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Introduction

Solid state physics is a very wide field, and itlidles many branches. It is
concerned with the physical properties of solidartipularly the special properties
exhibited by atoms and molecules because of tlssioaation in the solid phase. The
existence of powerful theoretical methods and cptscapplicable to a wide range of
problems has been an important unifying influemcthe field

Learning solid-state physics requires a certaireg@f maturity, since it involves tying
together diverse concepts from many areas of phiy§lee objective is to understand, in a
basic way, how solid materials behave. To do tine peeds both a good physical and
mathematical background. One definition of soliatestphysics is that it is the study of
the physical (e.g. the electrical, dielectric, metgp) elastic, and thermal) properties of
solids in terms of basic physical laws. In one sers®lid-state physics is more like
chemistry than some other branches of physics Bedadiocuses on common properties
of large classes of materials. It is typical thaidsstate physics emphasizes how physical
properties link to the electronic structure. Thpidarise of interest in solid state physics
in recent years has suddenly presented universiiibsthe problem of offering adequate
instruction in the subject. For this reason, theheuld be an introductory or survey
course followed by, as a minimum program for graelséudents intending to do research
in the field, a course in x-ray crystallography amaourse in the quantum theory of
solids. These two subjects are large, importard, \v@ell-developed; it is not possible to
deal with them adequately in an introductory course

What You will Learn in this Course

The course consists of units and a course guide cobrse guide tells you briefly what
the course is about, what course materials yolbeilising and how you can work your' with
these, materials. In addition, it advocates somergeguidelines for the amount of time you are
likely to spend on each unit of the course in dmleomplete it successfully.

It gives you guidance in respect of your Tutor-MatrkAssignment which will be
made available in the assignment file. There wellregular tutorial classes that are related
to the course. It is advisable for, you to attémdé tutorial sessions. The course will prepare you
for the challenges you will meet in the field didstate physics.

Course Aim

The course aim to provide an understanding ofl Stdite physics

Course Objectives

To achieve the aim set out, the course has a sdjeftives Each unit has specific
objectives which are included at the beginninghef tinit. You should read these
objectives before you study the uriBelow are the comprehensive objectives of the

course as a whole. By meeting these objectivesshould have achieved the aim
of the course as a whole. After going through th&se, you should be able to:

Explain crystal structure of solids



Explain Crystal binding

Explain X-ray diffraction in crystals

Explain Thermal properties of the crystal lattice
Explain Elastic properties of crystals

Explain Lattice vibration

Explain the concept of Free-electron theory of laeta
Understand Energy bands in crystals

Understand Semiconductors

Understand Superconductors

The course Materials
The main components of the course are:

The course Guide

Study units
References/Further Readings
Assignments

Presentation Schedule

abrowbdpE

Study Unit
The study units in this course are as follows:

Module 1 Property of Crystal

Unit 1 Crystal geometry

Unit 2 Crystal classification

Unit 3 Simple lattices

Unit 4 Crystal Diffraction (I)

Unit 5 Crystal diffraction {)

Unit 6 Experimental crystal structure determinatio

Module 2 Crystal Elastic Constants and Vibrations

Unit 1 Elastic Constants of Crystals (1)
Unit 2 Elastic Constants of Crystals (1)
Unit 3 Crystals Binding



Unit 4 Lattice Vibration

Unit 5 Thermal Properties

Module 3 Free Electron Fermi Gas

Unit 1 Free Electron Theory of Metals

Unit 2 Electronic Transfer

Unit 3 Energy Band Theory

Unit 4 Electron Dynamics

Unit 5 Fermi Surfaces

Module 4 Semiconductors and Superconductors

Unit 1 Structure and Bonding in semiconductors
Unit 2 Semiconductor Statistics

Unit 3 Electrical Conductivity and Real Semicontius
Unit 4 Super Conductivity (I): The Basic Phenoneno
Unit 5 Superconductivity (I1): Experiments and ©hies

Module 1 which consists of six units deal with ¢aystructures and their determination.
Module 2 (five units) is devoted to fundamentaledigtination of elastic constants of
crystal. The free electron which discusses the iphlybasis of the formation of bands,
the most important concept in the band — Fermiased were treated in five units which
constitute model 3. Module 4 in five units providéiscussions on the properties of
semiconductors as well as discussions on basicopiemon of superconductors.

Each unit consists of either one or two weeks’ warkd include an introduction,

objectives, definition, conclusion, summary, tutmarked assignments (TMA) and
references. The TMA will help you in achieving thtated learning objectives of the
individual units and the course as a whole.

Presentation Schedule

Students are encouraged to complete and submitnen their TMAs and to
guard against falling behind in attending tutorials

Assessment

There are three aspects to the assessment of thieecdrhese are the self-
assessment exercises, tutor marked assignmentb@nditten examination/end
of course examination. The assignments must be w#&hl by applying the
knowledge and techniques gathered during the camdemust be submitted to
your facilitator for formal assessment in accordandth the deadlines stated in
the presentation schedule. The assessment willuatdor 40% of the total
course work while the examination will count foettemaining 60%.

Tutor marked Assignment (TMA)

The TMA is a continuous assessment component ofdhese work. It accounts
for 40% of the total score. You will be given si&) (TMAs to answer out of
which four must be answered before a student asvelll to sit for the end of the
course examination. Students are not allowed teenteother people’s work as
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their own (including copying another student's wWorklake sure that each
assignment reaches your facilitator on or befoee deadline given. Extension
will not be granted after the due date unless thezeexceptional cases

Final Examination and Grading

The end of course examination for solid state ptsysiill be for three (3) hours
and it has a value of 60% of the total course waikareas of the course will be
assessed.

Course Marking Scheme

Assignment Marks

Assignment 1-6 Six assignments, best four marks at
10% each totaling 40% of the
course marks

End of course examination 60% of overall courseksar

Total 100% of course materials

Facilitators/Tutors and Tutorials

There will be tutorials provided in support of tlieurse at the end of each unit.
Students will be notified of the dates, times amzhtion of these tutorials as well as
the name and phone number of your facilitator. Y&agilitator will mark and
comment on your assignments and returned to yso@s as possible.
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1.0 Introduction

The physical definition of a solid has several edjents. We start by defining a solid as
a large collection of atoms that attract one arroiee as to confine the atoms to a
definite volume of space. Additionally, in this ynthe termsolid will mostly be
restricted to crystalline solids. Arystalline solidis a material whose atoms have a
regular arrangement that exhibits translational regtny. When we say that the atoms
have a regular arrangement, what we mean is tbeadhilibrium positions of the atoms
have a regular arrangement. At any given tempezatibe atoms may vibrate with small
amplitudes about fixed equilibrium positions. Elenseform solids because for some
range of temperature and pressure, a solid hasfiessenergy than other states of
matter. It is generally supposed that at low enotmyhperature and with suitable
external pressure everything becomes a solid. Ty sof crystal and electrons in
crystal is a division of physics known as solidetahysics. The solid state physics is an
extension of atomic physics following the discovefyX-ray diffractions of crystalline
properties.

2.0 Objectives

The candidates should be able to:
Define crystals
Explain the crystal structure
Classify crystals

3.0 Definition of crystal

Crystal may defined on the macroscopic scale asogeneous solids, in which some of
the physical properties are function of directibticrospically, a crystal may be defined
as a solid having an arrangement of atoms (or ratdsf in which the atoms are
arranged in some repetitive pattern in three dinogss

3.1 Translational Symmetry

A solid is said to be a crystal if atoms are areghmn such a way that their positions are
exactly periodic This concept is illustrated in Fig.1.1 using ao{dimensional (2D)
structure. A perfect crystal maintains this peredgiin both thex andy directions from

- to +. As follows from this periodicity, the atoms A, B, etc. areequivalent In
other words, for an observer located at any ofdgh@®mic sites, the crystal appears
exactly the same. The same idea can be expresssaylng that a crystal possesses a
translational symmetryThe translational symmetry means that if thetatys translated

by any vector joining two atoms, s&yin Fig.1.1, the crystal appears exactly the same
as it did before the translation. In other words tinystal remaingvariant under any
such translation.
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Fig.1.1: Periodicity and concept of symmetry.

-
woo\‘OO—
~
P NP N N -
o0 0 0

3.2 Lattice and Unit cell
The structure of all crystals can be describeigims of dattice. A lattice can be
defined as a regular periodic array of points iacgp(Fig.1.2).Every lattice point can be
located as;
(1.1)

Or in three dimensional case
1.2)

arecalled Lattice vectors aldm andn are integers.
The network of lattice lines divide the space iitentical parts callednit cells.Hence,
because of inherent periodicity of space lattitean thus be represented by a unit cell.
A unit cell is a conveniently chosen fundamentalckl by repeating the entire space
lattice which is generated. The unit cell may bdarm of a parallelogram (2D) or a
parallelepiped (3D) with lattice points at theirwers. The size and shape of the unit cell
are described by three lattice vectard, ¢ originating from one corner of the unit cell.
The axial lengths, b, cand the inter axial angles and are lattice parameters of the
unit cell. Fig.1.3 shows the unit cell with the aXengths and inter axial angles while
Fig.1.4 shows the lattice and unit cells in 2-disien.
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Fig.1.2: Lattice point and Lattice vectors

a

e e

Fig.1.3: Unit cell showing axes lengths and ireial angles.

The convention for drawing the lattice parametsras follows:
a parallel tax-axis
b parallel toy-axis
c parallel taz-axis

angle betweepandz

angle betweemnandx
g angle betweer andy

3.3  Primitive and Non-Primitive cells

The cell is said to bprimitive if the lattice points are at the corners of te# @ig. 1.5)
and if there are lattice points in the cell otheart the corners, the cell is said to be
nonprimitive(Fig.1.5)
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Fig.1.4: Lattice and unit cells in 2-Dimension(@&ftKittel,1979)
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Fig.1.5: Primitive and Non-primitive cells (AfterSihv. K Gupta,
www.4shared.com)

For a single atom, the single atom is placed ondtiee site and is known &ravais

lattice. On the other hand, if there are several atomapiercell, we have &ttice with
a basis.
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3.4  Bravais Lattice

There are many ways in which an actual crystal meaybuilt, thus possible crystal

structures are unlimited. However, the possibleesws of space lattices are highly
restricted. Each space lattice has some convemsientof axes which need not be
necessarily orthogonal and chosen length alonghtiee axes may not be equal. Bravais
in 1848 proved that there are only fourteen spatteés in total which are required to

describe all possible arrangement of points in sgabject to the condition that each
lattice point has exactly identical environment.eTlourteen space environments are
called Bravais Lattices. The Bravais lattices dre distinct lattice types which when

repeated can fill the whole space. The lattice ttemefore be generated by three unit
vectors,a, b andc and a set of integers k, | and m so that eadicégtbint, identified by

a vectorr, can be obtained from:

r=ka+Ib+mc (1.3)

Bravais showed that in two dimensions there are distinct Bravais lattices, while in
three dimensions there exist no more than fourtpace lattices.

3.5 Basis and Crystal structure.
The arrangement of atoms in a solid is termed ahytucture. In order to convert the
geometrical array of points in space (lattice) iaterystal structure, we must locate
atoms or molecules on the lattice points. The r@pgaunit assembly of atoms or
molecules that are located at each lattice poirdalked thebasis. The basis must be
identical in composition, arrangement and orieatatsuch that the crystal appears
exactly the same at one point as it does not &r@uivalent points. No basis contains
fewer atoms than a primitive basis contains.
The crystal structure is thus given by two speatfans:

I.  the lattice, and

[I.  The assembly that repeat itself.
Hence, the logical relation is

Space lattice + basis = crystal structure (1.4)

Equation (1.4) is illustrated in Fig.1.6

(0]
X

o)
b X
&
1
0 X
0 X o

Fig.1.6: Two-dimensional lattices. (a) Bravaidita; a and a are basis vectors;
(b) Lattice with a basis of three atong; o x
(After Kachhava, 1992)
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4.0

Conclusion

The fundamental feature of a crystal is the pecitglof the structure.

5.0

6.0

Q1.

Q2.

Summary
The size and shape of the unit cell are descrilyatiree lattice vectors, b, ¢
originating from one corner of the unit cell. Téraal lengthsa, b, cand the inter
axial angles, and are lattice parameters of the unit cell.
A cell is said to berimitive if the lattice points are at the corners of tbk and
if there are lattice point in the cell other titae corners, the cell is said to be
nonprimitive
A lattice is any array of points related by thensiational operator

= ma +npb+nsc
The Bravais lattices are the distinct lattice typdxsch when repeated can fill the
whole space generated by three unit vectois andc and a set of integers k, |
and m

Tutor marked Assignment
A group is represented by three matrices

Where =!"#$ %and =&'1$ %
(a) Determine the multiplication tabte this group.
(b) Give an example of a 2-D crystal with thesapgroup symmetries.

(@) Filled circles in the tetragonal crystal in theuiig below represent copper
oxide atoms and the copper oxide layers are stiagktl  spacing c. assume that
there are no other atoms in the crystal, sketoch Bravais lattice and
indicate a possible set of primitive vectors fustcrystal.

®e OeOeO0e
O @) O O
®e Oe Oe O
O O O OIa
e OeOeOe
O O O O
®e O CeOe

(b) Define the following terms
(i) Unit cell and

(i) Basis

14



7.0 Further reading/References
Ashcroft, N.W., Mermin, D.N, Solid state physicaudders College Publishing,
1976
Gupta, S. K, (www.4shared.com)
Kittel, C., Introduction to solid state physicsjl&y Eastern Limited, 1979
Kachhava, C.M., Solid State physics, Tata McGrailvfublishing Company
Limited, New Delhi, 1992
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1.0 Introduction
Crystal lattices are classified according to tlsgimmetry properties, such as inversion,
reflection and rotation. Also, it is sometimes moo&venient to deal with non-primitive
or conventional cells, which have additional |at&ites either inside the cell or on its
surface. In three dimensions there are 14 diffeBeavais crystal lattices which belong
to 7 crystal systems. These systems are triclmmnoclinic, orthorhombic, tetragonal,
cubic, hexagonal and trigonal.
2.0 Objectives

To revise the classification of crystal lattices

To understand direction indices

To understand miller indices

3.0 Definition of Crystal Lattice
Crystal lattice classification is the regular gedmgearrangement of points in the atom
of a crystal

3.1  Fundamental types of lattices

The most obvious feature of a crystal is its regiylaor symmetry. The basis of
classification of crystal is the symmetry exhibitgdthem. In a well defined crystal, the
various symmetry elements (rotation, reflectiowension etc.) intersect at a point. Each
set of symmetry elements intersecting at a poira ¢entre of unit cell) is calledpaint-
group. Since there are 32 point groups, there are equmabars of crystal classes, which
can be grouped together into seven groups knovenyatal systems. Table 1.1, consists
of the list describing the various systems. Figshaws how seven crystal systems can
be obtained by successive distortion of a cube.

Table 1.1: Seven Crystal Systems

Crystal System | Axial Lengths and Unit cell Number of
angles Lattices
Cubic a=b=c, = = = a cube 3
<oz
Tetragonal a=bc, = = = a squared-based right | 2
o prism
Orthorhombic a b c = == a rectangular-based 4
o right prism
Rhombohedra | a=b=c¢, = = a rhombohedron 1
90’
Hexagonal a=bc, = =90, a rhombus-based right| 1
=120 angles
Monoclinic a b c = =90 A parallelepiped-based 2
right prism
Triclinic aoob c, a parallelepiped 1
9
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3.2  Direction indices
To find the direction indices, the following rulase used:
I.  Find any vector in the desired direction.
[I.  Express this vector in terms of the basisly, 9.
[ll.  Divide the coefficient ofd, b, § by their greatest common divisor.
The resultant set of three integers u, v, w usuafijuded in parentheses [uvw] defines a

direction. <UVV\) means that all vectors are equivalent to [uvw]g&teve sign in any of

the numbers are indicated by placing a bar oventmeber (1). Leta=2,b=3,c=4
units and the vector be
r=6i+12j +10k

Then r=3(2)i +4(3)j + 2.5(4)k
Thus, the coefficients ofa( b, ¢ are 3, 4, 2.5. The relevant greatest common @ivs
0.5. Thus, the three numbers 6, 8, 5 are foundcéieior the example considered the
indices of direction are [685].
In the cubic system, u, v, w are proportional te thirection cosines of the chosen
vector. The cube edgewould be denoted by [100], that of directibrby [010], andc
by [001].The negative direction afwould be [L00]. When we speak of [200] plane, we
mean a plane parallel to [100] but cuttiagaxis at )(* - Fig 2.1 shows the indices of
some important planes and directions in crystatdeNhat:

I.  All parallel rows of atoms have the same [uvw].

[I.  The angle between two crystallographic directiopfuyw;] and [wvows] in a

cubic system is given by

&'+ ,-,_/(?4-0./1-1. -
2,:/0:/1 :3 2,:/0:/1 -3

(2.1)

3.3  Miller indices

Miller indices are the most commonly used notationspecifying points, directions,
and planes in crystal lattice systems. Not onlytldey simplify the description of
locations and directions within the lattice, bugytralso allow vector operations like dot
and cross productsMiller Indices are a symbolic vector representation for the
orientation of an atomic plane in a crystal lattaoed are defineds the reciprocals of
the fractional intercepts which the plane makedwiite crystallographic axeBefore
Miller indices can be used, a coordinate systemthercrystal structure must first be
selected. The right-hand Cartesian coordinateesysis the usual choice for this
(Fig.2.2). Points within the coordinate system gpecified by Miller indices as h, k, |,
where h, k, and | are fractions of the lattice paters a, b, and c. Recall that a, b, and ¢
are the lengths of the edges of the crystal'sagfiiin the x, y, and z directions.

18
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Fig.2.1: seven crystals in three dimensions
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A plane oriented with respect to the rectangulardmate system, which intercepts-
x-,y-and zeoordinates at distance a, b and c respectivegpiesented by the equat

- - - (2.2)

Denotingthe reciprocal of axial intercepts— — and-
Eq. (2.2) becomes

(2.3)

N

e 193 \
c N
T
%::;,f_—_fff\“}?‘

Fig.2.2 Construction for description of a plane. Thisn@antercepts tha, b, ¢
axes at @, 2b, 2c. (After Kittel, 1979)

3.4 Determination of Miller Indices
TheRules for Miller Indices ar

Determine the intercepts of the plane along theetherystallographi
axes,jn terms of unit cell dimensioi Coordinates of the points
interception are expressed as integral multiplethefaxiallengths in the
respective directions. The integers p, q and rtheemultiples of axia
lengths a, b and c respectivi

Take the reciprocals of the integers jand r

The reciprocals are reduced to the smallest seteders h, k and | b
taking LCM

The integers are written as (hkl) by enclosinganepthesi

For example, if the x-, y-and - intercepts are 2, 1, and 3, the Miller indices
calculated as:

The integers are 2, 1

Take reciprocals: 1/2, 1/1, :

Clear fractions (multiply by 6): 3, 6
Reduce to lowest terms (already th

20



Thus, the Miller indices are 3, 6, 2. If a planeperallel to an axis, its intercept is
infinity and its Millerindex is zero. A generic Miller index is denotec (hkl). If a plane
has negative intercept, the negative number istddrny a bar above the numl Never
alter negative number&or example, do not divid-1, -1, -1 by 1 to get 1, 1, 1. Thi
implies ymmetry that the crystal may not ha

3.5 GeneralPrinciples of Miller Indices

If a Miller index is zero, the plane is parallelttat axis
The smaller a Miller index, the more nearly pataltee plane is to th

axis.
The larger a Miller index, the more nearly perpentiir a plane is to thi

axis.
Multiplying or dividing a Miller index by a constamas no effect on tr

orientation of the plar
Miller indices are almost always sm

Fig.2.3 shows some planes for ic lattices with their Miller notations

: | i
' B
! 1o
‘,L-..-. Fay Cponli_ .
'f ., ” ”
(100) (200)

/ (110) (1) (222)

Fig.2.3: Some of the prominent planes for cubitdas with their Miller indice:
(After Kachhava, 199.

Note that:
Miller indices are proportional to the directionsames of the normal to tt

correspondig plane. Direction cosines are giver

The normal to the plane with index numb is the directio
The purpose of taking reciprocals is to bringladl planes inside a single unit «

Assume representthe distance between two adjacent parallel plaagsg
miller indices , then

21



8
5 _—— 2_4
67 96./7 1 - (2.4)

Where54; = distance between planes

a = lattice constant (edge of unit cell)
h, k,I = Miller indices of planes being considered

Figure 2.4 shows inter planer spacing in term$iefdube edge, a.
(110) plane 1

(110) plane 2

A (110} plane 3

dyg

Fig.2.4: inter planer spacing (After Kachhava92p

4.0 Conclusion

Miller indices are the most commonly used notation specifying points, directions,
and planes in crystal lattice systems. Not onlytley simplify the description of
locations and directions within the lattice, bugytralso allow vector operations like dot
and cross products.

5.0 Summary

In a well defined crystal, the various symmetryngdats (rotation, reflection,
inversion etc.) intersect at a point.
Each set of symmetry elements intersecting at atgthe centre of unit cell) is
called gpoint-group.
The Miller indices are defined as the reciprocdlthe fractional intercepts which
the plane makes with the crystallographic axes.
The angle between two crystallographic directiogfuw;] and [wvowy] in a
cubic system is given by

ulu2 + V1V2 + W1W2

Cosq: 2 1/2
(uf +V;) +W12)]/ (u§ +V) +W22)

22



6.0.

Q1

Q2.

