in quantum mechanics. The unlitlve of immense importance in the
subsequent course in classical mechanics.

6.0

1.

TUTOR MARKED ASSIGNMENT

If two operators are defined as
a= L(HEJ
J2 dx
a= i(x - ij
J2 dx

Show that
a@, () = Vng,., ()

ag,(x) = Vng,,(x)

Prove that

R
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2
Hint: Multiply Eq. (9) by[—(x+%xoj } and integrate over X.

7.0 REFERENCES

Erwin Kreyszig: Advanced Engineering MathematicsrJ@Viley & Sons, Inc. 1991.

G.Arfken: Mathematical methods for Physicists, Aeaic Press, New York 1990.

UNIT 2 LAGUERRE POLYNOMIALS
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1.0 INTRODUCTION

In the previous unit you have come across solutadrsrthogonal set of functions. This
unit which is the last one in this book will examiaritically how a Laguerre differential
equation can be transform to Sturm-Liouville form.

It shows that Laguerre polynomials and the assedifinctions arise in many branches
of physics, e.g. in the hydrogen atom problem iargqum mechanics, in optical fibers
characterized by parabolic variation of refracinaex, etc.

We also show that Laguerre polynomials are orthabam the interval0 < x < oo with
respect to the weight functien*.

2.0 OBJECTIVES

At the end of this study, you should be able to:

. Use Frobenius method to obtain the polynomial smiutof the Laguerre
differential equations.

. Determine the Orthogonality of the Laguerre polyram

. Derive the Rodrigues formula

. Obtain the second solution of the Laguerre diffaéa¢equation.

3.0 MAIN CONTENT
3.1 Laguerre Differential Equation
The equation

Xy"(X) = @A=x)y'(x) +ny(x) =0 (1)
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wherenis a constant is known as thaguerredifferential equation. When

n=01 2... (2)
one of the solutions of Eg. (1) becomes a polynbriitaese polynomial solutions are
known as thé.aguerre polynomials.
Using Frobenius method to solve Eq.(1), and foltayhe various steps, we have
Sepl: We substitute the power series

y(x)=> Cx"", C,#0
r=0
Eqg. (1) and obtain the identity
2.C(p+r)*x" =% C (p+r-nx"" =0

r=0 r=0
or

C,p*x"™ —Z[Cr(p+ r)?=C,(p+r- n—1)]x””‘1 =0 (3)
r=1
Sep 2: Equating to zero the coefficients of various powdrs in the identity (3), we
obtain

() p>=0 INDICIAL EQUATION 4
i) C :F’(J“%r)‘;lc,_l r >1 RECURRENCE RELATION (5)
p+r
Substitutingp = 0in Eq. (5), we get
c.="""1c a1
r
which gives
__n _n(n-1)
T Ty © Ty
C :WC etc
° 3)? °
| —1\n
c,=(-y % =0
(nh) nl
and
C.,=C.,=0....=0
Therefore one of the solutions of Eq. (1) can bitewr as
n nin-1) , n X"
X) =C,q1- X+ X = +(-D)"— 6

which is a polynomial of degree n. If the multiglimn constantC, is chosen to be unity

so that the constant term becomes unity, the palyaicsolution given by Eg. (6) is
known ad.aguerre Polynomial of degree n and denoted hy x ( Thus
n n(n-1 ,

Ln(X):l_(nu)zX+ 2)7 — (D)

or
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n!

L0 =3 )
with

L,(0)=1 (8)
The first four Laguerre polynomials can be writgen

Ly (X) =1,

L (X) =1-x,

L,(x) =1—2x+%x2, (9)

L,(x)=1- 3x+2x 1 x®,

Higher order polynomials can easily be obtaineldegiby using Eq.(7) or by using the
recurrence relation [see Eq. (20)].

3.2 The Generating Function
The generating function for Laguerre polynomialgiigen by

1 xt -
G(x,t)=——exp ——— |=> L, (x)t"; |t|<1 10
(0= rex{ -2 =L 0o (10)
We expand the left hand side of Eq. (10) to obtain

4 xt
@1-1) ex;{ 1_J

20201 _+\3
S P L (le 0 _
242
=S(@+t+t2 4+ ) - xt@+ 20+ 37 + )+ Xt (1+3t+6t2 L) (11)

The right hand side of Eq.(11) can be written aswer series in t with
Coefficient oft® =1 =L,(X)

‘ ¢ ot=1-x =L,(x)
‘ P =1-2x+ %212 =L,(X)

etc. It is also evident that the coefficienttéfon the right hand side of Eq.(11) will be a
polynomial of degree n and that the constant terthis polynomial will be unity. We
can then assume that

_ 1 N
G(x,t)—ﬁexp{ - t)} ZK (X)t (12)

n=0
where K, & )s a polynomial of degree n. Differentiating EcR) With respect to t, we

get
(1_ X_t) n-1
" exp{ - t)} nZ(;nK (Xt

or
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1-x-1 K, (9" = (1- 2t +12)3 0K, (™

Comparing the coefficients af on both sides of the above equation, we get

(N+DK, ()~ (@n+1-X)K, () +nK,, () =0, n=1 (13)
We next differentiate Eq.(12) with respect to »otiain