7.0

The distancebg; between neighboring planes of the famjly ), is given in
terms of the cube edge a as

a
(h2 +K2 +|2)1/2
Tutor marked Assignment

dpg =

(a). Show that the perpendicular distance between tyaredt planes of a set
:; < in a cubic lattice of lattice constamis

a

(h2 +K2 +|2)1/2

(b). The Bragg angleorresponding to the first order reflection froran
(111) in a crystal is 30vhen X-rays of wavelength 1.75are used.
Calculate the interatomic spacing

dpg =

If X, y and z axes intercept 3, 4, and 2, calculla¢eMiller indices

Further reading/References

Ashcroft, N.W., Mermin, D.N, Solid state physicguders College Publishing,
1976.

Kachhava, C.M., Solid State physics, Tata McGraW#iblishing Company
Limited, New Delhi, 1992 .
Kittel, C., Introduction to solid state physicsjl®y Eastern Limited, 1979.
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1.0: Introduction

The most highly symmetrical lattices which occutunally are cubic structure. The
are, therefore, of some practical interest and jatswide useful simple examples whi
help in visualizing thenmore general cases. Abo90% of metdlc crystal structurs
crystallize into 3 densely packed crystal strud vis-a-vis Body€entered Cub cell
(BCC), Facecentered Cub cell (FCC) and Hexagonal Clogacke: (HCP).

2.0 Objectives
The objectives are tonderstand metallic crystal struct such as:
Simple cubic
Body centered cub
Face centered cut
- Hexagonal Close pack
3.0 Definition of Simple lattices
Simple latticesare crystalline solids that consist of a small groupatoms (unit
cells) thatcontains unique featurt
3.1 Simple lattices
Thesimple lattices have the following elementary praps:
I.  Effective no of atoms/ unit cell,, which definegshe number of atom pt
primitive cell
[I.  Atomic radius, F usually defines in terms of lattia®nstar (length of a
side of unit cell, a.
[ll.  Nearest neighbor distance which define<nearest distance betwe
atomic cente..
IV.  Coordinate numb which defines the number of nearest neighbor o
atom.
V. Atomic PackingFraction (APF) defined athe fraction of olume in a
crystal structur that is occupied by atoms.
3.2  The simple cubiclattice.
The simple cubic lattichas basis vectors
(3.1)

andthe unit cell is a simple cube. The simplest cilystesed on this lattice has sin
atoms at the lattice points, Fig. 3.1. Each atomdmaidenticanearest neighboil

Fig.3.1: Simple cubic lattice (After Kachhava, 1§
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3.2 Body-Centered cubic Lattice

The body-centered cubic (bcc) lattice may be regfhrals two interpenetrating simple
cubic lattices with atoms at the centre of eachecab well as at the corners. The space
lattice may be taken with the basis vectors

(3.2)

Wherea is the side of the cube ang, k are orthogonal unit vectors parallel to the cube
edges. The primitive cell of the bcc lattice hamlume one-half that of the unit cube.
By elementary vector analysis the volume is given b

V= a.aXaz (33)

3.3  Face- Centered Cubic Lattice

The face centered cubic lattice can be consideseidwa interpenetrating simple cubic
lattices giving a cubic unit cell with extra |lati points at the centers of the faces of the
fundamental cube. Each point has 12 nearest neighbdrhe full translational
symmetry has basis vectors.

—_— —_— — (3.4)

The primitive cell of the lattice is shown in Figd3and is a rhombohedron of
volume one quarter that of the unit cube. The tedios vectors;, & andag connect
the lattice point at the origin with the latticeipts at the face centers. The angles
between the axes are’60

Fig.3.2: Face- centered cubic lattice
3.4 Hexagonal Close-Packed (HCP)

In the hexagonal closed packed structure, Fidgl&%unit cell is a rhombic and
the basis vectors are
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C (3.5)
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Fig.3.3: Hexagonal Close-packed structure (Aftetdfi1979)

In this structure, there are two atoms per unitseparated by the vector
Prxs
-F*> =B GCH (3.6)

Here, as inGGstructure, each atom has twelve neighbours, buartfaagement is
slightly different.

3.5 Closed-packed Structures

If the atoms are considered as hard spheres, tieemast efficient packing in one plane
is theclosed—packedrrangement shown in Fig 3.6.There are two simflgs in which
such planes can be laid on top of one another o fo three-dimensional structures.
One leads to the face-centered cubic (cubic clesé&ga) structure, while the other has
hexagonal symmetry and is called the hexagonaédlpsacked GJ< structure (Fig3.7).
The fraction of the total volume filled by the spé®is 0.74 for both th&sGand hcp
structures.

Fig.3.4: A closed- backed-layer of spherés (Atittel, 1979)
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Fig.3.6: The Hexagonal closed packed structurée(Kittel, 1979)

Spheres may be arranged in a single closest-pdeled by placing each sphere in
contact with six others. Such a layer can eithethieebasal plane of &J structure or
the (111) plane oliGGstructure. A second similar layer is added by pig@ach sphere
in contact with three spheres of the bottom lageinarig.3.6. A third layer can be added
in two ways: in thdGGstructure the spheres in the third layer are planer the holes
in the first layer not occupied by the second layethe hexagonal structure the spheres
in the third layer are placed directly over theesis in the first layer. We say that the
packing in thdGGstructure is ABCABC. ..... , Whereas in tl@&] structure the packing
is ABABAB..... The GJ structure has a hexagonal primitive cell; the dasntains two
atoms. ThelGGprimitive cell contains one atom. The c/a ratio feaxagonal closest-
packing of spheres is (8/%)= 1.633. We refer to crystals aJ even if the actual c/a
ratio departs somewhat from the theoretical vallris zinc with c/a = 1.86 is referred
to commonly asGJKMagnesium with c/a = 1.623 is close to idgal. Many metals
transform easily at appropriate temperatures beti@&& and GJ. The coordination
number, defined as the number of nearest-neighbarsa is 12.

A quantitative measure of the closeness of packirg crystal structure is provided by
thepacking fraction, fdefined as

OL, M LNN,OPMQ RS 8TL U:68VQ UO6MVMKIU
OL,MLWT6M,PTNM LW T6NKY ZGYZ

(3.5)

The theoretical calculations dfequires the knowledge of number of atoms, N,ypetr
cell and atomic radius, RRin terms of a, the length of a side of a cubitida. Table 3.1
as reported by (Kachhava, 1992) displayed the sabfiédN, R, and f along with number
(Ny) of nearest neighbors and that,{\for next nearest neighbors for simple cubic (sc),
body centered cubid@&Q, face-centered cuhiGG<and hexagonal close-packesl])
structures.
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Table 3.1Data for common structures (modified after Kachha@9?2)

4.0

\ ] N

N 1 2 4 2
Nn 6 8 12 12
Nnn 12 6 6 6
R J— J—

a > 39? 9A — 5
f /6 = 0.52 9722-0.74 9A 2=0.68| 0.74 (ideal)

C

Conclusion

The ideal crystal of classical structures is forrbgdhe repetition of identical units in
space. The most highly symmetrical lattices whicbup naturally are cubic structures
which help in visualizing the more general case.

5.0

6.0

Q1.

Q2

Q3.

Summary
The simple cubic lattice has basis vectors
- = 2 dB A= ak
Important simple structures are the d&Gand GJ
The structures differ in the stacking sequencéefianes
IGGhave the sequence ABCABC...
GJ have the sequence ABABAB...

Tutor Marked Assignment

Use elementary vector analysis to find the valuthefangle between the body
diagonals of a cube shown in the Figure Q1
Show that the c/a ratio for an ideal hexagonalezlgsacked structure is

(8/3)2 = 1.633.

Sodium transform frorbccto GJ at about T= 23K. Assuming that the density
remain fixed, and the c/a ratio is ideal, caleilthie GJ lattice spacing a given
that the cubic lattice spacing=a4.23i.What is the difference in the cubic phase
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1.0 Introduction

In order to explore the structure of crystals wguree waves which interact with atoms
and which have a wavelength comparable with ther iatomic spacing in crystals; that
is, we require a wavelength of the order of 1 A ¢ G < The interaction should be
weak enough so that the wave can penetrate in @@ahfashion into the crystal for a
distance of the order of perhaps 1000 lattice @mst The most convenient waves
suitable for our purpose are those associated xvithys, while the waves associated
with neutrons and electrons have found importaatig applications. When an atom is
exposed to electromagnetic radiation, the atomectedns are accelerated, and they
radiate at the frequency of the incident radiatidhe superposition of the waves
scattered by individual atoms in a crystal resultthe ordinary optical refraction. If the
wavelength of the radiation is comparable with miaBer than the lattice constant, we
will also under certain conditions have diffractiointhe incident beam.

2.0 Objectives
To study the use of X-ray as a tool for investigatihe structure of crystals.

3.0. Definition

When a monochromatic beam of x-rays is shone upeguar crystalline material then
the beam will be scattered from the material atinitef angles. This produced an
interference effect called diffraction between Kyeays from different layers within the
crystal.

3.1 Bragg formulation of diffraction by a crystal

W. L. Bragg (1913) found that one could account ttee position of the diffracted

beams produced by a crystal in an x-ray beam bgrg simple model according to

which x-rays are reflected from various planes tofres in the crystal. The diffracted
beams are found for situations in which the reitext from parallel planes of atoms
interfere constructively. The derivation of the Bgalaw is indicated in Fig. 4.1. We

consider in the crystal a series of atomic plankighvare partly reflecting for radiation

of wavelength X and which are spaced equal distamhegart. The radiation is incident
in the plane of the paper. The path differencer&ys reflected from adjacent planes
is (5Xg +. Reinforcement of the radiation reflected from cassive planes will occur

when the path difference is an integral numbesf wavelengths. The condition for

constructive reflection is that

(5Xg+ h (4.1)
Equation (4.1) represents the Bragg law. The imtegerepresents the order of

corresponding reflection. It should be emphasited the Bragg equation results from
the periodicity of the structure, without referentcethe composition of the unit of

repetition
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[ L @ 4 \ 4 L

Fig. 4.1: Derivation of the Bragg equatimXg + h ; heredis the spacing of
parallel atomic planes (After Ashcroft and Mernil®,76).

Worked example:

€) State Bragg's law of diffraction and give two gednual facts that are
necessary for the derivation of the law.

(b)  An X-ray Diffractometer recorder chat for an elemenhich has a cubic
crystal structure, shows diffraction peaks at thiewing (+ :40, 58, 73, 86.8,
100.4 and 114.7. The wavelength of the incomin@ysused wakKij k

0] determine the type of the cubic structure possesgéde element

(i) Determine the lattice constant of the element.

Solution:

(a) Bragg's law of diffraction states that the pathfefiénce between two X-rays
which are reflected from adjacent planes is aagral multiple of its wavelength
ie.,

(5 "#+ h
Where+ Bragg’s angle
d= interatomic plane spacing
h  Wavelength of the X-rays
n = order of diffraction
The two geometrical facts are:

(i) The incident beam, the normal to the diffractioana@ and the diffracted beam are
always coplanar.

(i) The angle between the diffracted beam is alw@ns this is known as the
diffraction angle.

(b) ().The values of the angles given @re Therefore+ is equal to the half the
(+ values. The ratio of the square of the sine ofiffiavo planes gives the
true structure of the element, i.e.,

UP-I.

UP- I
If the ratio is 0.5, the structure[GG
If the ratio is 0.75, it i$GG

Structure type
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The F'two planes have values being 20, and 29 and the sines of theskesaage

0.3420 and 0.4848 respectively, therefore,
XgE+p K m
XgE+  K($i :

Ki

Hence, the crystal structure is bcc.

(i). The relationship between Miller indices < of the Bragg plane and the Bragg

angle is given by
E

XgE+ —0 B, B K<
Where; a is the lattice constant.
For a bcc lattice, the sum ; must be even, hence thé& get of principal

diffraction plane for the bcc structureds pand the corresponding value #6g 5+
is 0.117, then,

h E:E E

(—q XgE+

%KDrs D/D- /%

K$v nm
E %KDDu

This implies, *
w* $K vk

3.2  Von Laue formulation of diffraction by a crystd

Considering the nature of the x-ray diffractiontpat produced by identical atoms
located at the corners (lattice points) of pringtieells of a space lattice to investigate
scattering from any two lattice point3, andP, (Fig. 4.2) separated by the vectoiThe
unit incident wave normal i§ and the unit scattered wave normal is s. let asnaxe at

a point a long distance away the difference in plaghe radiation scattered by &d

P,. If P;B and BA are the projections afon the incident and scattered wave directions,
the path difference between the two scattered wisves

Xo X g y\ y\ 7 Y\ < (4.2)

Fig.4.2: Calculation of the Phase difference of thaves scattered from two
lattice points (After Kittel, 1979)
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The vector\ \ , = S has a simple interpretation (Fig. 4.3) as thedatiioe of the
normal to a plane that would reflect the incideméction into the scattering direction.
This plane is a useful mathematical constructich thrs is called theeflecting planelf

(+ is the angles makes with,, then+ is the angle of incidence, and from the figure
(4.3), we seethd}| (Xg+ assands are unit vectors.

Reflecting

Fig.4.3: Construction of the normal the reflectpigne (After Kittel, 1979)

The phase differencegx(' )1, times the path difference. We have
~ F () H y\< (4.3)

The amplitude of the scattered wave is a maximumaigirection such that the
contributions from each lattice point differ in @eaonly by integral multiplies 6f .
This is satisfied if the phase difference betwedja@ent lattice points is an integral
multiple of (+ .If a, b, care the basis vectors, we must have for the diftra maxima

B FO)pH y\ < (o€
~(FC)H Y\ < (€ (4.4)
~n ) y\< (€

whereh, k; | are integers.

If « are the direction cosines 8fwith respect t@, b, ¢ we have

y\ (* Xg+ h
y\ ([ Xg+ ;h (4.5)
y\ (G*Xg+ h

Equations (4.4 & 4.5) are the Laue equations. Thaye solutions only for special
values of+ and the Wavelength. The Laue equations (4.5) have a simple geomeétrica
interpretation. The Laue equations state that idiffraction direction the direction
cosines are proportional tda, k/b, l/crespectively and the adjacent lattice planes)

35



intersect the axes at interval#h, b/k, c/lso that by elementary plane geometry the
direction cosines of the normal tg < are proportional td/a, k/b, I/c respectively
Therefore the lattice planes< must be parallel to the reflecting plane51f, ) is
the spacing between two adjacent planes of a;set we have by projection

5; < "y =l). G (4.6)
Then, from (4.5), we have
(5:; <Xg+ h (4.7)

We may interpret (4.7) by giving an extended megbinthe spacing d( ) whenh, k, |
have a common factor n: the diffracted wave aguaiises from the nth order reflection
from the true lattice planes, but we may as a nmathieal device think of the diffracted
wave as a first order reflection from a set of p&parallel to the true lattice planes but
with a spacingl(; ) equal to I/n of the true spacing.

3.3  Diffraction of crystals by electrons
de Broglie in 1924 predicted thdahe wavelengthassociated with gparticle of
momentunp= mvis given by

h )J (4.8)
where h is plank’s constant. One of the most dipetes of evidence of the wave
aspect of particles was provided by the electréinadition experiments of Davisson and
Germer in 1972. They concluded that if one assesiatwavelength with the electrons
given by (4.9), the diffraction pattern obtained dze interpreted in exactly the same
way as the X-ray diffraction patterns. As long ke velocity of the electrons is small
compared with the velocity of light, the wavelengftthe electrons may be expressed in
terms of the accelerating voltage V as follows

}émv2 =eV Or / :%Zmev)l’z = (15%)1/2 4.9)

h is obtained in Angstroms if V is expressed in golNote that only 150 volts are
required to produce electrons of a wavelength &fcbmpared with X-rays, which
require approximately 12,000 volts fai.JElectrons are scattered by the nucleus as well
as by the electrons in the atoms. For sphericaigehdistribution one can show that the
scattering factor is given by

< E)( oy | u<U£,—_| (4.10)
Herely is the scattering factor for X-rays, Z is the mael charge, and is the Bragg
angle. As for X-rays the scattering factor decresasath increasing values of
However, there is a considerable difference betwXemys and electrons in that,
electrons are scattered much more efficiently loynastthan are X-rays. In fact, atoms
scattered electrons more strongly by several powktsn for the energy involved. At
normal incidence an electron of about 50 keV hapenetration depth for elastic
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scattering of only about 500 while for the small angles of incidence usedeiftection
techniques this may be aboutlb®neasured perpendicularly to the surface. It ide,
therefore, that electron diffraction is particwadseful in investigating the structure of
thin surface layers such as oxide on metals. Sayard would not be detected by X-rays
diffraction because the patterns obtained are cterstics for the bulk material.

3.4 Diffraction of crystals by neutrons

The mass of a neutron is about 2000 as large a®ftaa electron, so that according to
Eqn.(4.8) the wavelength associated with a neusa@about 1/2000 that for an electron
of the same velocity. Thus the energy of a neutemuired to give Xk is of order of
only 0.1eV. Such neutrons can be obtained fromaneteacting pile, and diffraction
from crystals may be observed. Neutrons are sedlttessentially by the nuclei of the
atoms, except when they are magnetic. The radias @tomic nuclei is of the order of
10%%m, and as a consequence, the atomic scatteritay famearly independent of the
scattering angle, becausg eD-G . Also, the scattering power does not vary in a
regular manner with the atomic number, so thattlgements such as hydrogen and
carbon still produce relatively strong scatterifidhe scattering of X-rays by light
element is in contrast, of course, relatively wedkus the positions of such atoms in
crystalline solids may be determined from neutrdgifrattion experiments. Another
important aspect of neutron diffraction is the faéleat scattering from neighboring
elements in the periodic system may differ appiagidor example, neutron diffraction
allows one to detect with relative ease ordereg@haf an alloy such as FeCo, whereas
their detection by X-rays is difficult. A particulg important aspect of neutron
diffraction is their use in investigating the matiastructure of solids. This is a result of
the interaction between the magnetic moment ofrtbetron and that of the atoms
concerned. In a paramagnetic substance, in whighmiiignetic moments are randomly
oriented in space, this leads to incoherent s@agferesulting in a diffuse background.
This diffuse background of magnetic scattering hent superimposed on the lines
produced by the nuclear scattering mentioned ablove. ferromagnetic substance in
which the magnetic moments within a domain areding in parallel, this diffuse
background is absent. In an antiferromagnetic sthiel magnetic moments of particular
pairs of atoms are aligned antiparallel and hefrioe) the point of view of the neutron,
such atoms would appear to be different.

4.0 Conclusions
From the discussions of the application of scattediffraction techniques to the study

of the structure of solid crystals that given Xsgaf 1k it requires energy of the order
of 10* eV, for electrons of k it needs 19eV while the energy of a neutron required to
give 1k is of the order of 0.1 eV. Thus the diffractiorchaique is a useful tool in the
investigation of the structure of solid crystalrfreurface thin layers to bulky materials.

5.0 Summary
: Bragg condition for crystal diffraction is giveyy (5 Xg+ h
Laue condition for diffraction is given by

s FC ) H Y\ < (o€
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~g( A" JpH Y\ < (4€
~n O )pH y\< ((€  and
y\ (* Xg+ h
y\ ([ Xg+ :h
y\ (GeXg+ h
de Broglie Wavelength equation is givenlby )3

wavelength of electron associated with accelerateigcity is given by
DAE

|
h % I 3
Scattering factor of electron by neutron is oladiby

. . f
+< E)( e | S

6.0. Tutor Marked Assignment

Q1. (a) Discuss the major experimental differencaw/éen x-ray, electron, and
neutron diffraction from the standpoint of the eb®d diffraction patterns
(b) Show that the Laue equations for thédiexat beam parallel to tieecube edge of
a simple cubic crystal give diffracted rays in ylzglane when

. E . Ex
h)*:(:E;E< and gy §:E.E<

Where | and k are integers angjjs the direction cosine of the diffracted ray
relative to the z axis.

Q2. While sitting in front of a color TV with a 25Kpicture tube potential, you have an
excellent chance of being irradiated with X-rays.
(a) Calculate the shortest wavelength (maximum eneXgigy. ( <K<E %X
G $CE " X Z K& @ P,
(b) For a rock sal#* < crystal placed in front of the tube, calculate Bragg angle

for a first order reflection maximum bt KikK :" . (K< e G4 <
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1.0 Introduction
To explain the theory of X-ray diffraction by crgbtplanes, Ewald introduced the
concept of reciprocal lattice. According to this ncept, the description of
interpenetrating planes inside a crystal could lb&ioed in space by means of a set of
points. Thus the properties of planes and points iaterchangeable. The space
constructed from these points is caltediprocal lattice
2.0  Objective
The objectives of this unit is to explain

Reciprocal lattice

Ewald’s construction

Brillouin zones

3.0 Definition

The reciprocal space lattice is a set of imagir@ints constructed in such a way that
the direction of a vector from one point to anotbemcides with the direction of a
normal to the real space planes and the sepamattittrose points (absolute value of the
vector) is equal to the reciprocal of the realnmt@nar distance

3.1 Reciprocal Lattice

For a perfect single crystal, the reciprocal lattis an infinite periodic three-
dimensional array of points whose spacing is irelgrproportional to the distances
between the planes in the direct lattice. The a&idors of the reciprocal lattice is given
by Eqgn. (5.1)

- ?2a —; " ?a ;™ 28 ——; (5.1)
y — y — y —

If a, b, care primitive vectors of the crystal lattice, th&nB, C are primitive vectors of
the reciprocal lattice. Each vector is orthogowaiwo of the axis vectors of the crystal
lattice. ThusA, B, C has property:

-y ?a y z ™y z€
-y z "y ?a Cy z (5.2)
-y z , "y 8§ ™y ?a

Any arbitrary set of primitive vectois b, cof a given crystal lattice leads to the same
set of reciprocal lattice points.