St K, (" = @-)3 KL (0" (14)

n=0 n=0

Comparing the coefficients af on both sides of the above equation, we get

Ko () =K, (%) ==K, (X) (15)
If we replace n by (n+1) in the above equationweelld get

K (¥) = K () =K, (X) (16)
Differentiating Eq. (13) with respect to x, we abta

(N+DK, () = @20 +1=X)K; (%) + K, (X) + 1K} () =0 (17)
SubstitutingK/_, ¥ )and K|, & )rom Egs. (15) and (16) respectively in Eq. (17¢, get
xXK7 (X) =nK, (X) —nK,_;(X) (18)
Differentiating the above equation with respect &nd using Eq. (15), we have

XKL () + KL (X) =-nK, ; (X) (19)

Subtracting Eq. (18) from Eq. (19), we get
Ko (x) + (1- XK, (X)+nK, (X) =0
showing thatK, X )s a solution of the Laguerre equation, i.e. oféhaation
xy"(X) = L=x)y'(x) +ny(x) =0
HenceK  (x) nothing but_, (x) . Equations (13) and (18) give the following reemce
relations respectively:

(N+DL,,,(¥) =@n+1-DL, (¥ —nL,,(X) (20)

XLy (%) = nL, (x) = nL,_, (X) (21)
We also have

L, (9 =L, (9 = Lyy (%) (22)

3.3 Rodrigues Formula
In the preceding section we have shown that

G(xt) = rftex;{—%j =L, (0t

n=0
We can write the above equation as

@ a1 [ x@-t-1)
nZ:(;Ln(x)t —1_texr{ = }

or

i L ()t" =e* L_it exp(—l—ftﬂ (23)

Differentiating Eq. (23) n times with respect tartd then putting t = 0, we will have
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nL, (x)= ex[ 0" {i exp{—ijﬂ
ot"|1-t 1-t

X (=D'x
=€ {Z (1 t)r+1 }i|

t=0

t=0

o o (r+)(r+2)...(r +n)
=€ Z( 1) (1_t)r+n+lr! j|t:0
UL
=Y
or
L= Sy G 24)
(;jxnn (x"e™) :d_[ Z( 1" }
< r(n+lr)(n+lr—1)---(Ir+1)r
Z(; r! X
S r(n+r)'
zo (r?
Thus
L) =SS (e (25)

This is known afkodrigues formula for the Laguerre polynomials. For example, putting
n = 2 in the Rodrigues’ formula, we have

—e—i(Ze‘x—4xe +x°e7™)
2 dx

XZ

=1-2x+—
2

which is consistent with Eq. (9). Similarly, we cdgtermine other Laguerre polynomials
by elementary differentiation of the result expessby Eq. (25).

3.4 Orthogonality of Hermite Polynomials
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As Laguerre differential equation is not of themioof Sturm-Liouville differential
equation, its solutioris, x(,)therefore, do not by themselves form an Orthobseia

However, in order to transform Laguerre differelntiguation to the Sturm-Liouville
form, we may write Eqg. (1) as

n 1_X ' n
v~ L2+ 2y =0
Multiplying the above equation by

p(x) = exp{ [ ﬂ} = xe™ (26)
X
We obtain
S TN 7
— p(X)== |+ne*y(x) =0 (27)
dx| dx
Thus for Laguerre polynomials, the Sturm-Liouviibem is given by
4| peo 3™ (X)} —neL, (X) (28)
dx
Similarly
df o di(X e
£ o et )} me L, (9 (29)
X |

Multiply Eq.(28) by L, &)and Eq.(29) byL,, X and subtracting the resulting equations,
we obtain

Lm(x)ﬂ p(x) 2L ‘X)} Lm(x)ﬂ p(x) 2L ‘X)}

=(m-n)L,(x)L,(x) (30)
The left hand side of Eq.(30) is simply
d[L() P02 (i (X)} (31)

Integrating Eq.(30) and using Eq.(31), we get
(M=), €Ly (L, (9= [p(x){t (9o (9 X(X)H

Since p(x) =0 at x = 0 and at=, the right hand S|de vanishes and we readily obtai
j: e™*L, (X)L, (x)dx=0 for m# n (32)

The above equation shows that the Laguerre polyasrare Orthogonal in the interval
0< x< o with respect to the weight functien*. We now define the functions

709 =N,L,(x)e™" (33)
The constantN, is chosen so that the functiog(x) are normalized, i.e.
["#(dx=1 for m=n (32)

3.5  The Integral Representation of the Laguerre Pghomials
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The integral representation of the Laguerre polyiabm given by
I 12
L= [ et dit 3, [20xt) 2ot (33)
In order to prove the above relation we start whih relation

[Tetrdt o[20a)2 ot

g (D (00
= t
Le ; ()2

:i( 1)I‘(X) J. e—ttn+rdt

(- ) X T(n+r+1)
‘§ (r?

_x (DT (n+r)t
—rZ:(; ) X (34)
Using Egs. (24) and (33), we get

["etrat 3, [20x) 2ot = e niL, (%) (35)
from which Eq. (33) readily follows.