G hA +kB+IC, (h,k, | are integers (5.3)

Any vectorG of the form in Eq. (5.3) is called a reciprocalitz vector. Every crystal
structure has two lattices associated with it,dhystal lattice and the reciprocal lattice.
A diffraction pattern of a crystal is a map of thexiprocal lattice of the crystal; a
microscopic image, if it could be resolved on afatale, represents a map of the crystal
structure in real space. When we rotate a lattigstal, we rotate both the direct lattice
and the reciprocal lattice. Vectors in the crysa#tice have the dimensions of [length];
vectors in the reciprocal lattice have the dimemsiof [length}". In dealing with wave
properties of crystals, it is convenient to define reciprocal lattice vect@ as
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G=?a:—- ;] ™ < (5.4)
This in conjunction with equation (1.1) yields
Rn=(*: p; E E(EgYe (5.5)
Thus every vector of the equation (5.3) satisfesdondition
»J Gey 7 (5.6)

Some of the elementary properties of the rec@lrlattice are as follows:
I.  The unit cell of the reciprocal lattice need notlgarallelepiped.
II.  Simple cubic lattice is its own reciprocal, sohe thcp. On the other hand,
bcc and fcc are reciprocal of each other.
lll.  The volume of a unit cell of the reciprocal lattiseinversely proportional to
the volume of a unit cell of the direct lattice.
IV. If Ais the matrix of the components Af, B;, C; and B for those of A,, By,
C,thenB =A™

The properties of the reciprocal lattice that miaké importance in the diffraction
theory are:
I.  The vectorG (hkl) from the origin to the point (h, k, ) ofagrocal lattice is
normal to the (hkl) plane of the crystal lattice.
ii.  The length of the vectd®(hkl) is equal to the reciprocal of the spacinghsf
planes(hkl) of the crystal lattice

Worked example:
Prove that the reciprocal lattice vectors as défineequation (5.1) satisfy:

K &

-K"E™
Solution:
To solve the problem, we need to use the vectottiiikes:
K & KE& KCaG&E
and E: E < K< :KZK
From Eq. (5.1)
:(o <?

K E™ —y——
TAE

2K E < K E <3
?2a<

y —2" oK E <z 3
YTKET? z

—:?a<°‘ K GE K &
— : < <
YTk & -

~ Y
Then, -K"E™ E
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3.2 Ewald’s Constructian the reciprocal lattice

For simplicity, we draw the Ewald construction tiwno dimensions. Ewald put the
information about the wavelength and direction fbe incident X-ray beam into
reciprocal lattice as follows (Fig.5.1). Draw a t@cAO in the incident direction of

length terminating at the origin O. Construct lei of radius (a sphere, called

reflex sphere, of radius in three dimensions) vaéimtre at A. Two possibilities

arise:
1. The circle does not pass through any reciprpeadt. This implies that the particular
wavelength in question would not be diffracted Ihgttcrystal in the orientation. Further,

if the magnitude of the vector wheegeis the lattice constant), the circle

would not pass through any point, showing that X-d#fraction cannot occur if

. It may also be noticed that the longer the ve®Or (the shorter the wavelength),
the greater is the likelihood of the circle’s irstecting a point, and hence of diffraction.
2. The circle passes through any point B of théprecal lattice. Join A and O to B.
Thus, OB is a reciprocal lattice vecto6 and is normal to some set of lattice planes,

e.g., AE. Hence, , d is the interplanar for the set

-

Origin of
raciprocal
{attice

Fig.5.1: Ewald’s construction in the reciprocdtitee (After Ashcroft & Mermin,
(1976)

Letk = OA andk = AB respectively be the incident wave vector and #flected wave
vector. Thus,
k =k+G (5.7)

which shows that (i) scattering changes only tlfieadition of k and (ii) the scattered
wave differs from the incident wave by a reciprde#tice vectorG. for diffraction, it is
necessary that the vector, that is the vectoAB, equal in magnitude to the vectar

2= K2 (5.8)
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2kG+G*=0 (5.9)
(k+G/2)G=0 (5.10)

Equation (5.10) is Bragg's law in vector form. $tsalar form can be obtained by noting
thatAE =k + G/2) is perpendicular t®B. Thus OB = 20E = (2 sin)/ h . Also OB

= )5. Hence,

(2sin ) h= )5

2dsin =h
This shows that the Bragg equation has a simpleng&ecal significance in the
reciprocal lattice.

3.3 Brillouin Zones

For solid state physics the most important statéroérthe diffraction condition was
given by Brillouin. Fig. 5.1 shows that incidentweaand reflected wave make an equal
angle with the lattice plane AE, which is, therefoa reflecting plane. The reciprocal
lattice vectorG = OB is perpendicular to the reflecting plane AE. Thusresponding

to G = OB, the reflecting plane is AE (produced). From thatiehk =k + G, we see
that(AO +OE)-OB = 0. That isAE-OB = 0. Thus, AE is perpendicular to OB and also
bisects it, since E is the midpoint of OB by coustion. Hence, for a given reciprocal
lattice vector, its right bisector is the refle¢tiplane. One can extend the procedure for
finding the reflecting planes corresponding to peacal lattice vectors connecting the
reciprocal lattice point O (origin) with its neighilrs in reciprocal space. The volume
bounded by these planes is referred to as the gaoatelefinition of the firsBrillouin
zone BZ).

Figure 5.2 gives a portion of reciprocal space dotwo dimensional oblique lattice
showing the lines bisecting some reciprocal latfrean O. The six shortest of these
vectors can be right bisected to produce the B#&stentered on the reciprocal point O.

AT

Fig.5.2: Construction of fiBZ for a two-dimensional oblique lattice
(After  Kittel.1979).

Mathematically the reflecting planes and henceBtikouin zones could be calculated
from equation (5.9). For the simple square lat{wielattice constang), the reciprocal
lattice vectors are

EY

G :?' D> EB< (511)
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The wave vector for an X-ray measured from theiomd the reciprocal lattice is

CcC ; > ;B (5.12)

Use of Eg. (5.11) and Eq. (5.12) in Eq.(5.9) gives

_ ¥
bi ®s b E 513)

By assigning different value tg,, g, we can obtain various reflection lines. SoGil
vectors originating at the origin and ending orsthiénes, will produce Bragg reflection.

4.0 Conclusion
The reciprocal lattice explains the theory of X-thffraction by crystal planes while the
Brillouin zone gives a vivid interpretation of thdfraction condition.

50 Summary

: A wavelength of the order of & ( k = ¢ cm) is require to explore the
structure of crystals
The concept of reciprocal lattice explained theotiieof X-ray diffraction by
crystal planes
The reciprocal lattice is an infinite periodic terdimensional array of points
whose spacing is inversely proportional to theadise between the planes in the
direct lattice.
Brillouin zone gives a vivid interpretation of tdéfraction condition.

6.0 Tutor marked assignment

Q1. Prove that the volume of the unit cell of theipeocal lattice is proportional to
that  of the corresponding direct lattice.

Q2. The primitive translational vectors of the hexagl space lattice may taken as
- F$ Y (H> 2)3; 7 Fs T (H> 2) (3™ GC

(@ Show that the volume of the primitive ceIIHﬁH*)( H*Ec
(b)  Show thathe primitive translations of the reciprocal lattiare

= FC)gpedt> 2005387 F (o> 20)eam™ 2)e
So that the lattice is its own reciprocal, buthaatrotation axes.

Q3. Show that the volume of the first Brillouin zoisegiven by <E§Z« WhereZ the

volume is is of a crystal primitive cell
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1.0 Introduction

In practice, to satisfy Bragg’s law for-ray diffraction, it is necessary to vary either
angle of inclination of the specimen to the beantha wavelength of radiation. Tl
three standard methods o-ray crystallography to be discussed are the Lmethod,
the Rotating crystal technique and the Powder nakt

2.0 Objective
To explain experimental crystal structure determiomeaccording tc
Laue method
Rotating crystal techniq
Powder method

3.0 Definition

Experimental crystal structure determinatiis an experimental method to stu
scattering of crystal based on Ewald’s simple gddmeonstructior

3.1 Laue method

In the Laue methoFig 6.1), a single crystal is mounted on a gonanethich enable
the crystal to be rotated through known angleswo perpendicular planes, a
maintained stationary in a beam c-rays ranging in wavelength from about 0.1 to
A. The crystal selects out and diffracts those &slof for which planes exits, ¢
spacingd and glancing angle , satisfying the Bragequation. A flat photographic filr
is placed to receive either the transmitted ditiedcbeam or the reflected diffract
beam.

As shown in the figure (6.1), the resulting Laudtgra consists of a series
spots. Sharp welllefined spots on the filmre good evidence of a perfect crys
structure, whereas diffuse, broken or extendedsspdicate lattice distortion, defects
other departures from the perfect crystal lattidee Laue pattern reveals the symme
of the crystal structure in the ontation used; for example, if a cubic crystal iepted
with a cube edge, i.e., a [100] axis, parallel igdent beam, the Laue pattern v
show the four fold symmetry appropriate to thiss:

Wtite X-ray beam

Collimator

Screen for back - reflec tion
pattern
Screen for transmission
pattern-chowing a lypxal
pattern.

Fig.6.1: Schematic representation of Laue techn(after Kacchava, 199
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3.2 Rotating Crystal Technique

A small single crystal (1 mm dimension) is mounted on ai@oeter which, in turn, i
rigidly fixed to a spindle so that the crystal danrotated about a fixed axis in a bear
monochromatic radiation. The specimen is usuallyeed with one of th
crystallagyraphic axes parallel to the axis of rotation. Tésulting variation in brings
different lattice planes into position for reflemti and diffracted images are recordec
a photographic film placed cylindrically, coaxiaitivthe rotating spindle (Fi6.2).

Photograph
= film

s |
Morochr matc S— | Single crys®

x-rgy beam —

L Gonmomeler

ARotating Spﬂ'if_nﬂ

A

Fig.6.2: Rotating crystal technique (after Kachha892

To explain the general nature of the diffractioangsider a crystal mounted so that
of the axes (e.g. is parallel to the axis of rotation, then diffracticannot occur fror
theplanes of atoms parallel to this axis un

(6.1)

where n is an integer [Fig.6.2 (a)]. The diffracteebm will, therefore, be along t
surface of a family of cones wte vertices are at the crystal, and whose -vertical
angles are given by the above equation [Fig.6.R

(a)

Fig.6.2: Diffraction pattern in rotating crystatteique
(a)Diffraction condition (b) Cones of diffractioAfter Kachhava, 199.

The difracted beams will only occur along those spediii@ctions lying on the cont
for which the correct phase relationship also hdtdsplanes parallel to the other t
coordinate axes. When the film is flattened oueraflevelopment, these diffracti
images will lie on a series of lines called layees, as illustrated in Fig.6.3. All ti
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images on the zero layer line come from planesllpait® the axis of rotation, i.e
planes withl = 0, and the other layer lines arise from plangbl ... .. , etc.
diffraction images from planes with the same valofels and k but different values I,

all lie on one of a series of curves known as rim@d which are transverse to the la
lines and in the particular case when A andB axes argerpendicular tC, they
intersect with the zero layer line at right anc

tayer line Row _line

..\... : 1,,-.“---1:2

o.-.\......._.-. = - —o- -

- a " a LE ] I:‘
cdma-=t—g-aw® 1=0

L . 8 e I:—]

oy - ‘___4_

-

i - 8 . = - - * o . & Y f‘—z

Fig.6.3: Typical Rotation photograph (After Kachhat992

If  is the separation of these layer lines and R igddeis of the camera, then frc
Fig.6.2 (b),

(6.2)
From equation (6.1) and equation (!
R (6.3)
— (6.4)

By subsequent orientation of the crystal wA and B axes parallel to the axis
rotation, the other unit cell parameters may bemened

3.3:  Powder method

In this technique, a monochromati-ray beam is allowed to irradiate a small specil
of the substance grinded to a fine powder and aoedan a thi-rwalled glass capillar
tube. Since the orientation of the minute crystagments is completely random.
certain number of them will lie with any set oftie¢ planes making exactly the corr
angle with the incident beam for reflection to acdturther, these planes in different
crystallites are randomly distributed about thesaai the incident beam so that 1
corresponding reflections from all the crystallitesghe specimen lie on a cone coa:
with the axis and with a se-apex angle of twice the Bragg angle.@ ). The specime
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is surrounded by a cylindrical film and two smadirfoons of each cone are recordec
lines on the film (Fig.6.3). If the grain size &y large (> 1° m), there is insufficien
room within the irradiated volume for enough crllites to be in all possibl
orientations and the resultant powder lines wilrdkher ‘spotty’. This spottiness can
eliminated by rotating the specimen during expodhie considerably increases |1
number of crystallites which can contribute to ¢ powder line.

Diffraction

Colimator cone A B

Beam
stop
Specimen  (a)
A P 0 B amerg
I EEEN| rodus R
Col\rrrrt;l)a' hole Collimator” &
' Monocromatic X -ray beam
(b)

Fig.6.3: Schematic of powder method (a) experimentangemel
(b)Diffraction geometry (c) Developed films (Aft&achhava, 199:.

The Bragg angle of the various reflections can be calculated byasneng the
separation of the |y of lines since, from the geometry of Fig.6.}

(6.5)

where R is the radius of the camera. The reflesticam be indexed and the unit «
parameters evaluated.

4.0 Conclusion
This unit showed thathe three methods discussed #wels for bette understanding of
diffraction phenomenmn crystalline sample.

5.0 Summary

- Variation of the angle of inclination of the speeimto the beam or tf
wavelength of radiation allows better understandihBragg’s law
In the Lauegtechnique , a single stationary crystal is irragtidby a range of -ray
wavelengths
in the Rotational crystal method, a single crysfacimen is rotated in a beam
monochromatic xays wavelengt
in the Powder technique, a polycrystalline pow(ecimen is kept stationary ir
beam of monochromatic radiati
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6.0

Q1.
Q2.

7.0

Tutor marked Assignment

Find the Bragg angles and the indices of diffractior the three lowest angle

lines on the powder photographsGfGerystal: a = 6.2 andh  Kijk

Cobalt has two forms:-Co, with GJ structure (lattice spacing d& 2.15 ) and
-Co, withIGGstructure (lattice spacing df, rpn= 3.55K). Assume that thesJ

structure has an ideS ration. Calculate and compare the position offife

five X-ray powder diffraction peaks. The quaniity J° )h "4+ can be used to

characterize the peak positions (hbres the wavelength of the X-ray radiation
and 2+ is the scattering angle)

Further Reading/References

Kachhava, C.M., Solid State physics, Tata McGraW-Publishing Company
Limited, New Delhi, 1992

Carpenter, G.B., Principles of crystal structusgedmination, Benjamin, 1969
Brown, J.G., X-rays and their applicaipRlenum, 1975

Kittel, C., Introduction to solid statbysics, Wiley eastern limited, 1996
Stokes, H.T., Solid state physics, Alymd Bacon, Inc, 1987

Gay, P., Crystalline State, Olover angydBd.972
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1.0 Introduction

The study of the elastic behavior of solids is venportant in the fundamental and

technical researches. In technology, it woulduslhbout the strength of the materials. In
fundamental research, it is of interest becaugbeinsight it provides in to the nature of
binding forces in solids. They are also of impoce&for the thermal properties of solids.

2.0 Objective

To explain elastic constant in solids
To explain strength of solid materials
To understand fully the binding forces in solids

3.0 Definition
Elasticity is the study of the ability of crystatsincorporate changes or adapt to new
circumstances easily

3.1 Analysis of elastic strains and stresses

The local elastic strain of a body may be specifigdsix numbers. If ¢ are the
angles between the unit cell axasb, c, the strain may be specified by the changes
a o oe€ o* of oG  resulting from the deformation. This is a good pbgks
specification of strain, but for non-orthogonal sxet leads to mathematical
complications. The strain may be specified in termsf the six
COMPONENtS; ik Ss, %% iS Sk %; Which are defined below. We imagine that three
orthogonalaxesf, g, h of unit lengthare embedded securely in the unstrained solid, as
shown in Fig. 1.1(a). We suppose that after a sorafbrm deformation has taken place
the axes, which we now labg¥ ¥ "¥ are distorted in orientation and in length, sd tha
with the same atom as origin we may write.

]¥ : § i <] § is: § i%oA€
¥ 8g] 2 8 g3 8§ i€ €.1)
¥ 8¢l 8 ws 1 8 %

The fractional changes of length of theg, andh. axes are§; &s 8§,despectively, to
the first order. We define the strain componentg ss, %% DY the relations

i 84 € ss 8ss€ %% 3 %o € (1.2)

The strain componentss  su, %; May be defined as the changes in angle between
the axes, so that to the first order

s F¥y¥ 7 ot _g

Sk FY™¥ T agtea; (1.3)

o MY T o
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This completes the definition of the six strain gaments. A deformation igniform if
the values of the strain components are indeperafehe choice of origin.

S0°

G~
o0

£

Ifil=lgli=|h]l=1
{a) (b)

Fig.1.1 Coordinate axes for the description ofdtage of strain; the
orthogonal unit axes in the unstrained state @paformed in the strained

state (b).
We note that merely rotating the axes does notgdhdime angle between them, so for a
pure rotation g = _& e = € a_  _Hf we exclude pure rotations,
we may without further loss of generality takey =~ _ € a9 ~ @€ a_
" __dso that in terms of the strain components we have
¥ D | D AN
] ] ii E iS1 E %oj
D D
L = s ] SSi = S%€ (1.4)
D D
= R %

We consider under a deformation which is substipnti@iform near the origin a particle

originally at the position
" (1.5)

After deformation the particle is at
¥ ¥ Sl¥ Ny (1.6)

so that the displacement is given by
® ¢ > )] <= el <-nen< .7)

If we write the displacement as
® z] 7T A (1.8)
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we have from E@l1.4)and Eq(1.7) the following expressions for the strain composent

OZ o o

i = r y - t ; %00(; o ; (19)
0 °Z +1 0 o7 ©

g = — + ; - = — +— 5 =3 + =

I +i +S +S +%o - >

We have written derivatives for application to namform strain. The expressions (1.9)
are frequently used in the literature to define 8itmin components. Occasionally

definitions of ;s . and _, are given which differ by a factor %2 from thoseegiv
here. For a uniform deformation the displacen®@ritas the components

D .

D
u 4 E IS_I E %oi- X

Voo o0 -7 7 ..-€ (1.10)
5 D

E % E S%' %%

3.2 Dilation
The fractional increment of volume caused by a he&tion is called thdilation. The
unit cube of edgek g, andh. after deformation has a volume

~

ZC ] “ypen«s > - - (1.11)
where squares and products of strain componentsegtected. Thus the dilation is

,:ﬂ

. >» bl | -
1

(1.12)

3.3 Shearing strain
We may interpret the strain components of the type

_tO+°Z
IS T 4 7 4s

as made up of two simple shears. In one of thershpkanes of the material normal to
thex axis slide in the direction; in the other shear, planes normal stide in thex
direction.

3.4 Stress Components

The force acting on a unit area in the solid idraef as the stress. There are nine stress
componentsXy, X, Xz, Y, Yy, Yz, Zx, Zy, Zo. The capital letter indicates the direction of the
force, and the subscript indicates the normal ®pglane to which the force is applied.
Thus the stress componefitrepresents a force applied in thdirection to a unit area of

a plane whose normal lies in tRelirection; the stress componexitrepresents a force
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applied in thex direction to a unit area of a plane whose normed In they direction.
The number of independent stress components isceddto six by applying to an
elementary cube as in Fig. 1.2 the condition that angular acceleration vanish, and
hence that the total torque must be zero. It fadldmat

Y, =2, Z = Xy, X = Yy
and the independent stress components may be &R&nY,, Z, Y;, Z, X, The stress
components have the dimensions of force per uaé ar energy per unit volume, which
the strain components are dimensionless

.‘_._._._X
y
Fig. 1.2: Demonstration that number of independéngiss componenté
= Xyorder that the body may be in equilibrium.

3.5  Elastic Compliance and Stiffness Constants
Hooke's law states that for small deformationsstingn is proportional to the stress, so
that the strain components are linear functionhefstress components:

V2N e Voaa®e VW sta N 0\ 2

boo V=2V nte Voa®a N e N 50\ 2

s\ A=2 _\ A?l © \ AAO a \ A 1o\ A»o _\ Ab2 ©) (113)
, @A \ 22\ 2T \ A a \ o 1a Yy \ b 2 ©
a \ »:2 — \ »?1 © \ »AO a \ » 1 a \ »»o — \ »b2 ©€

o V=2V ple Vpala Vpta V0% N 2o

Conversely, the stress components are linear fumef the strain components

=?, ©O© =A, @ =, 0?7 =», a— =b, —@

\ ??, ©© ?A, %@ ?, 08 P» s 82— 2, —©
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a A=, A?, ©© AA, aa A, ©? A», 3— Ab. —©
1a ‘:5 ‘?5©© ‘A:aa “5©a \»:a— \bs—©.
°_ »= »? 5 ©O »A, aa » 5 ©2 »» s &— »b s —@ (114)
20 b=, b?,©©  bA,® b,©  brs3-  bb,—O

The quantities\-- ¥aKKJ are called theelastic constantsor elastic compliance
constantsthe quantities .- 4% K K- are called thelastic stiffness constants moduli

of elasticity.Other names are also current. The S’s and C’s tlevelimension of area
per unit force or volume per unit energy and fquee unit area or energy per unit volume
respectively

3.6 Energy Density

We calculate the increment of wodé done by the stress system in straining a small
cube of sidd., with the origin at one corner of the cube and therdinate axes parallel
to the cube edges. We have

Yo Yy i® (1.15)

whereF is the applied force and

‘®=]Z N (1.16)
is the displacement. X, Y, Zdenote the components®iper unit area, then
v A BEAZ AT < (1.17)

We note that the displacement of the three cubesfaontaining the origin is zero, so that
the forces all act at a distancérom the origin. Now by definition of the strain
components

%0 (1.18)
etc., so that

~

Yoo A 207 1 AST SS h %e%e %% P % S% 0 %i %i As s3(1.19)

The increment U of elastic energy per unit volume is

~ ~ A~ -

A A i i AS SS 1+ %o %O%OA%O S%o 1+ %oj A S iS (120)

~

We have"&)' =A and A), . A and on further differentiation
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'Ai S, = é,

This leads from Eq. (1.14) to the relation

=7 2=

and in general we have

>B{ B> (1.21)

giving fifteen relations among the thirty non-diagbterms of the matrix of the Cs. The
thirty-six elastic stiffness constants are in thiay reduced to twenty-one coefficients.
Similar relations hold among the elastic compliancéhe matrix of the Cs or S's is
therefore symmetrical.

3.7 Cubic crystal

The number of independent elastic stiffness cotstsnusually reduced if the crystal
possesses symmetry elements, and in the imporaget af cubic crystals there are only
three independent stiffness constants, as we now.sWe suppose that the coordinate
axes are chosen parallel to the cube edges. I(LEd) we must have

Ci)s GDr GDA GES GEr GEA G...s G...r G...A

Since the stress must not be altered by reveremditection of one of the other
coordinate axes. As the axes are equivalent, veehaige

Gp Gee G...
and CE)E GD GED GE GD GE

so that the first three lines of Eq.(1.14) arecdesd by the two independent constants
GpandGe The last three lines of Eq.(1.14) are describethb independent
constanGg, as

Cis GDr GAA

by equivalence of the axes, and the other cons#dintanish because of their behavior on
reversing the direction of one or other axis. Thyaof values of the elastic stiffness
constant is therefore reduced for a cubic crystéhé matrix below:

Ai ‘pp ‘DE ‘DE

% ‘ DE ‘ DD ‘ DE

( ‘ ‘ ‘ (
MA ;é’/{)o DE DE DD‘ (122)
( 00 SS‘ (
' SS
AS ‘ Ss

It is readily seen that for a cubic crystal
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A )( ‘o2 S %R ' DE2 SS % %% i ss3
)( ‘ 332 SE%o 9%0( iES 3 (1-23)

satisfies the Eq.(1.19); for the elastic energysdgriunction.

OA . . ‘
For example, ™). DD SS DE %% DEii As

SS
Using Eq. (1.22).
For cubic crystals the compliance and stiffnessstannis are related by

, EJE . _
bb 'E. eE. <E./EE_ <’
eE
‘ — S — : 1.24
DE 'E. eE. <E._eEED. < (1.24)

Ds )}

A general review of elastic constant data and lattienships among various coefficients
for the crystal classes has been giveridegrmon (1946).

4.0 Conclusion
The elastic properties of a crystal consideredoasdgeneous continuous medium rather
than a periodic array of atoms is obtained by Heddv and Newton second law.

5.0 Summary
- The local elastic strain of a body is specifiedsby component numbers:

iiK  SS1 %%0 iS S%o0 %oj
There are nine stress componeMtsXy, X, Yx, Yy, Yz Zy, 4, Z;
A deformation isuniformif the values of the strain components are independ

of the choice of origin
The fractional increment of volume caused by a heédion is called thdilation

Cubic crystals have only three independent stifremstants.

6.0 Tutor marked assignment
Q1. Show that the shear constént op - pe<in a cubic crystals defined by

setting ; ss E and all other strains equal to zero.

Q2.  Prove that in a cubical, the effective elastinstant for a shear across the
< plane in theeE Zdirection is equal' pp ' pet(K
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1.0 Introduction

Theelastic properties of a homogeneous crystal arergéiy anisotropic. Even in a cubic
crystal, the relationship between stress and stiggends on the orientation of the crystal
axes relative to stress. In general, the numbetasttic constants characterizing a body is
large. However, this number is considerably reduhesl to the symmetric nature of both
strain and stress tensors.

2.0  Objective
The objectives of this unit are to describe:
Elastic waves in cubic crystals
Elastic isotropy
Cauchy relations
: Lattice theory of elastic coefficients
3.0 Definition
Same as in unit 1
3.1 Experimental determination of elastic constants.
The classic methods for the measurement of thetielasnstants of crystals are
described in the review by Hearmon (1964). In timethod, quartz transducer is
transmitted through the test crystal and refleétench the rear surface of the crystal back
to the transducerThe elapsed time between initiation and receiptth@ pulse is
measured by standard electronic methods. The ¥glsobbtained by dividing the round
trip distance by the elapsed time. In a represeetarrangement the experimental
frequency may be 15'sand the pulse length 1 psec. The wavelengthtiseobrder of 3
x 10% cm. The crystal specimen may be of the order ofnlir length. The elastic
stiffness constantS pp ‘pee ss Of a cubic crystal may be determined from the
velocities of three waves. A longitudinal wave pagptes along a cube axis with

velocityF P9 HmE, where ' is the densityA shear wave propagates along a cube axis

. ¢( .
with Velocity F i )-H , while a shear wave with particle motion alongk direction

propagates along a 110 direction with velocigpe o=, >

3.2 Elastic waves in cubic crystals
By considering the forces acting on an elementotdime in the crystal we find for the
equation of motion in the x direction

zg B

i +S +%o0

(2.1)

With similar equations for theg and z directions;’ is the density andi is the

displacement anﬂﬁs%. From Eq. (1.21) in unit 1, it follows, taking thake edges as
thex, y, zdirections, that

ZE + = ¢« B2 —=H o AL My



This reduces, using Eqg. (1.9) of unit 1, to
O(Z O(Z

e . 2. gl (_(ZH o, <F— —H (2.2)

o, ( i e i

Here u, v and w are components of displacement
One solution is given by a longitudinal wave

7 7 o PiTe7; <
0
moving along the x cube edge; from (2.2)

pE . Es
EV ’ bD
Here; ~ whereh is wave vector an® (¢ is the angular frequency
So that the velocity is

D¢E
- B o (2.3)
Another solution is given by a transverse or skeare moving along the y cube edge
with the particle motion in the x direction:

- - ®ITe7S <z
%

which gives, on substitution in Eq. (1.2)

E» . E:
D ’ SS
so that;

D¢E
N ss):O (2.4)

There is also a solution given by a shear wave ngpin thez direction with particle
motion in thex direction. In general there are three types of wantion for a given
direction of propagation in the crystal, but onty fa few special directions can the
waves be classified as pure longitudinal or puaadverse.

3.3  Elastic isotropy
By minor manipulations we may rewrite Eq. (2.2) as

+

OZZE :‘DD ‘EDE (‘ ss<;+ ' ssdEZ :‘DE ‘ ss<§59_® (2-5)
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where the displacemer® Zz> B C is not to be confused with density now
written asQ, Kif

‘DD ‘ DE (‘ S (2-6)

the first term on the right in (2.5) drops out, amelcan write on summing with the
equations for thg andz motions:

& O® ‘pp ‘ <**5 50 ® (2.7)

This equation has the important property that itingariant under rotations of the
reference axes, as each term in the equationiisvanant. Thus the relation (1.6) is the
condition that the crystal should be elasticallgtigpic; that is, that waves should
propagate in all directions with equal velocitiddowever, the longitudinal wave
velocity is not necessarily equal to the transveraee velocity.

The anisotropy factor A in a cubic crystal is defiras

(‘ SS
):‘DD ‘

and is unity for elastic isotropy.

< (2.8)

3.4  Cauchy relation
There are among the elastic stiffness constantaiceelations first obtained by
Cauchy. The relations reduce to

¢ ‘

DE Ss

in a crystal of cubic symmetry. If this is satisfiehe isotropy condition (2.6) becomes

‘b $ <. If then a cubic crystal were elastically isotphdthe Cauchy relation is

satisfied, the velocity of the transverse waves ldvdae equal to the velocity of the

longitudinal waves.

The conditions for the validity of the Cauchy redat are:

I.  All forces must be central, i.e., act along linesming the centers of the atoms.
This is not generally true of covalent binding fs¢c nor of metallic binding
forces.

[I.  Every atom must be at a center of symmetry; thae@acing every inter atomic
vector should not change the structure.

[ll.  The crystal should be initially under no stressmietallic lattices the nature of
the binding is not such that we would expect thedbs relation to work out
well. In ionic crystals the electrostatic interactiof the ions is the principal
interaction and is central in nature. It is notpsiging that the Cauchy relation is
moderately well satisfied in the alkali halides

Worked example:

Show that the velocity of a longitudinal wave ied Zdirection of a cubic
. . — D . DAE
crystalisgivenbyy -"pp (( pe | ss<4
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Solution:
For a longitudinal phonon in thee  Zdirection, u = v = w.
LetZ Z PTES/% 749... ePiT

Where; % is the wave number a2l («O is angular frequency. From Eq. (2.2),

>~

DE’ CEDD (‘ Ss - DE‘ Ss <Z E4$
Thus, the velocitp4; of the longitudinal wave in thee  Zdirection is given by
U D4 opp ( pe ] 48 <PE

4.0 Conclusion
The existence of the centre of symmetry of a cuistal stable under the
central inters atomic forces leads to the well knd@»auchy relation,pg  * <.
This reduces the number of independent elastictantssof a cubic crystal to
two only.

5.0 Summary

The longitudinal wave velocity along the x cubgeds given by
D¢E

- By, F oy
The transverse wave velocity along the y cube edtethe particle motion in
the x direction is given by
D¢E

T B Fs)H

The Cauchy relation i$ pg ss

Cauchy relation does not work well for metalliditzgs while it is moderately
well satisfied in the alkali halides.

6.0  Tutor marked assignment
Q1. Show that the velocity of a longitudinal waveleoe Zdirection of a
cubic crystal is given by

- D ‘ 1 H ’ D¢E
=Yoo ( pE J' &<
Q2.  Show that the velocity of a transverse wave incthe Z direction of a
cubic crystal is given by

D D¢E

_ DD DE ss <
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1.0 Introduction

The attractive electrostatic interaction betweeanbgative charges of the electrons and the
positive charges of the nuclei is entirely respolesfor the cohesion of solid. As the atoms
come close together their closed electron shells start to overlap. The Pauli principle
states that each electron state can be occupiedlipyone electron. In order to have overlap
of closed shells, electrons have to be excitedgbdn states. This costs energy and leads to a
repulsive interaction between the atoms. The remulinteraction dominates for short
distances between atoms, while the attractive antem dominates at large distances. The
actual atomic spacing in a crystal is defined g dguilibrium where the potential energy
exhibits a minimum.

2.0  Objective

To explain:
Inter atomic forces
Vander Waals bonding
lonic bonding
Covalent bonding
Metallic bonding

3.0 Definition
Crystal binding is the attractive inter atomic fetbat hold atom together in a crystal.

3.1  Inter atomic forces

Solids are stable structures, and therefore theist eteractions holding atoms in a
crystal together. For example a crystal of sodiumoride is more stable than a
collection of free Na and Cl atoms. This implieattthe Na and Cl atoms attract each
other, i.e. there exist an attractive inter atofoice, which holds the atoms together.
This also implies that the energy of the crystdbvger than the energy of the free atoms.
The amount of energy which is required to pull thgstal apart into a set of free atoms
is called thecohesive energyf the crystal.

Cohesive energy = energy of free atoms — crystatggn

Magnitude of the cohesive energy varies for diffiérsolids from 1 to 10 eV/atom,
except inert gases in which the cohesive energyf ihe order of 0.1leV/atom. The
cohesive energy controls the melting temperaturetygical curve for the potential
energy (binding energy) representing the interacbhetween two atoms is shown in
Fig.1.1 It has a minimum at some distariReR,. For R>R, the potential increases
gradually, approaching 0 &®¥ , while for R<R, the potential increases very rapidly,
tending to infinity atR=0. Since the system tends to have the lowest lesshergy, it
is most stable at R=R which is the equilibrium inter atomic distanceThe
corresponding energy, is the cohesive energy. A typical value of the Houum
distance is of the order of a few angstroms (e-3AR so that the forces under
consideration are short range. The inter atomicefas determined by the gradient of the
potential energy, so that
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. +U
X @< 0 (3.1)

If we apply this to the curve in Fig.3.1, we seatfiR) <0 for R>R,. This means that
for large separations the forceattractive tending to pull the atoms together. On the
other, hand=(R)>0 for R<R, i.e. the force becomespulsiveat small separations of the
atoms, and tends to push the atoms apart. Thesrepw@nd attractive forces cancel each
other exactly at the poirf®, which is the point of equilibrium. The attractiveter
atomic forces reflect the presence loénds between atoms in solids, which are
responsible for the stability of the crystal. Thare several types dbnding depending
on the physical origin and nature of the bondingddnvolved.

U

repulsive energy

.....
....

_gv_

cohestve energy 1
UO / ‘
/
/
/

attractive energy

Fig.3.1. A typical curve for the potential enerdggnding energy)
representing the interaction between two atomse(Aittel.1979)

Although the nature of thattractive energys different in different solids, the origin of
the repulsive energys similar in all solids and it is mainly due tcetRauli Exclusion
Principle. The elementary statement of this principle i th@ electrons cannot occupy
the same orbital. As ions approach each other @asegh, the orbits of the electrons
begin to overlap, i.e. some electrons attempt toupg orbits already occupied by
others. This is, however, forbidden by the PaulicleEsion Principle. As a result,
electrons are excited to unoccupied higher endiaes of the atoms. Thus, the electron
overlap increases the total energy of the systesngares repulsive contribution to the
interaction. The repulsive interaction is not edsy treat analytically from first
principles. In order to make some quantitativenestes it is often assumed that this
interaction can be described by a central fieldulgpe potential of the formh exp ¢r

Ir ), wherel andr are some constants or of the fol¢®@ , wheren is sufficiently large
andB is some constant.

70



3.2  Vander Waals (Inter atomic) bonding

This type of binding is exhibited by solid noblesgaystals. The outermost electron shell is
completely filled and the electron distributiorsigherically symmetric. Each atom is neutral
and has no permanent dipole moment. The attrafbhees between the atoms arise from
fluctuations in the electron distribution. Theseregian instantaneous fluctuating dipole
moment in the atom. Its interaction with inducedad moments in the neighboring atom
leads to a weak interactiohhe electron distribution in inert gases is veiysel to that in
free atoms. The noble gases such as neon (Ne)) argo krypton (Kr) and xenonX )

are characterized by filled electron shells andphescal distribution of electronic
clouds in the free atoms. In the crystal the igag atoms pack together within the cubic
IGG structure. Consider two inert gas atoms (1 andeparated by distance R. The
average charge distribution in a single atom issgphlly symmetric, which implies that
the average dipole moment of atom 1 is z8bY 0. Here the brackets denote the time
average of the dipole moment. However, at any mowietime there may be a non-zero
dipole moment caused by fluctuations of the elextraharge distribution. We denote
this dipole moment bydi. From electrostatics consideration, this dipolenmant
produces an electric field, which induces a dipwlement on atom 2. This dipole
moment is proportional to the electric field whishin its turn proportional to theutRs

so that

5: b b= (3.2)

The dipole moments of the two atoms interact wabheother. The energy is therefore
reduced due to this interaction. The energy of ititeraction is proportional to the

product of the dipole moments and inversely prapoal to the cube of the distance
between the atoms, so that

QQ Q
—-— b = 3.3
0 R (3-3)

and that the coupling between the two dipoles,caused by a fluctuation, and the other
induced by the electric field produced by the firssults in the attractive force, which is

called theVan der Waals forceThe time averaged potential is determined by the
average value db5Ywhich is not vanish, even though Ys zero.

i oY
A b LS—' (3.4)

The respective potential decrease®@aseduces with the separation between the atoms.
Van der Waals bondinig relatively weak; the respective cohesive enégyf the order

of 0.1leV/atom. This attractive interaction desedbby Eqg. (3.4) holds only for a
relatively large separation between atoms. At sselarations a very strong repulsive
forces cause by the overlap of the inner electrshélls start to dominate. It appears that
for inert gases this repulsive interaction can ited quite well by the potential of the
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form )@EwhereB is a positive constant. Combining this with Eq4§3wve obtain the
total potential energy of two atoms at separaavhich can be represented as

A
-H (3.5)

5 a, PE 3

wherejga A° A andjga E* B. This potential is known as Lennard-Jones potential.

3.3 lonic bonding
The ionic bond results from the electrostatic iatéion of oppositely charged ions. Let
us take sodium chloride as an example. In the @iyst state, each Na atom loses its
single valence electron to a neighboring ClI atoredpcing Naand* ©-ions which
have filled electronic shells. As a result an ioargstal is formed containing positive
and negative ions coupled by a strong electrostagcaction.

* K Z :83g-*YgA e <aer [ ©

e 4 & $K«Z: GYa *liggY- <

/v ege mMKAZ : GYAaXY*YgG - <
The cohesive energy with respect to neutral ataansbe calculated as 7.9eV - 5.1eV +
3.6eV, i.e. Na + C® «* + 6.4 eV (cohesive energy). The structure*of is two
interpenetrating fcc lattices of Nand* © ions as shown in Fig.3.2

N Na~

CI”

(L
Fig 3.2 structure«sf (After Kachhava, 1992)

Thus each Naion is surrounded by 6 € ions and vice versa. This structure suggests
that there is a strong attractive Coulombic foreeseen nearest-neighbors ions, which
is responsible for the ionic bonding. To calculateding energy we need to include
Coulomb interactions with all atoms in the solids@we need to take into account the
repulsive energy, which we assume to be exponeiitiis the interaction between two
atomsi andj in a lattice is given by

Bog h F TeHg €3 (3.6)

Here p/s the distance between the two atoqis, the electric charge on the atom, the

(+) sign is taken for the like charges and thes(gh for the unlike charges. The total
energy of the crystal is the sum ovandj so that
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- (3.7)

In this formula %2 is due to the fact that each péiinteractions should be counted only
once. The second equality results from the fathén structure the sum ovedoes
not depend on whether the referenceiias positive or negative, which gives the total
number of atoms. The latter divided by two gives tlnmber of moleculed, composed
of a positive and a negative ion. We assume fopltity that the repulsive interaction
is non-zero only for the nearest neighbors (becaus®ps down very quickly with the
distance between atoms). In this case we obtain

(3.8)

HereR is the distance between the nearest neighlmis;the number of the nearest
neighbors, and is theMadelung constant

(3.9)

where is defined by .The value of the Madelung tamisplays an
important role in the theory of ionic crystals.daneral it is not possible to compute the
Madelung constant analytically. A powerful methad €alculation of lattice sums was
developed by Ewald, which is call&vald summationThis method can be used for the
numerical evaluation of the Madelung constantsahds. Example considers a one-
dimensional lattice of ions of alternating sigrsaswn in Fig.3.3 below.

® 0 ® 0 6 0 6 O
R

Fig.3.3: 1-D lattice of ions of alternating sign.

In this case

Or
- - = (3.10)

The factor 2 occurs because there are two ionstootiee right and one to the left at
equal distances
we sum this series by the expansion
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e > < 1 <6DA—
D

Thus the Madelung constant for 1-dimensional cigin 2 In2.

In three dimensions calculation of the series iscimmore difficult and cannot be
performed so easy. The values of the Madelung aatsstfor various solids are
calculated, tabulated and can be found in liteeafarg.Kittel, 1996).

3.4 Covalent bonding

The covalent bond is another important type of baich exits in many solids. The
covalent bond between two atoms is usually formgdwo electrons, one from each
atom participating in the bond. The electrons fomgnithe bond tend to be partly
localized in the region between the two atoms joibg the bond. Normally the covalent
bond is strong: for example, it is the bond, whioliples carbon atoms in diamond. The
covalent bond is also responsible for the bindihgilaccon and germanium crystals a
two-atomic molecule (one electron per atom) therggnéevels are split into a binding and
an antibinding one. The two electrons are sharéddan the two atoms and fill the lowest,
binding, molecular orbital. In a solid the energydls are no longer discrete but the binding
and antibinding levels become broadergy bands The structure of covalent crystals is
determined by the direction of the bonds, they haften fewer nearest neighbor atoms
(lower coordination humber).

Compounds where the atoms have different numbealeince electrons exhibit a mixture
of ionic and covalent binding. EX* X .1* has 3 valence electrons and has 5. On the
average we have 4 electrons per atom which canhbeed in tetrahedral bonds with
neighboring atoms. However if the bonds are toyensetrical thei* will be negatively
charged andX positively charged. Hence partial ionic binding mwanbe avoided in this and
similar cases.

3.5 Metallic bonding

Metals are characterized by a high electrical cohditly, which implies that a large
number of electrons in a metal are free to movee Electrons capable to move
throughout the crystal are called tlenductions electronsNormally the valence
electrons in atoms become the conduction electiorsolids. The main feature of the
metallic bond is the lowering of the energy of fadence electrons in metal as compared
to the free atoms. Below, some qualitative argusieme given to explain this fact.
According to the Heisenberg uncertainty principle indefiniteness in coordinate and in
the momentum are related to each other soithht 8 K In a free atom the valence
electrons are restricted by a relatively small wvodu ThereforeDp is relatively large
which makes the kinetic energy of the valence sdestin a free atom large. On the other
hand in the crystalline state the electrons are foemove throughout the whole crystal,
the volume of which is large. Therefore the kinetimergy of the electrons is greatly
reduced, which leads to diminishing the total epenfj the system in the solid. This
mechanism is the source of the metallic bondinguftively speaking, the negatively
charged free electrons in a metal serve as gluétids positively charged ions together.
The metallic bond is somewhat weaker than the iantt covalent bond. For instance the
melting temperature of metallic sodium is about %@fich is smaller than 1180n
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«*and about 40n diamond. Nevertheless, this type of bond shdeldegarded as
strong. In transition metals like Fe, Ni, Ti, C@tmechanism of metallic bonding is more
complex. This is due to the fact that in additionst electrons which behave like free
electrons we have 3d electrons which are more ilathl Hence the d electrons tend to
create covalent bonds with nearest neighbors. Thetectrons are normally strongly
hybridized with s electrons making the picture ohing much more complicated.