3.6  Some Important Results Involving Laguerre Polyomials

We give some important results involving Laguerog/pomials which can be readily
derived:

J.OX L,(¥ax=L,(x) - L,.(x) [Use Eq. (22)] (36)
i ynl_nr;(X) Y JO[Z(Xy)UZ] 37)
" x"e L (x)dx = 0 I m<n 38
IR _{(—1)”n! if m=n (38)

ZL(x)L =000 1’ TR RERCING) (39)

from WhICh Eq. (50) readlly foIIows.

3.7 The Second Solution of the Laguerre Differential Egation

Since the indicial equation [Eq. (4)] has two equalts, the two independent solutions of
Eq. (1)

oy
(y)p=0 and (ap]p:o

Now
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ol pen L (p-n)(p-n+D)
Yo p) = {1+(|o+1)2X+ (p+)*(p+2)?
(p=m(p=n+D(p=n+2) . )
(p+D*(p+2)*(p+3)° o

Thus,
Y.(X) =y(x, p=0)
n(n-1) ._n(n-H(n-2) ,

=1-nx+ 5 > (41)
(2) )
and
yz(x)=ﬂ=[x”lnx{l+ p—n2X+(p—n)(2p—n+1)X2+”}
op (p+1 (p+D°(p+2)
p{ 12 j p-n ( 1 2 2 2 j
+X - X+ - - _
p-n p+1)(p+)® (p-n p-n+l p+l p+2
x{(p—n)(p—n+1)xz+_ | H
(p+1)*(p+2)° o
_ 3n*-n-1_,
_yl(x)lnx+{(2n+1)x—Wx +} (42)
For example, fom=0
Yi(x) =1=1L, &)
and
_ x* 2x®  3Ax!
Y,(X) =Inx+x+ 2 + Q)? + @) + (43)
Similarly, for n=1
y,(X) =1-x=L,(x)
and
o RS X
Y, (X) = (L= x)In x+3x (2!)2+(3!)2 (44)

3.8 Associated Laguerre Polynomials

Replacen by (n+k)in Eq. (1), it is obvious that, ,, (x) will be a solution of the

following differential equation.
xy' —(@-x)y +(n+k)y=0 (45)
Differentiating the above equation k times, it easily be shown that
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dk
v (e (46)
or a constant multiple of it is a solution of th#etential equation
xy"—(k+1-xX)y'+ny=0 47

where n and k are positive integers or zero. Tlwealequation is known as the
Associated Laguerre Equationlts polynomial solutions [see Eq.(45)] are dendigd

L¥(x) and are defined by

(9= ("< L ] (48)

This is known as thAssociated Laguerre Polynomialslt is obvious from Eq. (48) that
L(x) is polynomial of degree n in x and that
L9(x) = L,(¥) (49)
Using Egs. (7) and (48), it follows that
keoy = N (_qyr N+ K)! ‘
L= 2 (D e
We will define LX(x) for non-integer values of k, we may, thereforeitevhe above
equation as

(50)

Ko . T(n+k+1) ;
L= 2 Y T 1)
Using the above equation, the first three polyndsrcan easily be written as:
LE(x) =1
L(x) =k +1-x (52)

L5 (x) :%(k+2)(k+1)—(k+2)x+%x2

Differentiating the Laguerre generating functiom[EL10)] k times with respect to x, one
can easily obtain the generating function for tbeoaiated Laguerre polynomials. Thus

= 1 _ Xt - k n
g(xt) = - exp{ 1—'[}; LE ()t (53)
Furthermore, from Eq.(51)
ko T(N+tK+D
)= nir(k +1) 4)

SELF ASSESSMENT EXERCISES

1. Show that

4 _n\rpk

xt=rErk)ay— LK)
=Tr(r+k+1)(4-r)!

Hint: Use Eq. (51).
2. Show that
L,0)=1
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L, (0 =-n
n 1
L (0) = En(n -1
Hint: Use Eq. (7).

4.0 CONCLUSION

In this unit, we have established the relationsbgiween Laguerre and associated
Laguerre polynomials. The generating function anthes important results involving
Laguerre polynomials were also dealt with.

5.0 SUMMARY

This unit deals with Laguerre functions and itslegapions to physical problems
especially in Quantum mechanics.

6.0 TUTOR MARKED ASSIGNMENT
1. Show that

L (x+y) = YL (y),  n=012,...
r=0
Hint: Use the generating function.
2. Show that
LY2(x) = (9" H2n+1(X1/2)

2 2n+1 n! Xl/2

L200 = S H,, 0)

Hint: Use the integral representation Idf(x) and H , & ).
3. Using Eq. (53), prove the identity

(1—t)g—?+[x— A-t)a+k)g=0
and then derive the recurrence relation [Eq. (56)]
4. Using Eq.(53), prove the identity
(1_,[)6_9 +tg(x,t) =0
ox
and hence derive the following relation
dLt () _ dL, (%)

+dLy,(x) =0
dx dx a1 (X)

n=1,2...
5. Show that

[ L®dt =100~ L.
Hint: Use the relation derived in problem 4.
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