4.0 Conclusion
Solids are stable structures, and therefore thasg iateractions holding atoms in a
crystal together Depending on the distribution of the outer electrauith respect to the
ions, different binding types can occur.

5.0 Summary
- The cohesive energy the energy that must be added to the crysts¢parate it to

neutral free atoms at rest, at infinite separation.
Crystals of inert gas atoms are bound by Vanderl§\iateraction.
lonic crystals are bound by electrostatic attractdcharged ions of separate signs.
A covalent bound is characterized by the overlaphairge distributions of
antiparallel spin.
Metals are bound by reduction in kinetic energyhef valence electrons in the metal
as compared with the free atom.

6.0 Tutor marked assignment
Q1. Repulsive potential between two atoms is represkeiy )@ , Where
constant®\ andn are phenomenological parameters.
(@) Show that the equilibrium inter atomic distancegiigen by

< eD

By, T—éE

(b) Demonstrate that the cohesive energy per molet@@gualibrium is
A E

€ -
+ =

Ay
@y,

(c) Calculate the constantfor «** | taking into account that the lattice
constant isa=5.63A, =1.75, g=e and the measured binding energy per
molecule for this crystal is 7.94 eV.

2
Q2.  Using the Lennard-Jones potential wétkil.04y10 eV ands=3.40A and
taking into account only nearest-neighbor atomisutate the lattice
parameter and the cohesive energy of the fcc drybta.

7.0  Further reading/References.
C. Kittel, Introduction to solid state physics, @jlEastern Limited, 1979
Kachhava, C.M., Solid State physics, Tata McGraW#iblishing Company
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R. F. S. Hearmon, "Elastic constants of anisotramaderials,” Revs. Modern
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1.0 Introduction

An important aspect of the study of solid state plsysscthe lattice dynamics, which

concerns itself with the vibrations of atoms abibir equilibrium sites in a solid. These
vibrations occur at any temperature, even at absaero. They are responsible for the
thermal properties - heat capacity, thermal condiigt thermal expansion, etc. of

insulators and contribute the greater part of & lsapacity of metals.

2.0  Objective
To describe:
One-dimensional monatomic lattice.
One-dimensional diatomic lattice
Three- dimensional lattice.

3.0 Definition
Lattice vibration is a continuing periodic osciitat relative to a fixed reference point, or
a single complete oscillation.

3.1 One-dimensional monatomic lattice

Consider one-dimensional crystal lattice and asstivaethe forces between the atoms
in this lattice are proportional to relative disganents from the equilibrium positions.

This is known as thdnarmonic approximationwhich holds well provided that the

displacements are small. One might think abouttbens in the lattice as interconnected
by elastic springs (Fig.4.1).

lll;n—l !}f” 'h‘?’i'+1
“—p
n—1 i nt+1 a

Fig.4.1: Lattice vibration of monatomic lattice
(After www.pa.uk.edu/kwng/phy/525/lec

Therefore, the force exerted ot atom in the lattice is given by
x ' Zp Z < ‘' Zeyp Z < (4.1)

whereC is the interatomic force (elastic) constant. ApptyNewton’s second law to the
motion of the Y  atom we obtain

x ‘iz Z<‘':Z Z< ‘' @z Z Z <42

whereM is the mass of an atom. Note that we neglectedthermteraction of the Y
atom with all but its nearest neighbors. A simimuation should be written for each
atom in the lattice, resulting iN coupled differential equations, which should besedl
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simultaneously N is the total number of atoms in the lattice). Imiidn the boundary
conditions applied to the end atom in the latticewdd be taken into account.
Now let us attempt a solution of the form

where> is the equilibrium position of the Y  atom so that * . This equation

represents a traveling wave, in which all the atosrllate with the same frequenty
and the same amplitudeand have wave vectay Note that a solution of the form Eq.
(4.3) is only possible because of the transnatisyahmetry of the lattice. Now
substituting Eq. (4.3) into Eq.(4.2) and canceling common quantities (the amplitude
and the time-dependent factor) we obtain

i:P E< P08 t@( P68 PG /D <8 P& eD <86 (4.4)

This equation can be further simplified by canaglimne common factor9® ™ which
leads to

ADE 2 98 983 o grer <jxg FE (4.5)

We find therefore the dispersion relation for thegtiency

S 08 .
b t O——Xg E 46)

which is the relationship between the frequencyilofations and the wave vectgr This
dispersion relation has a number of important priogse

(i) Reducing to the first Brillouin zon&he frequency (4.6) and the displacement of the
atoms (5.3) do not change when we chambg g+2p/a. This means that these solutions
are physically identical. This allows us to de¢ range of independent valuesf
within the first Brillouin zone, i.e.

Y A \4

3 ge Q9 Py 4.7)
Within this range ofé the b versust is shown in Fig.4.2. The maximum frequency
is@‘ ¢i . The frequency is symmetric with respect to the sapange inq, i.e.
D:é<=b: é . This is not surprising because a mode with pa@sg corresponds to the
wave traveling in the lattice from the left to thght and a mode with a negatie
corresponds to the wave traveling from the righthtoleft. Since these two directions are
equivalent in the lattice the frequency does naingie with the sign change én At the
boundaries of the Brillouin zong=+p/a the solution represents a standing wave
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< ©PIT: atoms oscillate in the opposite phases depermfinghethemn is even or
odd The wave moves neither right nor left.

-m/a 0 t/a

q
Fig.4.2: Dispersion curve of a one-dimensional atomic lattice

representing the First Brillouin Zone.
www.pa.uk.edu/kwng/phy/525/Igc

(i) Phase and group velocitfhe phase velocity is defined by

o

o (4.8)
and the group velocity by
— Ql

The physical distinction between the two velocitiesthat_o is the velocity of the

propagation of the plane wave, whereas thes the velocity of the propagation of the
wave packet. The latter is the velocity for thegargation of energy in the medium. For
the particular dispersion relation Eq. (4.6) theugr velocity is given by

_ 8. . 68
: t— &1 — 4.10
0 5 = (4.10)
As is seen from Eg. (4.10) the group velocity iozat the edge of the zone where
g=tp/a. Here the wave is standing and therefore the tnggsson velocity for the energy
is zero.

(iii) Long wavelength limitThe long wavelength limit implies thet>a. In this limit
é* <<1. We can then expand the sine in Eq. (4.6) dtaifor the positive frequencies:
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— (4.11)

We see that the frequency of vibration is propodido the wave vector. This is
equivalent to the statement that velocity is inaelemt of frequency. In this case

— — (4.12)

Worked example:
Atoms in crystals arbeld together by chemical bonds. Consider thesddtmbe elastic
springs of the same force constants for one-dimeasicrystal lattice. Suppose one of
the atoms is displaced from its mean position bgxdernal force and then released,;
(a) derive an expression for its periodic motion wigspect to its nearest
neighbours
(b) prove that these atoms can vibrate with a numbdrsafete frequencies up to a
maximum value given by

Solution:

(a) Consider a linear chain of atoms connecteddstie springs, each of spring constants
(Fig below). If the atoms are each of mass m and the distanteebe any two
consecutive atoms is ‘a’, then a small displacentgnsome external force on one of

them will result into an oscillatory motion?

Fle—Fr
n-1 | n I n+l

IUn-ll U, : Un :Un+1:
| !

| a :
The displacements of and atoms from their meantiposiat
any instant will be and respectively. Also, thdeasion of the spring
between and atoms will be and therefore, thereg

force k. on the atom due to the left spring will be

(i)
Similarly, the extension of the spring on the right  atom will be
and restoring force is given by

(i)
The net force on the atom will be
(iii)
Applying Newton’s second law of motion to the degment of the atom, we obtain
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w Sk Ap Ap A < (iv)

Hence, Eq.(iv) is the equation of periodic motiohtbe Y atom with respect to
: <Y and: <Y atoms.

(b)The general solution of Eq. (iv), if the amptieuof this motion is U, is given by

A A PITI7E 5< (V)

WhereA is the distance of th& atom from the origini.eA  * . Similarly, if Agp
and Ap are the distances of <¥ and: <Y atom from the origin, then
Ao < andAp : < . Thus, we have

A b A PITITE 5. <
e

(vi)

A/D A RITITE 5g- <
Whereb is the angular frequency and ?
Substituting Eq.(v) and Eq.(vi) into Eq.(iv) with * | Ap < and
Ap < gives,
p EAPIT P78 K PIT P785P78 e78 ( g

- p7s E p7s E P78 p7s E
5] EA PIT P78 u-'- e .l. e~ ( y E e

E
P_IZS e% * E

b Fjg EbT j !"#(—

. %« E
PE L " —

(

wo tr#l (vii)
E.(vii) gives a number of frequencies with whicle titoms of the 1-dimensional lattice
can vibrate. When"#% e ie. When% E the maximum frequency is obtained

from Eq.(vi) asb & t >

3.2 Diatomic one-dimensional lattice

Now we consider a one-dimensional lattice with twam-equivalent atoms in a unit cell.
Fig.4.3 shows a diatomic lattice with the unit agimposed of two atoms of mas$es
andf g with the distance between two neighboring atems
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Fig.4.3: Lattice vibration of diatomic lattice (/Aift
www.pa.uk.edu/kwng/phy/525/I¢c

We can treat the motion of this lattice in a simifashion as for monatomic lattice.
However, in this because we have two different &iod atoms, we should write two
equations of motion:

5EA . -
Np EN\E (A Ap A o<
(4.13)
~ UC)G- ‘ N x X
nE—QQT ‘Ap AE A<

In analogy with the monatomic lattice we are logkiar the solution in the form of
traveling mode for the two atoms:

A o Pos oy
e
Ap L P6/D @ J (4.14)
C A PE (&18 5
~ ~ 4.15
(&'é* (* n EE)E E ( )

This is a system of linear homogeneous equatianghéunknown#\i andA2. A
nontrivial solution exists only if the determinaritthe matrix is zero. This leads to the
secular equation

A pPE(t A PE< | E&TES (4.16)

This is a quadratic equation, which can be reasblyed

E LA
pE ‘F 2 éﬂHé‘th GEH S:f’éos (4.17)

Depending on sign in this formula there are twdedént solutions corresponding to two
different dispersion curves, as is shown in Fig.4.4
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q
Fig.4.4: Dispersion Curve for one-dimensional diatolattice.
(After www.pa.uk.edu/kwng/phy/525/1ec

The lower curve is called thecoustic branchwhile the upper curve is called tbptical
branch The optical branch begins gt0 andw=0. Then with increasing the frequency
increases in a linear fashion. This is why thisblhais called acoustic: it corresponds to
elastic waves or sound. Eventually this curve sadgrat the edge of the Brillouin zone.
On the other hand, the optical branch has a norfejaency at zerq

By, t(T = E (4.18)
and it does not change much with

The distinction between the acoustic and opticahbines of lattice vibrations can be seen
most clearly by comparing them @0 (infinite wavelength). From Eq. (4.15), for the
acoustic brancw=0 and p= g. So in this limit the two atoms in the cell habhe same
amplitude and the phase. Therefore, the molecud#laies as a rigid body, as shown in
Fig.4.5 for the acoustic mode. On the other haadiie optical vibrations, substituting
Eq. (4.18) to Eqg. (4.15), we obtain fgr0:

fibpp A EE @.19)

It implies that the optical oscillation takes plagesuch a way that the center of mass of a
molecule remains fixed. The two atoms move in dupttase as shown in Fig.4.5. The
frequency of these vibrations lies in infrared ocggwhich is the reason for referring to
this branch as optical.
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Optical mode

Acoustical mode

Fig.4.5: Distinction between Acoustic and Opticave (After Kittel,
1976)

3.3  Three- dimension

The concept of the division of the vibrational medeto acoustic and optical branches
can be generalized to be applicable to three-dimapakstructure. To avoid mathematical
details we shall present only a qualitative dismssConsider, first, the monatomic
Bravais lattice, in which each unit cell has a Brefom. The equation of motion of each
atom can be written in a manner similar to thaEqf (4.2). The solution of this equation
in three dimensions can be represented in termsrmofal modes.

R6Ve T < 4(20)

where the wave vectay specifies both the wavelength and direction of pggtion. The
vectorA determines the amplitude as well as the directfonbwation of the atoms. Thus
this vector specifies theolarizationof the wave, i.e., whether the wavelosgitudinal

(A parallel toq) or transversgA perpendicular t@). When we substitute Eq.(5.20) into
the equation of motion, we obtain three simultaseeqguations involvingx, Ay. andA,

the components dk. These equations are coupled together and argadepi to a 3 x 3
matrix equation. The roots of this equation leathtee different dispersion relations, or
three dispersion curves, as shown in Fig.4.6. Ad three branches pass through the
origin, which means all the branches are acoustics is of course to be expected, since
we are dealing with monatomidravais lattice.
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Fig.4.6: Dispersion curve.

The three branches in Fig.4.6 differ in their paation. Wherg lies along a direction of
high symmetry - for example, the [100] or [110] atitions - these waves may be
classified as either pure longitudinal or pure srarse waves. In that case, two of the
branches are transverse and one is longitudinat. W@nally refers to these as the TA -
transverse acoustiand LA - longitudinal acousticbranches, respectively. However,
along non-symmetry directions the waves may not pbee longitudinal or pure
transverse, but have a mixed character.

|l |
N

o \\ | )
L
2 \ |

10 08 06 04 02 0 02 04 06 08 1.0
[110] [100]

- Uy q/(2w/a) —>

Fig.4.7: Dispersion curve for Al in the [100] antilD] directions (After
Kittel, 1979)

Figure 4.7 shows the dispersion curves for Al i [tt00] and [110] directions. Note that
in certain high-symmetry directions, such as tH@]in Al, the two transverse branches
coincide. The branches are then said tddggenerate.

We turn our attention now to the non-Bravais thdeaensional lattice. Here the unit
cell contains two or more atoms. If there aratoms per cell, then on the basis of our
previous experience we conclude that there 3elispersion curves. Of thesthree
branches are acoustic, and the remaining {(3) are optical. The mathematical
justification for this assertion is as follows: Weite the equation of motion for each
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atom in the cell, which results mequations. Since these are vector equations, tteey a
equivalent to 8scalar equations, which haver®ots. It can be shown that three of these
roots always vanish at = 0, which results in three acoustic branches. Theneing (3

-3) roots, therefore, belong to the optical branches stated above. The acoustic
branches may be classified, as before, by themrpaitions as TA TA,, and LA. The
optical branches can also be classified as longitudinatamsverse wheq lies along a
high symmetry direction, and one speaks of LO am@ Aranches. As in the one-
dimensional case, one can also show that, for finabpranch, the atoms in the unit cell
vibrate out of phase relative to each other. Aexample of a non-Bravais lattice, the
dispersion curves for Ge are shown in Fig.4.8. &there are two atoms per unit cell in
germanium, there are six branches: three acoustctlaree optical. Note that the two
transverse branches are degenerate along thedit86{ion, as indicated earlier.

2 S |

w, 10"

0 iy © [100]

q ]

Fig.4.8: Dispersion curve for Ge along [100] and(Ldirections
(After Kittel, 1979)

3.4 Phonons

So far we discussed a classical approach to thieeatibrations. As we know from
guantum mechanics the energy levels of the harmustdlator are quantized. Similarly
the energy levels of lattice vibrations are quatiZThe quantum of vibration is called a
phononin analogy with the photon, which is the quantunthef electromagnetic wave.
We know that the allowed energy levels of the hamimoscillator are given by

2 )(38D (4.21)

wheren is the quantum number. A normal vibration mode icrystal of frequencyv is
given by Eqg. (4.20). If the energy of this modeiigen by Eq. (4.21) we can say that this
mode is occupied by phononof energyfiw . The term %Aw is the zero point energy of
the mode.

Let us now make a comparison between the clasaimélquantum solutions in one-
dimensional case. Consider a normal vibration
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RojelT < (4.22)

whereu is the displacement of an atom from its equilibripositionx andA is the
amplitude. The energy of this vibrational mode aged over time is

)(ADEE 2 )38D (4.23)

It is evident from Eq.(4.23) above that there ielationship between the amplitude of
vibration and the frequency and the phonon occapabtf the mode. In classical

mechanics any amplitude of vibration is possiblagmas in quantum mechanics only
discrete values are allowed. This is shown in F83.4

A
Fig.4.9: Relation between amplitude and frequeidie( Kittel, 1979)

The lattice withs atoms in a unit cell is described by Bdependent oscillators. The
frequencies of normal modes of these oscillatotsbei given by the solution of 3s linear
equations as we discussed before. Theygre<, wherep denotes a particular mode,
i.e.p=1,...3. The energy of this mode is given by

60 Foo HIDG < (4.24)

where 40 the occupation is number of the normal mode arshigiteger. A vibrational

state of the entire crystal is specified by givihg occupation numbers for each of tise 3
modes. The total vibrational energy of the cryssathe sum of the energies of the
individual modes, so that

D
60 60 oF co FHODy: < 4(29)

Phonons can interact with other particles suchregms, neutrons and electrons. This

interaction occurs such as if photon had a momemgnHowever, a phonon does not
carry real physical momentum. The reason is thatcmter of mass of the crystal does
not change it position under vibrations (excgp0). In crystals there exist selection
rules for allowed transitions between quantum stafée saw that the elastic scattering of
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an x-ray photon by a crystal is governed by the eveector selection rulk¢ =k +G,
whereG is a vector in the reciprocal latticke;is the wave vector of the incident photon
and k¢is the wave vector of the scattered photon. Thisaggn can be considered as
condition for the conservation of the momentumhaf whole system, in which the lattice
acquires a momentumOdG. If the scattering of photon is inelastic and isapanied
by the excitation or absorption of a phonon thecé@n rule becomes

k¢ &k £q+G (4.26)

where sign (+) corresponds to creation of phonahsagn (-) corresponds to absorption
of phonon. Phonon dispersion relatiob¥, g can be determined by the inelastic

scattering of neutrons with emission or absorptbphonons. In this case in addition to
the condition of the momentum conservation we hHheerequirement of conservation of
energy. The latter condition can be written as

57 87 .
— — é ob (4.27)

whereM is the mass of the neutron afkl and fik¢are the momenta of the incident and
scattered neutron. Once we know in experiment thetik energy of the incident and
scattered neutrons from Eq. (4.27) we can deterrthieefrequency of the emitted or
absorbed phonon. Then experimentally we need term@te those directions, which
characterized by highest intensity of the scattebedm. For these directions the
conditions (5.26) are satisfied and therefore fiemq (4.26) we can find the wave vector
of the phonon. Therefore, this is the way to obttie dispersion conditions for the
frequency of phonons which we discussed before.

4.0 Conclusion

Lattice vibrations are elastic waves propagatinthmicrystals and the quantum unit of
vibration is a phonon. The general equation of aroprovides the phonon dispersion or
phonon spectrunbK

5.0 Summary
- All lattice waves can be described by wave vectbis lie within the first
Brillouin zone
The quantum unit of vibration is a phonon.
The energy of the phonond®

6.0  Tutor marked assignment
Q1. Consider a linear chain in which alternative ioagdimasselli andMz2
and only nearest neighbors interact.
(a) Discuss the form of the dispersion relation drednature of the
vibrational modes whekl1>> M2.
(b) Show that foM1=M2the dispersion relation becomes identical to that
for the monatomic lattice
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7.0

Q2. Consider the normal modes of a linear chain in twiie force constants
between nearest-neighbor atoms are alternativegn®@ 10C. Assuming
that the masses are equal and the nearest neigbparation is/2 find
w(g) at g=0 and g=p/a. Sketch the dispersion curve. This problem
simulates a crystal of diatomic molecules such.as H
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1.0 Introduction

This unit is devoted to the description of certain tharmroperties of solid
materials. The properties considered on the bdseéamic point of view are specific
heat, thermal expansion, equation of state andmidderconductivity. The most
fundamental approach for the theoretical evaluadiotihese characteristics for a solid is
to relate them to the internal energy, the totaklc energy and potential energy of its
constituents.

2.0  Objective
To explain
Lattice specific heats
Debye model
Einstein model
Lattice thermal conductivity

3.0 Definition
Specific heat is a measure of the number of degrelgsedom of oscillating lattice.

3.1 Heat capacity
The heat capacit€ is defined as the heatQ which is required to raise the temperature by
T, i.e.
‘ .
— (5.1)
If the process is carried out at constant volinthen Q = E, where E s the increase in
internal energy of the system. The heat capacitpastant volumélvis therefore given by

« EFI-H 5.2
o FiH (5.2)

The contribution of the phonons to the heat capadfitthe crystal is called thiattice heat
capacity

The total energy of the phonons at temperafurea crystal can be written as the sum of the
energies over all phonon modes, so that

i (go¥8D: < (5.3)
60

WhereU éo\hs the thermal equilibrium occupancy of phononsvaf/e vectoiq and modep

(p = 1...3s, wheres is the number of atoms in a unit cell). The angbla@ckets denote the
average in thermal equilibrium. Note that we asslimere that the zero-point energy is
chosen as the origin of the energy, so that thergt@nergy lies at zero. The average thermal
equilibrium can be calculated.

92



Consider a harmonic oscillator in a thermal bathe Pprobability to find this oscillator in
an excited state, which is characterized by aqadsr energ;En is given by the

Boltzmann distribution

ai
X X o 7 M (5.4)
where the constalﬁ’c0 is determined from the normalization condition.
i
I X
55
(o (5.5)
so that
i B eD
- B R
Xo ¢ NI Fem )7 o »K b<
%
The average excitation number of the oscillatagiven by
i i e ol 47
SN {¥ (5.7)
LY 1 X T ol 74
{o te

The summation in the numerator can be performeaugusie known property of geometrical
progression:
i

i > (5.8)

{v

Using this property we find:

. 5. 5 > DK <
| > > 5—) | > > 5—) N S & »
% %
ea_ -
Where , then we obtain
1\ i D D
Uy Dej id-eD MO 4 3D (-10)

The distribution given by Eq. (5.10) is known as ®lanck distribution. Coming back to the
expression for the total energy of the phononsfimeethat
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(5.11)

Usually it is convenient to replace the summatioera by an integral over frequency. In

order to do this we need to introduce thensity of modesr the density of states D).
o.D<5b represents the number of modes of a given numbrethe frequency range (

+ 5D . Then the energy is

ob
C
The lattice heat capacity can be found by difféegioin of this equation with respect to
temperature, so that
1-6_9"' 653;
; 5D 4:b< 0 5(13
+ FOb); H .

o
|+||+

We see that the central problem is to find the e states D), the number of modes
per unit frequency range.

3.2 Density of state

Consider the longitudinal waves in a long bar. Sbkition for the displacement of atoms is
given by
Z PO (5.14)

where we omitted a time-dependent factor it idexrant for the present discussion. We shall
now consider the effects of the boundary conditiomsthis solution. These boundary
conditions are determined by the external condsapplied to the ends of the bar. The most
convenient type of boundary condition is known lespteriodic boundary conditiorBy this

we mean that the right end of the bar is constdainesuch a way that it is always in the same
state of oscillation as the left end. It is ashié tar were deformed into a circular shape so
that the right end joined the left. Given that kegth of the bar i&, if we take the origin as
being at the left end, the periodic condition meiuas

Z> <Z » A< (5.15)
whereu is the solution given by Eq.(5.14). If we subsgt(.14) into (5.15), we find that

Po (5.16)
This equation imposes a condition on the admissialees of:
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e = (5.17)
wheren = 0, + 1, £2, etc. When these values are plottedgatpaxis, they form a one-
dimensional mesh of regularly spaced points. Tlaeisg between the points is/R. When
the bar length is large, the spacing becomes sanallthe points form a quasi-continuous
mesh. Eachy-value of Eq. (5.17) representsnaodeof vibration. Suppose we choose an
arbitrary interval5é in g-space, and look for the number of modes whgselie in this
interval. We assume here thais large, so that the points are quasi-continuati;h is true

for the macroscopic objects. Since the spacing dé@twthe points is 2L, the number of
modes is

= 5é (5.18)

We are interested in the number of modes in thgueacy rangéb lying betweb D
5PKThedensity of states A< is defined such that. <58 gives this number. Comparing
this definiton with EQ.(5.18), one may writeD<5D :A¢(e<5é & b<
:A¢(e<¢:5D¢56<. We note from Fig.5.1, however, that in calculgtin:D< we must
include the modes lying in the negatiyeegion as well as in the positive region. The @ffe
is to multiply the above expression forb< by a factor of two. That is,

D
b - 55— (5.19)
¥ M oe
We see that the density of state®<is determined by the dispersion relation
b beé<.

Now we extend these results to the 3D case. The walition analogous to (5.14) is

- >2 _—/ O 223 (5.20)

Fig.5.1: Density of state
where the propagation is described by the waveovegt= (qX qy qz), whose direction

specifies the direction of wave propagation. Hegaim we need to take into account the
boundary conditions. For simplicity, we assume &icusample whose edge Is By
imposing the periodic boundary conditions, one gintat the allowed values of must
satisfy the condition
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PG - P4 P (5.21)
Therefore, the values are given by

‘A a A. . EV EV EY
e, e ée< . — — =< (5.22)

wherel, m, n are some integers

if we plot these values ingspace, as in Fig.5.2, we obtain a three-dimensirac mesh.
3

The volume assigned to each point in tspace is (2/L) .

y/ A
L

Fig.5.2:Three-dimensional cubic mesh (After KittE9,79)

Each point in Fig.5.2 determines one mode. We nash ¥ find the number of modes lying
in the spherical shell between the ragandé 5& , as shown in Fig.2. The volume of this
3

shell is, 4g°dg and since the volume per point is{2) , it follows that the number we seek

ied ECA T _..6 Eca
FH e “5¢  ——j-€ "5 (5.23)

3
whereV = L is the volume of the sample. By definition of thendity of modes, this quantity
is equal to :D<5Db . Thus, we arrive at
16" D
b =5 (5.24)
. Ql
EY- Q )06

We note that Eq. (5.24) is valid only for asotropic solid in which the vibrational
frequency, , does not depend on the direction gf Also we note that in the above
discussion we have associated a single mode with e@lue ofg. This is not quite true for
the 3D case, because for eadere are actually three different modes, one towlgial and
two transverse, associated with the same valug bf addition, in the case of non-Bravais
lattice we have a few sites, so that the numbenades is 8 wheresis the number of non-
equivalent atoms. This should be taken into accbyrnibhdexp=1...3sin the density of states
because the dispersion relations for the longiidamd transverse waves are different, and
acoustic and optical modes are different.
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3.2.1 Debye model

The Debye model assumes that the acoustic modedhg dominant contribution to the heat
capacity. Within the Debye approximation the veipcof sound is taken a constant
independent of polarization as it would be in assieal elastic continuum. The dispersion
relation is written as

b é (5.25)
where v is the velocity of sound.

In this approximation the density of states is gity

| i
D<o (5.26)

i.e. the density of states increases quadrativatty the frequency.

The normalization condition for the density of sgatletermines the limits of integration over
. The lower limit is obviously =0. The upper limit can be found from the conditibat the

number of vibrational modes in a crystal is fingled is equal to the number of degrees of

freedom of the lattice. Assuming that there Mranit cells is the crystal, and there is only

one atom per cell (so that there ABratoms in the crystal), the total number of phona@ies

is AN. Therefore, we can write

i PDUD $e »K?<
4
where the cutoff frequencyD is known as Debye frequency. Assuming that theoiglamf

the three acoustic modes is independent of pot@izaand substituting Eq.(5.26) in
Eq.(5.27) we obtain

D¢...

AYO " (5.28)

1

b F

The cutoff wave vector which corresponds to thegjfrency is given by

é { 48 e (5.29)

so that modes of wave vector larger tlupDrare not allowed. This is due to the fact that the
number of modes with g & exhausts the number of degrees of freedom of ttieda
The thermal energy is given by Eq. (5.12), so that
I S ob
$ o PmomET g 560

where a factor of 3 is due to the assumption thatghonon velocity is independent of
polarization. This leads to
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CE-, D —5r7— (+E -5 > = (5.31)
U
Where> 69). and
, 00 *) (5.32)

The latter expression defines the Debye temperature

<o . DEC..
4 f—OI%H 6.33)

The total phonon energy is then

8o |:|—Hcy'0 5> A— (5.34)

whereN is the number of atoms in the crystal ang + )

The heat capacity is most easily found by diffeeimg the middle expression of Eq.(5.31)
with respect to the temperature so that

o]
T T ) T Y
) .08 | i #M - i i “M
0 EVo07 - % SDT as, F—H
M eD

(5.35)

In the limit T>> , we can expand the expression under the integchbhtain’ $e;

This is exactly the classical value for the hegiacity, which is known from the elementary
physics. Recall that, according to the elementaeyrhodynamics the average thermal energy
per a degree of freedom is equal tg . Therefore for a system bfatoms =$e;

which results i =  $e; . This is known as thBulong-Petitlaw.

Now consider an opposite limit, i.8<< . At very low temperatures we can approximate
(5.34) by letting the upper limit go to infinity. &\bbtain

g FHY Yoo By (5.36)

and therefore

. DEVY*

r
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We see that within the Debye model at low tempeesatuhe heat capacity is proportional
to : The cubic dependence may be understood fromotleaving qualitative argument. At
low temperature, only a few modes are excited. &lags the modes whose quantum energy

i isless tharkBT. The number of these modes may be estimated yirdya sphere in the
g-space whose frequenpy 5); , and counting the number of points inside, as shiown

Fig. 5.3. This sphere may be called thermal spherein analogy with the Debye sphere
discussed above. The number of modes inside them#hesphere is proportional
toé-$D-$ - Each mode is fully excited and has an averageggrezjual td(BT. Therefore

the total energy of excitation is proportional to, which leads to a specific heat proportional
to -; in agreement with Eq. (5.37).

Fig.5.3: The thermal sphere (After Kittel, 1979)
3.2.2 Einstein model

Within the Einstein model the density of statespproximated by a delta function at some
frequencyb i.e.
b< o D b < 5.88)
whereN is the total number of atoms (oscillatork). is known as the Einstein frequency.
The thermal energy of the system is then
$3 1 o
=i < (5.39)

where a factor of 3 reflects the fact that theeethree degree of freedom for each oscillator.
The heat capacity is then

8l o M ot
7 FM® % 3eDH

‘ i .
0 F i_Hﬂ $°, (54@
The high temperature limit for the Einstein modethe same as that for the Debye model,

ie. ‘o $e; , Which is the Dulong-Petit law. At low temperatsireowever Eq.(5.40)
3D

decreases d$  , while the experimental form of the phonon is knotw beT °as
given by the Debye model. The reason for this desment is that at low temperatures only
acoustic phonons are populated and the Debye nwdelich better approximation that the
Einstein model. The Einstein model is often usedgproximate the optical phonon part of
the phonon spectrur@oncluding our discussion about the heat capacéynate that a real
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density of vibrational modes could be much more giozated than those described by the
Debye and Einstein models.

3.3 Thermal conductivity
When the two ends of a given sample material atevatdifferent temperatureg,l and T2
(T2>T1), heat flows down the thermal gradient, i.e. fréhe hotter to the cooler end.

Observations show that theat current density amount of heat flowing across unit area
per unit time) is proportional to the temperaturadient 6 ¢5><KThat is,

& £ Q (5.41)

Qi
The proportionality constaid, known as thehermal conductivityis a measure of the ease
of transmission of heat across the bar (the mings & included to make a positive
quantity).

Heat may be transmitted in the material by severdependent agents. In metals, for
example, the heat is carried by both electronspdrmhons, although the contribution of the
electrons is much larger. In insulators, on theepthand, heat is transmitted entirely by
phonons, since there are no mobile electrons isetlsibstances. Here we consider only
transmission by phonons.

When we discuss transmission of heat by phononis, @onvenient to think of these as
forming a phonon gas. In every region of spaceettaee phonons traveling randomly in all
directions, corresponding to all tiy&s in the Brillouin zone (BZ), much like the moléesiin

an ordinary gas. The concentration of phonons ettiiter end of the sample is larger and
they move to the cooler end. The advantage of ugirgggas model is that many of the
familiar concepts of the kinetic theory of gases @so be applied here. In particular,
thermal conductivity is given by

g 2 (5.42)

WhereCV is the specific heat per unit volume, v the velpdt the particle, andl its mean

free path In the present case, v ahtkfer, of course, to the velocity and the mean frath

of the phonon, respectively. The mean free patteisied as the average distances between
two consecutive scattering events, so that ', where is the average time between
collisions which is calledollision timeor relaxation time

Let us give a qualitative explanation for Eq. (5.4Bor simplicity we consider a one-
dimensional picture, in which phonons can move aibng thex axis. We assume that a
temperature gradient is imposed along thaxis. We also assume that collisions between
phonons maintain local thermodynamic equilibriuro; that we can assign local thermal
energy density to a particular point of the sampke:><zZKThe phonons which originate
from this point have this energy on average. Atvary pointx half the phonons come from
the high temperature side and half phonons commn filee low temperature side. The
phonons which arrive to this point from the higmpeerature side will, on the average, have
had their last collision at point I, and will therefore carry a thermal energy density
e > <zK Their contribution to the thermal current densitypointx will therefore be the

( o » <ZK The phonons arriving atfrom the low temperature side, on the other hand,
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will contribute ( ce » <z since they come from the positivedirection and are
moving toward negative Adding these together gives

& (-0, <Z (-0, <Z (5.43)

Provided that the variation in the temperature dkiermean free path is very small we may
expand this about the poixto find:

- Qr Q -8
& o F QiH o F QiH (5.44)

This result can be easily generalized to the tdieensional case. We need to replace v by
the x-component’, and then average over all the angles. SBg¥ UEY ULY )¢ F

and since ‘0 g— is the heat capacity we obtain,
D —
& -- F g—)H (5.45)

where v is the phonon velocity.

Let us now discuss the dependence of the thermadlumbivity j on temperature. The
dependence (ﬁv on temperature has already been studied in dethile the velocity v is

found to be essentially insensitive to temperatliree mean free pathdepends strongly on
temperature. Indeed,is the average distance the phonon travels betweensuccessive
collisions. Three important mechanisms may berdsished: (a) The collision of a phonon
with other phonons, (b) the collision of a phonothwmperfections in the crystal, such as
impurities and dislocations, and (c) the collisaira phonon with the external boundaries of
the sample.

Consider a collision of type (a). The phonon-phosoattering is due to thenharmonic
interaction between them. When the atomic displardésnbecome appreciable, this gives
rise to anharmonic coupling between the phononssieg their mutual scattering. Suppose
that two phonons of vectoq:‘i andq2 collide, and produce a third phonon of ve(q<31rSince

momentum must be conserved, it follows hqlgat q,+q, Although bothql andqzlie inside

the Brillouin zone Brillouin zones are primitive cells that arise ihettheories of
electronic levels - Band Theory)é may not do so. If it does, then the momentum of the

system before and after collision is the same. Suphocess has no effect at all on thermal
resistivity, as it has no effect on the flow of thieonon system as a whole. It is called a
normal process. By contrast, id']3 lies outside the BZ, such a vector is not physycall

meaningful according to our convention. We reduds its equivalenq4inside the first BZ,
whereq3= q4+ G andG is the appropriate reciprocal lattice vector. Asegn from Fig.5.6,
the phonorq4 produced by the collision travels in a directiomast opposite to either of the
original phononsq1 andqz. The difference in momentum is transferred todémeter of mass

of the lattice. This type of process is highly @fnt in changing the momentum of the
phonon, and is responsible for phonon scatteringigtt temperatures. It is known as the
umklapp proceserman for "flipping over").
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Fig.5.6:Umklapp process(After Kittel, 1979)

Phonon-phonon collisions become particularly imguatrtat high temperature, at which the
atomic displacements are large. In this regionctireesponding mean free path is inversely
proportional to the temperature, that i, 4 . This is reasonable, since the largés, the
greater the number of phonons participating inctbliésion.

The second mechanism (b) which results in phonaitesting results from defects and
impurities. Real crystals are never perfect andetlage always crystal imperfections in the
crystal lattice, such as impurities and defectsictviscatter phonons because they partially
destroy the perfect periodicity of the crystal.u&ty low temperature (say below”£ ), both
phonon-phonon and phonon-imperfection collisiongobee ineffective, because, in the
former case, there are only a few phonons preset,n the latter the few phonons which
are excited at this low temperature are long-wagtle ones. These are not effectively
scattered by objects such as impurities, whichnaneh smaller in size than the wavelength.
In the low-temperature region, the primary scattgmechanism is the external boundary of
the specimen, which leads to the so-caléerk or geometrical effectsThis mechanism
becomes effective because the wavelengths of tludtedx phonons are very long -
comparable, in fact, to the size of the specimére mean free path herelis L, whereL is
roughly equal to the diameter of the specimen,iatiderefore independent of temperature.

4.0 Conclusion

There are two contributions to thermal propertiésalids: one comes fromphonons(or
lattice vibrations) and another froelectrons.In most solids, the energy given to lattice
vibrations is the dominant contribution to specifeat.

50  Summary
- Lattice heat capacity is the contribution of phonon tot lvapacity
Debye model at low temperature is proportionalto T
Dulong Petit law results in~ $e; for N atoms
Einstein model is used to approximate the optiead pf the phonon spectrum
Changing the momentum of the phonon which is nesipte for phonon scattering at
high temperatures is known as timaklapp process
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6.0

7.0

Tutor marked assignment

Q1. Using the dispersion relation for the monatomiedinlattice oN atoms with
nearest neighbor interactions, show that the denéitibrational modes is given by

E__D

b< wereb s the maximum frequency

Y t'I'j el -

Q2. Inthe Debye approximation, show that the meanreqdiaplacement of an
atom at absolute zero is

wEY ﬂ..(' - 0. where v is the velocity of soundEstimate this value
sp( 3
for Cu @+ — $j$£ , =8920 kg/m, v = 3570 m/s).
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W. A. Wooster A textbook on crystal physicSambridge University Press, 1938.
www.pa.uk.edu/kwng.phy/525/lec/lecture-8

103



Module 3:

FREE ELECTRON FERMI GAS




UNIT 1: FREE ELECTRON THEORY OF METALS

1.0
2.0
3.0

4.0
5.0
6.0
7.0

Introduction - - - -
Objectives - - -
Definition - - -
3.1 Free electron model- -
3.2 One- dimension -
3.3 Fermi distribution -
3.4 Three -dimension -
3.5 Heat capacity- -
Conclusion - - -
Summary - - -
Tutor Marked Assignment -
Further Reading/References -

105

page

100
100
100
100
100
102
103
106
106
108
108
108



1.0 Introduction

The free electron theory of metals refers to thsega which the atomic valance electrons
are treated as if they are free rather than bemugd to the lattice points. Our assumption
amounts to supposing that the electrons move inifarm potential rather than the true
periodic potential provided by the positive iondieTbasic assumption of the theory is
that a metal is equivalent to a gas of free elastio an otherwise empty box.

2.0  Objective
To revise the free electron gas (FEG) model andmagBons made.
To understand how this simple model can be usedetive equations heat
capacity of the free electron.

To employ the time-independent Schrodinger equdtiaterive the electron wave
functions and energies.

3.0 Definition
A free electron model is the simplest way to repneéshe electronic structure of metals.

3.1 Free electron model

A free electron model is the simplest way to repnéshe electronic structure of metals.
Although the free electron model is a great ovepdifimation of the reality, surprisingly
in many cases it works pretty well, so that itldeato describe many important properties
of metals. According to this model, the valencectets of the constituent atoms of the
crystal become conduction electrons and travelyfrdfwoughout the crystal. Therefore,
within this model we neglect the interaction of doation electrons with ions of the
lattice and the interaction between the conduciectrons. In this sense we are talking
about afree electron gasHowever, there is a principle difference betwdka free
electron gas and ordinary gas of molecules. Figtctrons are charged particles.
Therefore, in order to maintain tlolarge neutralityof the whole crystal, we need to
include positive ions. This is done within tledly mode] according to which the positive
charge of ions is smeared out uniformly throughbaetcrystal. This positive background
maintains the charge neutrality but does not exeytfield on the electrons. lons form a
uniform jelly into which electrons move. Second omjant property of the free electron
gas is that it should meet the Pauli Exclusion ddpie, which leads to important
consequences.

3.2 One-dimension

We consider first a free electron gas in one dinmensWe assume that an electron of
massm is confined to a lengtliL by infinite potential barriers. The wave function

* 1> <of the electron is a solution of the Schrédingaragmpn,+* > <= * !> <whereEn

is the energy of electron in the orbital. Sinceam assume that the potential lies at zero,
the HamiltoniarH includes only the kinetic energy so that

+* 1y < Eg* < :_Q&* < * oy < 1.1
-
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Note that this is a one-electron equation, whichamsethat we neglect the electron-
electron interactions. We use the teorbital to describe the solution of this equation.
Since the is a continuous function and is equal to zero bdythe lengthL, the
boundary conditions for the wave function are . The solution of Eq.
(1.1) is therefore

— 1.2

whereA is a constant andis an integer. Substituting (1.2) into (1.1) weaibtthe
eigenvalues

These solutions correspond to standing waves wilifferent number of nodes within
the potential well as is shown in Fig.1.1

Fig.1.1First three energy levels and wave-functions aka tlectron of masa
confined to a line of length.(Kittel, 1979).

Now we need to accommodatevalence electrons in these quantum states. Acaptdin
the Pauli Exclusion Principle no two electrons bane their quantum number identical.
That is, each electronic quantum state can be aadupy at most one electron. The
electronic state in a 1D solid is characterizedvioy quantum numbers that areandmns,
wheren is the positive integer ands is the magnetic quantum number such timat +%
according to spin orientation.

Therefore, each orbital labeled by the quantum rermb can accommodate two
electrons, one with spin up and one with spin dowentation.

Let denote the highest filled energy level, where vatdilling the levels from the
bottom(n = 1) and continue filling higher levels with electsouantil allN electrons are
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accommodated. It is convenient to suppose khiagtan even number. The condition

= N determines the value oh for the uppermost filled level. The energy of thghest
occupied level is called tieermi energy . For one -dimensional systemgfelectrons
we can define , using Eq. (1.3),

In metals the value of the Fermi energy is of thtieoof 5 eV. The ground state of tRe
electron system is illustrated in Fig.1.2 a: Ak thlectronic levels are filled up to the
Fermi energy. All the levels above are empty.

Fig. 1.2(a) Occupation of energy levels according to thaliPa
exclusion principle, (b) The distribution functif(f), at T = 0°K
andT> 0°K.

3.3 Fermi distribution

This is the ground state of tiNelectron system at absolute zero. What happei if t
temperature is increased? The kinetic energy of dleetron gas increases with
temperature. Therefore, some energy levels becaagp@d which were vacant at zero
temperature, and some levels become vacant whioh eeeupied at absolute zero. The
distribution of electrons among the levels is ulgualescribed by thedistribution

function which is defined as the probability that the lefzels occupied by an
electron. Thus if the level is certainly empty,rthe 0, while if it is certainly full,
then In general, has a value between zero artgl. uhfollows from

the preceding discussion that the distribution fiams for electrons af = 0°K has the
form
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;< - (15)
-

That is, all levels below, are completely filled, and all those aboveare completely
empty. This function is plotted in Fig. 1.2(b), whishows the discontinuity at the Fermi
energy.

When the system is heate@>0°K), thermal energy excites the electrons. Howea#r
the electrons do not share this energy equallyasld be the case in the classical
treatment, because the electrons lying well belbes Fermi level ; cannot absorb
energy. If they did so, they would move to a highmrel, which would be already
occupied, and hence the exclusion principle woeldiiblated. Recall in this context that
the energy which an electron may absorb thermallgfithe order (= 0.025 Z at
room temperature), which is much smaller thanthis being of the order of 5 eV.
Therefore only those electrons close to the Feenellcan be excited, because the levels
above , are empty, and hence when those electrons movehighar level there is no
violation of the exclusion principle. Thus only iegeelectrons which are small fraction of
the total number - are capable of being thermallgited. The distribution function at
non-zero temperature is given by thermi distribution functionThe Fermi distribution
function determines the probability that an orbidélenergyE is occupied at thermal
equilibrium.

D
N@@/aj (0]} 3D

(1.6)

This function is also plotted in Fig.1.2(b), whishows that it is substantially the same as
the distribution afl = 0°K, except very close to the Fermi level, wheoene of the
electrons are excited from below to above it. The quantitynis called the chemical
potential. The chemical potential can be determimed way that the total number of
electrons in the system is equaNoAt absolute zeran= .

3.3  Three — dimension
The Schrddinger equation in the three dimensidkestghe form

SR i< xr<(L)
X

o 3 A
+* < —*:1 < — O <
E EOE E

+S- +%o

If the electrons are confined to a cube of edgine solution is the standing wave
. n Y ] n Y i n Y T
*1 < I > H"# F—-H"# —-H (1.8)

where . g, and gare positive integers.

In many cases, however, it is convenient to intoedperiodic boundary conditions, as
we did for phonons. The advantage of this desompis that we assume that our crystal
is infinite and disregard the influence of the oubeundaries of the crystal on the
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solution. We require then that our wave functiorp&iodic inx, y, andz directions
with periodL, so that
¥ Aa- < ¥ a-g (1.9)
and similarly for they andz coordinates. The solution of the Schrédinger equdq.
(1.7) which satisfies these boundary conditionsthagorm of the traveling plane wave:

* o < ) 1gCKs (1.10)

provided that the component of the wave vektare determined from

: EY i .. EY i, . EY j
g _€1 S 1 1 %o - (111)
where ;, s and g.are positive or negative integers.

If we now substitute this solution to Eq. (1.7) okgain for the energies of the orbital
with the wave vectok

¢ == ZaFcEch (1.12)

The wave functions equations (1.10) are the eigentions of the momentum
1 gd0 this can be readily seen by differentiating (1.10):

J* 41 <= gd0* ;1 < 8C 2 < (1.13)

The eigenvalues of the momentun®(. The velocity of the electron is defined by p
/m= 90C/m.

In the ground state a systemMElectrons occupies states with lowest possiblegseer
Therefore all the occupied states lie inside a spéce;, . The energy at the surface of
this sphere is the Fermi energy The magnitude of the wave vectgr and the Fermi
energy are related by the following equation:

0 73
—3 1.14
I E (1.14)

The Fermi energy and the Fermi wave vector (monmepare determined by the number
of valence electrons in the system. In order td fime relationship betwedsand; , we
need to count the total number of orbitals in aesplof radius ; which should be equal
to N. There are two available spin states for a gi\edro$; . ; s and; ¢, The volume in
the k space which occupies this state is equ#t tat A<- Thus in the sphere of’ Ng
the total number of states is

sYChA...

4

( 'EY4 < _FC/M * (1.15)
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where the factor 2 comes from the spin degeneidwn

Y“ D4
;) =F—H (1.16)
T

this depends only of the particle concentration.db&in then for the Fermi energy:

5 g E4...
) g FH (1.17)
and the Fermi velocity
B 5 o Ee D4... (1.18)
T T

An important quantity which characterizes electegmioperties of a solid is thtensity of
states which is thenumber of electronic states per unit energy rane find it we use
Eq.(1.17) and write the total number of orbitalenérgys E :

.4 E
o< JEH (1.19)
LY 6
The density of states is then
< & 1 E R e (1.20)
Q EY & '
or equivalently
$o
<
= (1.21)

So within a factor of the order of unity, the numlbé states per unit energy interval at
the Fermi energy : , <is the total number of conduction electrons didithy the Fermi
energy.

The density of states normalized in such a wayttiatntegral

. <5 (1.22)

Y
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gives the total number of electrons in the sys#&tmon-zero temperature we should take
into account the Fermi distribution function sottha

i
. D o<l <5 (1.23)

U
This expression also determines the chemical patent
3.5  Heat capacity

The question that caused the greatest difficultthan early development of the electron
theory of metals concerns the heat capacity of dbeduction electrons. Classical
statistical mechanics predicts that a free partstieuld have a heat capacity%qf ,
where; is the Boltzmann constant. N atoms each give one valence electron to the
electron gas and the electrons are freely molilen the electronic contribution to the
heat capacity should 6?456, just as for the atoms of a monatomic gas. But the
observed electronic contribution at room tempesatigr usually less than 0.01 of this
value. This discrepancy was resolved only upondiseovery of the Pauli Exclusion
Principle and the Fermi distribution function. Whea heat the specimen from absolute
zero not every electron gains an eneffyy as expected classically, but only those
electrons, which have the energy within an eneagpge;  of the Fermi level, can be
excited thermally. These electrons gain an enespch is itself of the order of |, as

in Fig. 3. This gives a qualitative solution to theoblem of the heat capacity of the
conduction electron gas. N is the total number of electrons, only a fractiérih@ order

of ; T/ , can be excited thermally at temperatliebecause only these lie within an
energy range of the order of of the top of the energy distribution. Each of thes
), electrons has a thermal energy of the order @f. The total electronic thermal

kinetic energyU is of the order oA: F; ) H, . The electronic heat capacity is

a % . F )/l-and is directly proportional toT, in agreement with the

experimental results discussed in the followingieac At room temperatur€ is smaller
than the classical valueN; by a factor 0.01 or less, fof$iE  5;
We now derive a quantitative expression for theteb@ic heat capacity valid at low
temperatures 7 ;. The total energy of a systemNElectrons at temperatufas

i

A S (1.24)

%
Where f g, T) is the Fermi distribution function arial (E) is the density of states. The
heat capacity can be found by differentiating #ugiation with respect to temperature.
Since only the distribution function depends ongenature we obtain

5A _ <5I ; <5
M5 - ST (1.25)
%

It is more convenient to represent this result diferent form:
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5l : < 1.26
‘M : ;< 1 <——5 ( )
%
EqQ. (1.26) is equivalent to Eq. (1.25) due to #e fvhich follows from Eq. (1.22):
i
Se 51 : <
< (1.27)
'5 ! 5 °
%
Since we are interested only temperatures for which7  , the derivative5l 4 is
large only at the energies which lie very closah® Fermi energy. Therefore, we can
ignore the variation ob (E) under the integral and take it outside the irdadrat the
Fermi energy, so that

Sli < (1.28)
U

We also ignore the variation of the chemical po&nwith temperature and assume
that8 ; , which is good approximation at room temperatune laelow. Then

A QAU A-3)Br, @
Piss 21z O ' (1.29)
9< >7< @PRUAZ9B, B
EqQ. (1.28) can then be rewritten as
) ) i e < MUW4 3 . i 7 < M
M SR 7 M %Y p ° A 3)7 7 - :M/DD< S (1.30)

Taking into account that, >>; T, we can put the low integration limit to minusfirity
and obtain

Mo P IST e <> LIS (1.31)
For a free electron gas we should use Eq. (1.2Xhodensity of states to finally obtain
.Y
—_"
Mo ES ) , (1.32)
where we defined the Fermi temperature 7—3 . This is similar to what we expected to

obtain according to the qualitative arguments giwerthe beginning of this section.
Experimentally the heat capacity at temperatureschmbelow both the Debye
temperature and the Fermi temperature can be eageskin the form:
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Mmoo (1.33)

The electronic term is dominant at sufficiently ltemperatures. The constaatand
b can be obtained by fitting the experimental data.

4.0 Conclusion

The classical free electron theory is an attempégard the valence electrons in metal as
the non-interacting particles of an ideal gas. Bné difference between this gas of

electrons and any other ideal gas defined by lint#teory is that the particles are

charged.

5.0 Summary
: The energy of the highest occupied level is cathedermi energy
Variouselectronics states of the crystals can be obtaimeadigh the application
of Schrodinger’s wave equation.
The total energy of a systemlgfelectrons at temperatufdas

i
E FG (F<HF | <F
%

6.0  Tutor marked assignment

Q1. Consider the free electron energy bands of an fgsta lattice in the
reduced zone scheme in which k¥ are transformed to lie in the first
Brillouin zone. Plot roughly in the [111] directidhe energies of all bands
up to six times the lowest band energy at the Zooendary atk =
(2 1a)(%2,%2,%2). Explain what happens with these bandké presence of
a weak crystal potential.

Q2. Suppose that the crystal potential in a one-dinmavadilattice of lattice
constant is composed of a series of rectangular wells whigiound the
atom. Suppose that the depth of each w&ﬂoiand its widtha/5.

a. Calculate the values of the first three energpsg Compare the
magnitudes of these gaps.
b. Evaluate these gaps for the cas® of 5 Z anda =4A.

7.0 Further reading/ References

Kittel, C., Introduction to solid state physics, lé¥i Eastern Limited, 1979
Kachhava, C.M., Solid State physics, Tata McGraWiblishing Company
Limited, New Delhi, 1992.

W. A. Wooster A textbook on crystal physicSambridge University Press,
Cambridge, 1938.
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1.0 Introduction
In this unit we are going to study how the cladsfoee electron theory developed by
Lorentz, Drude and Debye uses kinetic theory toutate the transport properties of the
free electron of a gas including electrical andrtred conductivity.
2.0  Objective

To explain the Drude model of the thermal conduisti of solid

To explain motion in Magnetic field in terms of €gtron resonance and Hall Effect

3.0 Definition
Electronic transfer is the determination of therth& conductivity of electrons treated as
classical particles.

3.1 Drude model

The simplest treatment of the electrical conduttiwas given by Drude. There are four
major assumptions within the Drude model.

i. Electrons are treated as classical particles wighiinee-electron approximation.
Thus, in the absence of external electromagnetidgdieach electron is taken to
move uniformly in a straight line, neglecting timeractions with other electrons
and ions. In the presence of external fields edeltren is taken to move
according to Newton's laws of motion.

ii.  Electrons move free only between collisions witattring centers. Collisions, as
in kinetic theory, are instantaneous events thatily alter the velocity of an
electron. Drude attributed them to the electroradtedng by ion cores. However,
as we will see later, this is not a correct pictofeslectron scattering on ordered
periodic structures. A particular type of scattgroenters does not matter in the
Drude model. An understanding of metallic conduttan be achieved by simply
assuming that there somescattering mechanism, without inquiring too closely
into just what that mechanism might be.

iii.  An electron experiences a collision, resulting imadrupt change in its velocity,
with a probability per unit timé' . This implies that the probability of an
electron undergoing a collision in any infinitesiniane interval of lengthbYis
just 5Y¢'KThe time' is therefore an average time between the twoemtive
scattering events. It is known as, thalision time(relaxation time), it plays a
fundamental role in the theory of metallic condowti It follows from this
assumption that an electron picked at random atv@ngmoment will, on the
average, travel for a time t before its next culhs The relaxation time t is taken
to be independent of an electron’s position anocvsi

iv.  Electrons are assumed to achieve thermal equilibnvith their surroundings
only through collisions. These collisions are assdrto maintain local thermo-
dynamic equilibrium in a particularly simple wayminediately after each
collision an electron is taken to emerge with sogy that is not related to its
velocity just before the collision, but randomlyredited and with a speed
appropriate to the temperature prevailing at thacel where the collision
occurred.
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Now we consider the application of the Drude mddeklectrical conductivity in a
metal. According t@dOhm's lawthe current flowing in a wire (Fig 2.1) is proportional
to the potential drofy=V2- V1 along the wireV = IR, whereR, the resistance of the
wire, depends on its dimensions. It is much moreveaient to express ti@hm's lawin
a form which is independent of the dimensions @& wire because these factors are
irrelevant to the basic physics of the conductioa &féfine the conductivity which is the
proportionality constant between the current dgrjsénd the electric fiel& at a point
in the metal:

Fig. 2.1: Current flowing in a wire (After
www.pa.uk.edu/kwng.phy/525/lec/lecturg-8

B &K (2.1)

The current density is a vector, parallel to the flow of charge, whosagnitude is the
amount of charge per unit time crossing a unit @@@endicular to the flow. Thus if a
uniform current flows through a wire of length and cross-sectional aréathe current
density will bes # Since the potential drop along the wire willbe A Eg. (2.1)
givesl/A=sV/L, and henc& = L/sA =r L/A, here we have introduced resistivityl/s.
Unlike R, s and’ is a property of the material, since it does ngetel on the shape and
size. Now we want to expressis terms of the microscopic properties using thader
model. Ifn electrons per unit volume all move with velocitythen the current density
they give rise to will be parallel o Furthermore, in a timgYthe electrons will advance
by a distance5Y in the direction of v, so that: 5Y< electrons will cross an are&a
perpendicular to the direction of flow. Since eabéctron carries a charge, the charge

crossingAin the timeSYwill be D 5Y  and hence the current density is

B L. (2.2)

At any point in a metal, electrons are always mguim a variety of directions with a
variety of thermal energies. The net current dgnsithus given by Eqg. (2.2), whevas
the average electronic velocity drift velocity. In the absence of an electric field,
electrons are as likely to be moving in any onedtion as in any othey, averages to
zero, and, as expected, there is no net electrremmudensity. In the presence of a field
E, however, there will be a drift velocity directegposite to the field (the electronic
charge being negative), which we can compute #&»ael Consider a typical electron at
time zero. Let be the time elapsed since its last collision. #kgity at time zero will

be its velocityZ,,immediately after that collision plus the additbrelocity K\'f it
has subsequently acquired. Since we assume tleéenon emerges from a collision in
a random direction, there will be no contributicnh L, to the average electronic
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velocity, which must therefore be given entirely tye average of However,
the average dfis the relaxation tim. Therefore

(2.3)
2.4
£ (2.4)
The conductivity is, therefore, given by
(2.5)

We see that the conductivity is proportional to tensity of electrons, which is not
surprising since the higher the number of carriéhe, more the current density. The
conductivity is inversely proportional to the masecause the mass determine the
acceleration of an electron in electric field. Tgreportionality tat follows becausé is
the time between two consecutive collisions. Theeefthe larget is, the more time for
electron to be accelerated between the collisioms @nsequently the larger the drift
velocity. The values of relaxation time can be ol#d from the measured values of
electrical conductivity. For example at room tengpere the resistivity of many metals
lies in the range of 1-1nV¢m. The corresponding relaxation time is of theeord
of . In this discussion of electrical conductivityewreated electrons on a
classical basis. How are the results modified witnenquantum mechanics is taken into
account? Let us refer to Fig.2.3. In the absencanoélectric field, the Fermi sphere is
centred at the origin (Fig. 2.3a). The various tetets are all moving - some at very high
speeds - and they carry individual currents. Bet tibtal current of the system is zero,
because, for every electron at veloaitihere exists another electron with velociyand
the sum of their two currents is zero. Thus thaltourrent vanishes due to pair wise
cancellation of the electron currents.

Fig.2.2:(a) The Fermi sphere at equilibrium, (b) Displacaetw# the
Fermi sphere due to an electric field (After
www.pa.uk.edu/kwng.phy/525/lec/lecturg-8
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The situation changes when a field is appliedh# tield is in the positive-direction,
each electron acquires a drift velocity, as givenHyg. (2.2). Thus the whole Fermi
sphere is displaced to the left, as shown in R2g(B). Although the displacement is very
small and although the great majority of the etauwdrstill cancel each other pair wise,
some electrons - in the shaded crescent in theefigemain uncompensated. It is these
electrons which produce the observed current. Térg small displacement is due to a
relatively small drift velocity. If we assume thile electric field is 0.1V/cm, we obtain
the drift velocity of 1cm/s, which is by 8, ordensmagnitude smaller the Fermi velocity
of electrons.

Let us estimate the current density. The fractioh electrons which remain
uncompensated is approximatel; ;. The concentration of these electrons is therefore
.4, <and since each electron has a velocity of appraeiya , the current density is
given by

B A, T (2.6)

This is the same expression we obtained beforerefdre, formally the conductivity is
expressed by the same formula (2.5). However, ¢hehbpicture of electrical conduction
is thus quite different from the classical onetHa classical picture, we assumed that the
current is carried equally by all electrons, eadvimg with a very small drift velocity.

In the quantum-mechanical picture the current i@ only by very small fraction of
electrons, all moving with the Fermi velocity. Tredaxation time is determined only by
electrons at the Fermi surface, because only tles&ons can contribute to the transport
properties. Both approaches lead to the same résuithe latter is conceptually the more
accurate. Since only electrons at the Fermi suréac¢ribute to the conductance, we can
define the mean free path of electrons a§l , . We can make an estimate of the mean
free path for metal at room temperature. This esngives a value of 100A. So it is of
the order of a few tens inter atomic distanceslomt temperatures for very pure metals
the mean free path can be made as high as a few cm.

3.2 The origin of collision time

We see that between two collisions, the electravels a distance of more than 20 times
the inter atomic distance. This is much larger tbae would expect if the electron
really did collide with the ions whenever it passed them. Tailadox can be explained
only using quantum concepts according to whichlaot®n has a wave character. It is
well known from the theory of wave propagation ieripdic structures that, when a
wave passes through a periodic lattice, it con8npeopagating indefinitely without
scattering. The effect of the atoms in the latiecéo absorb energy from the wave and
radiate it back, so that the net result is thatwhge continues without modification in
either direction or intensity. Therefore we sed,tlidghe ions form a perfect lattice, there
Is no collision at all - that id, = ¥ - and henc& = ¥, which in turn leads to infinite
conductivity. It has been shown, however, that dhservedl is about £ A. The
finiteness ofs must thus be due to the deviation of the latticenfiperfect periodicity;
this happens either because of (1) thermal vibmatibthe ions, or because of (2) the
presence of imperfections or foreign impurities.
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In order to consider their contribution we examthe temperature dependence of the
electrical conductivity. The electrical conductiiaf a metal varies with temperature in a
characteristic manner. This variation is usuallscdssed in terms of the behavior of the
resistivity r versusT. Figure 2.3 shows the observed curve for NaTAt 0°K, r has a
small constantvalue; above thatr increases withT, slowly at first, but afterward

r increases linearly witd. The linear behavior continues essentially uritd melting
point is reached. This pattern is followed by mwmstals, and usually room temperature
falls into the linear range.

Fig. 2.3The normalized resistivity (T)/r (290°K) versud for Na in the
low-temperature region (a), and at higher tempeeat(b) (After Kittel,
1979)

We want to explain this behavior in terms of theid® formula. Recalling that
we have

— (2.7

As we have discussed earliet Which enters equation (2.7), is the probabilityttoé

electron scattering per unit time. Thus, if , thea &lectron undergoes
collisions in one second. We found that the electindergoes collisions only because
the lattice is not perfectly regular. We group texiations from a perfect lattice into
two classes. a) Lattice vibrations (phonons) ofitims around their equilibrium position
due to thermal excitation of the ions. (b) All gtamperfections, such as impurities or
crystal defects. Of this latter group we shall takgurities as an example. The total
probability for an electron to be scattered in d time is the sum of the probabilities of
scattering by phonons and by impurities. This isabse these two mechanisms are
assumed to act independently. Therefore we may writ

(2.8)
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Where the first term on the right is due to impastand the second is due to phonons.
The scattering by impurities is essentially indejent of temperature, whereas the
scattering by phonons is temperature dependentibed¢he number of phonons increases
with temperature. When equation (2.8) is substitutéo equation (2.7), we readily find

P06 "W Mo (2.9)

We see that has split into two terms. A terin.due to scattering by impurities, which is
independent ofT, is called theresidual resistivity.Another term’ g¢: <s due to
scattering by phonons; hence it is temperature ribpe. Sometimes it is called the
lattice resistivity

At very low T, scattering by phonons is negligible because thglitudes of oscillation
are very small; in that regiddhg Q R " o6 Q and hence ’ pis a constant. This is in
agreement with Fig.2.3. AE increases, scattering by phonons becomes moreieffec
and’ y : <) increases; this is why increases. Whem becomes sufficiently large,
scattering by phonons dominates and’ 5 : <KThe statement that can be split into
two parts, is known as thdatthiessen ruleThis rule is embodied in (2.9). In general, the
Matthiessen rulgredicts that if there are two distinguishable searof scattering (like
in the case above — phonons and impurities) thetrgsy is the sum of the resistivities
due to the first and the second mechanism of soajteThe Matthiessen rule is sort of
empirical observation which can be used for a d¢male understanding of the
contribution from different scattering mechanisri@wever, one must always bear in
mind the possibility a failure of this rule. In paular, in the case when the relaxation
time depends on the wave veckoithe Matthiessen rule becomes invalid.

Now let us derive approximate expressionsMandM,g using arguments from the
kinetic theory of gases. Consider first the catlisof electrons with impurities. We write

M> O_ae (2.10)
3

Where pis the mean free path for collision with impuritiés order to find the mean free
path we shall assume, for simplicity, that the ismh is of the hard-spheres (billiard-
ball) type and introduce trsxattering cross sectiosf an impuritySi which is the area an
impurity atom presents to the incident electrone,hwe can argue that the product of
the mean free path and the cross section of impli§t, is equal to the average volume
per impurity,) , where pis the impurity concentration, i.e.

o p 2 (2.11)

and therefore

(2.12)
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The scattering cross secti@nis of the same magnitude as the actual geometieal of
the impurity atom. That iSi ~ IAz. Calculations of the exact value ®frequire quantum
scattering theory. By substituting Eqgs. (2.12) Bog. (2.10) into (2.9), we find

e =2 b (2.13)

As expected, pis proportional to pthe concentration of impurities. Calculatingg is

much more difficult, but equations similar to (21 Hhd (2.12) still hold. In particular,

one may write
A (2.14)
%o sk

where g is the concentration of the host atoms in thedattandSais the scattering cross
section per atom. We should note here Babas no relation to the geometrical cross
section of the atom. Rather it is the area presebyethe thermally fluctuating atom to
the passing electron. Suppose that the distanckewéation from equilibrium i, then
the average scattering cross section is

i b OEY (2.15)
8

whereU EYis the average off. We can easily estimate this value at high tenpegs,
when the classical approach is valid. Since thés@harmonic oscillator, the vallkFyY
is proportional to the average of its potential rggeis equal to half the total energy.
Thus,
GEVPL

8 P = (2.16)
whereC is inter atomic force constant introduced earlimt e used the formula for the
energy of a classical oscillator. We see theretfoae at high temperatures the resistivity
is linear inT,

|8l (2.17)

which is in agreement with experiment.
In the low-temperature range the lattice resistiviries with temperature in a different
way. Using the Debye model at low temperature ramgecan find thatoe$

3.3 Thermal conductivity

When the ends of a metallic wire are at differemyperatures, heat flows from the hot to
the cold end. The basic experimental fact is that heat current densit® i.e. the
amount of thermal energy crossing a unit area petr time is proportional to the
temperature gradient
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— (2.18)

whereK is the thermal conductivity. In insulators, heatasried entirely by phonons, but
in metals heat may be transported by both electrand phonons. The thermal
conductivityK is therefore equal to the sum of the two contrifmsi

(2.19
where and refer to electrons and phonons, respectively. Istmeetals, the

contribution of the electrons greatly exceeds tiidhe phonons, because of the great
concentration of electrons. Typically

Fig.2.4: Heat conduction process (Aftervw.pa.uk.edu/kwng.phy/525/lec/lecturg-8

The physical process by which heat conduction tpkese via electrons is illustrated in
Fig.2.4. Electrons at the hot end (to the leftyétan all directions, but a certain fraction
travel to the right and carry energy to the cold.eBimilarly, a certain fraction of the
electrons at the cold end (on the right) travethi left, and carry energy to the hot end.
Since on the average electrons at the hot end are emergetic than those on the right, a
net energy is transported to the right, resultingaicurrent of heat. Note that heat is
transported entirely by electrons having the Ferngrgy, because those well below this
energy cancel each other's contributions.

To evaluate the thermal conductivity quantitatively, we use the formula

here s the electronic specific heat per unit volumés the Fermi velocity

of electrons] is the mean free path of electrons at the Fermiggn&Jsing expression for
the heat capacity derived earlier, we find

o (2.20)

Noting that and that we can simplify this expression firto
(2.22)

This expresses thermal conductivity in terms ofdleetronic properties of the metal.
Many of the parameters appearing in the expregsiok were also included in the

expression for electrical conductivityRecalling that we find
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v DT F A (2.22)
YN

We see from here that the ratio of the thermal ootidty to the electrical conductivity
is directly proportional to the temperature. Thlisalled theNiedemann-Franz lawlhe
constant of proportionality, which is called the Lorentz number, is independdrthe
particular metal. It depends only on the universalstants ande, should be the same
for all metals. The Lorentz number numerical valu¢KjisE ¢ 2WECEE. This
conclusion suggests that the electrical and theooatluctivities are intimately related,
which is to be expected, since both electrical #wedmal current are carried by the same
agent: electrons.

Worked example
Solid has anlGG structure with cubic lattice constant iK(<k  atomic mass
xy K E °©FA kg and a Debye temperature a( “E.

a) Estimate the phonon velocity using the Young moslubd , ‘pp K<@E
“o¢ E

‘

b) Using the expressiof 2~ in which C is the phonon heat capacity per unit

volume. Find the thermal conductivity, K (in unit«o ePXeC£eP) of a
crystal of at "€, assuming that phonon scattering occurs only at th
boundaries of the sample.

Solution:
a) The phonon velocity is estimated from the velooitgound which is

‘

¢ * .4
B q DD, =q ng 0 since inlGGstructure there are 4 atoms in a cubic

unit cell and hence, ER Ss_ , then,
S
— iK —CE e"'%CE Kc(E °e . i D
g ( N EkmE crs Y 35X °
b) Since £ 7 + & Y we can use the low temperature approximation

for heat capacity. Recall Eq.(5.37) in Module 2it &nthe heat capacity of a solid
which contains N atoms is given,
(¢ F

0 i . T+—A
Dividing the expression by N, we obtain the hegbacity per unit atom and

dividing the latter by*')j we obtain the heat capacity per unit volume, C.

Therefore,
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Since the scattering of phonons is determined kybtbundaries of the sample we can

assume that the mean free patlrid mm and the thermal conductivity is

E o KSEKE BHE =) o 4xns )y
3.4 Motion in a magnetic field

The application of a magnetic field to a metal givise to several interesting phenomena
due to conduction electrons. Tlogclotron resonancend theHall Effect are to be
considered

3.4.1 Cyclotron resonance

If a magnetic field is applied to a metal the LdpeiorceF = - g[E+(v "~ B)] acts on each

electron. For a perfect metal in the absence atritefield the equation of motion takes

the form )
UL ~
o E (2.23)

If the magnetic field lies along theedirection this results in

QQ —
ot D ys (2.24)
5% _
By P
where
~ (2.25)
by —

is thecyclotron frequencyn Sl system of unitsg i} Dg ) g <KFor magnetic
fields of the order of a fewi the cyclotron frequencies lie in the range of\a @Hz.
For example foB=1kG, the cyclotron frequency ig Bq . ( Kvi+-. Therefore, the

magnetic field causes electrons to move in a codloiekwise circular fashion with the
cyclotron frequency in a plane normal to the field.

Suppose now that an electromagnetic signal is gagseugh the slab in a direction
parallel toB, as shown in figure 2.5. The electric field of #ignal acts on the electrons,
and some of the energy in the signal is absorbkd.rate of absorption is greatest when
the frequency of the signal is exactly equal to fteguency of the cyclotron (see
Fig.2.5b), i.e.

DD, (2.26)
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Fig. 2.5 (a) Cyclotron motion, (b) The absorption coeffidierersus
w(After www.pa.uk.edu/kwng.phy/525/lec/lecturg-8

This is so because, when this condition holds teaeh electron moves with the wave
throughout the cycle, and therefore the absorptmmtinues all through the cycle. Thus,
Eq. (2.26) is the condition fayclotron resonanceOn the other hand, when Eq. (2.26) is
not satisfied, the electron is in phase with theev@irough only a part of the cycle, during
which time it absorbs energy from the wave. Inrégmainder of the cycle, the electron is
out of phase and returns energy to the wave. Qgelatesonance is commonly used to
measure the electron mass in metals and semicandudthe cyclotron frequency is

determined from the absorption curve, and this evéduthen substituted in Eqgs. (2.25) to
evaluate the effective mass.

3.4.2 Hall effect

First we derive an equation of motion of an elattioapplied magnetic and electric field
in the presence of scattering. Assume that thaihtbmentum of an electron is at
time t, let us calculate the momentum per electron anitesimal time
later. An electron taken at random at titneill have a collision before time with
probability and will therefore survive to time without suffering a collision
with probability If it experiences no collisionpWwever, it simply evolves under
the influence of the forcE (due to the spatially uniform electric and/or magnéelds)
and will therefore acquire an additional momentum The contribution of all those
electrons that do not collide betweeand to the momentum per electron at time
is the fraction they constitute of all electrotisjes their average
momentum per electron . Thus, neglecting the mortieatcontribution to
from those electrons thdb undergo a collision in the time betweeand
, we have

— (2.27)

Note that if the force is not the same for evegcebn it should be averaged.

The correction to (2.27) due to those electronstihge had a collision in the intentab
is only of the order of . To see this, first notattBuch electrons constitute a
fraction £ of the total number of electrons. Furthermore, sitiee electronic velocity
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(and momentum) is randomly directed immediatelgraét collision, each such electron
will contribute to the average momentum only to #dent that it has
acquired momentum from the forEesince its last collision. Such momentum is acquired
over a time no longer than and is therefore oéord . Thus the correction to (2.27)
is of order , and does not affect the terms of linealer in We may
therefore write

— N (2.28)

This simply states that the effect of individuakaton collisions is to introduce a
damping term into the equation of motion for thenmemtum per electron. We apply this
equation to discuss the Hall Effect in metals usanfyee electron model. The physical
process underlying the Hall Effect is illustrated Fig.2.6. Suppose that an electric
current is flowing in a wire in thex-direction, and a magnetic field is applied normal
to the wire in the z-direction. We shall show ttias leads to an additional electric field,
normal to both and , that is, in thg-direction. Before the magnetic field is applied,
there is an electric current flowing in the postix direction, which means that the
conduction electrons are drifting with a velocityn the negativex-direction. When the
magnetic field is applied, the Lorentz force caude electrons to bend
downward, as shown in the figure. As a result,tebes accumulate on the lower surface,
producing a net negative charge there. Simultadg@uset positive charge appears on
the upper surface, because of the deficiency dftreles there. This combination of
positive and negative surface charges creates awwand electric field , which is
called theHall field.

Fig. 2.6: Origin of the Hall field and Hall Effect
(After www.pa.uk.edu/kwng.phy/525/lec/lecturg-8

Let us evaluate this Hall field. We start from tterentz force acting on each electi®n
=-e[E+ (v" B)]. According to (2.28) we find

_ _ (2.29)
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wheret is the relaxation time. Note that the Lorentz foscaot the same for all electrons
because they move with different velocities; thereft is averaged over ensemble. We
are looking for the solution of this equation ie teady state when the current is

independent of time and therefo?é) 5y= 0.

[ ‘i
i S M
(2.30)
\i
S [ i ﬁ

We multiply these equations byet/mto introduce current densities components
& ,and& g, sothat

IF~ _ -alR Dba

IFs B WM& &

Wheres is the Drude conductivity in the absence of a magrield. In the steady state
there is no electric current flowing perpendicutathe wire. Therefore the Hall field,

= ¢ can be determined by the requirement that therendoetransverse currefat
Setting & to zero in the second equation of (2.31) we firat th

s Flhe 2 (2.32)

a

(2.31)

The proportionality constant ) #g, is known as theélall constantand is usually
denoted by, .. Therefore,

@, m (2.33)

This is a very striking result, which predicts thhe Hall coefficient depends on no
parameters of the metal except the density of@atriSinced,; is inversely proportional

to the electron concentration it follows that we can determineby measuring the Hall
field. Since we have already calculatecassuming that the atomic valence electrons
become the metallic conduction electrons, a measemeof the Hall constant provides a
direct test of the validity of this assumption.

4.0 Conclusion
The electrical and thermal conductivity of theefrelectron were obtained through the
Drude model.

5.0 Summary
Drude model provided the simplest treatment ofteleal conduction of a metal
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6.0

7.0

The splitting up of resistivity to two terms (dte impurities and phonon) is
known as Matthiessen rule
Resistivity (' j,<due to scattering of phonons which is independént o

temperature is known as lattice resistivity
Resistivity :" ) due to scattering by impurities which is indegent of
temperature is known as residual resistivity

The cyclotron resonan@nd the Hall Effecare phenomena due to application of
a magnetic field to a metal.

Tutor marked assignment

Q1. A Cu wire of diameter 2mm carries 10A of currdfihd the drift velocity

Q2. If the Fermi energy of Na is 3.1 eV and the eleatrconductivity is
2.1x1G" esu at OK, calculate the relaxation time.

Q3. Using the Drude formula, calculate the mean frath of K, if its lattice
parameter a = 4.2A. Also calculate the Hall cogdfit.

Further reading/References

Animalu, A.O.E, intermediate quantum theory of taji;he solids, Prentice-Hall
of India, New Delhi, 1978

Blakemore ,J.S., Solid State Physics, W.B. Saurderd 974

C. Kittel, Introduction to solid state physics, @jlEastern Limited, 1979
Hurd, C.M., The hall effect in metals and alloykeriim,1972
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1.0 Introduction

The free electron model gives us a good insighltt many properties of metals, such as
the heat capacity, thermal conductivity and eleatrconductivity. However, this model
fails to help us with other important propertiesr Fexample, it does not predict the
difference between metals, semiconductors and atmgl. It does not explain the
occurrence of positive values of the Hall coefintie Also the relation between
conduction electrons in the metal and the numbenlEnce electrons in free atoms is not
always correct. We need a more accurate theorychmvould be able to answer these
guestions.

2.0 Objective
The objectives of this unit is
- To explain the general features of band levels
To explain the periodic potential of an electron
To explain the properties of the Bloch electron
To explain the difference between Metals and Irtsuga

3.0 Definition

Energy band is the range of energies possessdeédiyoas in a solid

3.1 Energy band

It is customary to visualize the existence of baodsan energy scale of band structure
scheme, according to which, the energy bands mtbst tightly bound electrons lie at
the bottom, followed by the band of the second migstly bound electrons, and so on,
till we reach the top of the set of completely fetiergy bands. The top of the band of the
set is known as thealence bandNext higher energy band is referred tocasduction
band which might be completely empty. The characteriginergy that separate the
occupied from empty states is calleermi energy E and is characterized by Fermi level
existing between the conduction band and the valeaad. The two bands are separated
by energy gap,, defined by

0 N 0 (3.1)

Where yand ( are respectively the energy of the bottom of thiedaction band and
the top of the valence band. Thg value for a semiconductor is typically of the ardé

1 Z and that for an insulator is & Kbased o the relative positions of conduction and
valence bands, metals may be classified into twegcaies. In one, valence band is
completely full and conduction band is partiallylef, e.g., Na, 2p (valence) band is
completely full and conduction (3s) band is halfeti. In the other, conduction and
valence bands overlap each other. For example, YWig(XE (34 $)E< $)E(valence)
and$J(conduction) bands overlap in energy.
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3.2 Periodic Potential
The potential seen by an electron due to the naabéwan isolated atom of valence z is

E . . .
© ) , where e is the electronic charge and r the nsclelectron distancélowever ,

the atom in a perfect crystal are arranged in alaegeriodic array, therefore, we are led
to consider the problem of an electron in a pog&briti(r) with the periodicity of the
under-lying Bravais lattice i.e.

u(r) = U@ +T) (3.2)

whereT is a lattice vector. Qualitatively, a typical crgiine potential might be expected
to have a form shown in Fig.3.1, resembling thevinidial atomic potentials as the ion is
approached closely and flattening off in the redietween ions.

Fig.3.1: The crystal potential seen by the electron (Aftatek 1979)

Since the scale of periodicity of the potentialUL0® cm) is the size of a typical de
Broglie wavelength of an electron, it is esserntalse quantum mechanics in accounting
for the effect of periodicity on electronic motioFhus we consider the Hamiltonian.

~

+: < s—'hE A: < (3.3)
Using Eq. (3.2) in Eq. (3.3) leads to
+: i< +:< (3.4)

This shows that the Hamiltonian also has the Efieriodicity. Hence, to predict the
physical properties of the crystal, one should sdhe following Schrodinger equation
for a single electron

+:2< ZhE A< *i< xoc< (3.5)

in whichy (r) is a wave function for one electron. Independsacttrons, which obey a
one electron Schrddinger equation (3.5) with aqakei potential, are known d&loch
electrons in contrast to "free electrons,” to which Blocleatrons reduce when the
periodic potential is identically zero.

Now we discuss general properties of the solutibrthe Schrodinger equation (3.5)
taking into account periodicity of the effectivetgotial (3.2) and discuss main properties
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of Bloch electrons, which follow from this solutiollVe represent the solution as an
expansion over plain waves

o< G PC (3.6)

>

This expansion in a Fourier series is a naturaég®ization of the free-electron solution
for a zero potential. The summation in (3.6) iS@ened over alk vectors, which are
permitted by the periodic boundary conditions. Aduog to these conditions the wave
function (3.6) should satisfy

¥y a-< *H AL < *Hh o A< o *Fh oo A< (3.7)

So that ) i )
5 Higs, Hlegg, E (3.8)

where ;| g, and ¢are positive or negative integers. Note that inegaly (r) is not
periodic in the lattice translation vectors. On ttker hand, according to Eg. (3.2) the
potential energy is periodic, i.e. it is invariaohder a crystal lattice translation.
Therefore, its plane wave expansion will only cantglane waves with the periodicity of
the lattice. Therefore, only reciprocal lattice togs are left in the Fourier expansion for

the potential:

A< 1 A PV (39)

where the Fourier coefficientds are related tdJ(r) by

A2 VA S

T (3.10)

whereZ, is the volume of the unit cell. It is easy to Seat indeed the potential energy
represented by (3.9) is periodic in the lattice:

Ej k< 1 Egmv<< g'i Eg'" Ej< (3.11)

| |
where the last equation comes from the definitibthe reciprocal lattice vectors®

. The values of Fourier componerfis for actual crystal potentials tend to decrease
rapidly with increasing magnitude d&. For example, for a Coulomb potentid),

decreases as)T e -Note that since the potential energy is real Rbarier components

should satisfyA,, A P.
We now substitute (3.6) and (3.9) in Eq. (3.5) abthin:
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7 7 o0 \%

changing the summation index in the second sunheteft fromk to k +G this equation
can be rewritten in a form:

CPYEEE e o R e (3.13)

Since this equation must be satisfied for arthe Fourier coefficients in each separate
term of (3.13) must vanish and therefore

e (3.14)
(

This is a set of linear equations for the coeffitse(k. These equations are nothing but
restatement of the original Schrodinger equatiothenmomentum space, simplified by
the fact that the potential is periodic. This seeguations does not look very pleasant
because, in principle, an infinite number of caméints should be determined. However,
a careful examination of Eqg. (3.14) leads to im@atrconsequences.

First, we see that for a fixed value lofthe set of equations (3.14) couples only those
coefficients, whose wave vectors differ frdrby a reciprocal lattice vector. In the one-
dimensional case these are k2p/a, ktdp/a, and so on. We can therefore assume that
the k vector belongs to the first Brillouin zone. Thegimal problem is decoupled té
independent problem&l(s the total number of atoms in a lattice): forreaiowed value

of k in the first Brillouin zone. Each such problem Isatutions that are superposition of
plane waves containing only the wave vedt@nd wave vectors differing frok by the
reciprocal lattice vector.

Putting this information back into the expansior6}2f the wave functioy (r), we see that

the wave function will be of the form

* o< gt PCes < (315)

7eo0

where the summation is performed over the recipiatizce vectors and we introduced
indexk for the wave function. We can rearrange this sb tha

* 1< PCie . ©F (3.16)
Or

*aoo < Pzl < (3.17)
where Z;: < Z 5. i <is a periodic function which is defined by

Ze < 1 ‘e ©P (3.18)
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Equation (3.17) is known as Bloch theorem, whiclyplan important role in electronic
band structure theory. Now we discuss a numbempbrtant conclusions which follow
from the Bloch theorem.

1.

Bloch's theorem introduces a wave vedtpwhich plays the same fundamental
role in the general problem of motion in a pertopotential that the free electron
wave vectok plays in the free-electron theory. Note, howevieat although the
free electron wave vector is simplyy, wherep is the momentum of the electron,
in the Bloch casé& is not proportional to the electronic momentum.sTisi clear
on general grounds, since the Hamiltonian doeshasé complete translational
invariance in the presence of a non-constant pateand therefore its eigenstates
will not be simultaneous eigenstates of the momanbperator. This conclusion
is confirmed by the fact that the momentum operato >sh when acting
onb,: <gives

g80* ;1 < gd80 6PCZc 6 8C*;: < g8 PCOZe < (3.19)

Which is not, in general, just a constant tihe <€ie., B;. <is not a
momentum eigenstate. Nevertheless, in many whys a natural extension qf

to the case of a periodic potential. It is knownths crystal momentunor

guasimomenturof the electron, to emphasize this similarity, boe should not
be misled by the name into thinking tld&tis a momentum.

The wave vectok appearing in Bloch's theorem can always be confioetthe
first Brillouin zone (or to any other convenienimpitive cell of the reciprocal
lattice). This is because akynot in the first Brillouin zone can be writtes

re r | (3.20)

where G is a reciprocal lattice vector arid does lie in the first zone. Since
R 1 for any reciprocal lattice vector, if the Bloabrin Eq. (3.17) holds for
k', it will also hold fork. An example is given below for a nearly free elaut
model.
The energyE of free electrons which is plotted verskisn Fig 3.2a exhibits a
curve in the familiar parabolic shape. Figure 33Bbws the result of translations.
Segments of the parabola of Fig.3.2a are cut atdiges of the various zones, and
are translated by multiples & = 2p/a in order to ensure that the energy is the
same at any two equivalent points. Fig.3.2c displthe shape of the energy
spectrum when we confine our consideration to tfs¢ Brillouin zone only.The
type of representation used in Fig.3.2c is refetceds thaeduced-zone scheme.
Because it specifies all the needed informations the one we shall find most
convenient. The representation of Fig.3.2 a, knawrheextended-zone scheme
is convenient when we wish to emphasize the clazenection between a
crystalline and a free electron. Fig.3.2b empldysperiodic-zonescheme, and is
sometimes useful in topological considerations imwng the k space. All these
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representations are strictly equivalent; the usenygf particular one is dictated by
convenience, and not by any intrinsic advantagkastover the others.

Fig.3.2Free electron bands withieduced (a), extended (b) andperiodic-
zone(c) scheméAfterwww.pa.uk.edu/kwng.phy/525/lec/lecturg-8

An important consequence of the Bloch theorem esappearance of the energy
bands. All solutions to the Schrodinger equati@b) have the Bloch form

wherek is fixed and has the periodicity of the Bravais
lattice. Substituting this into the Schrodingequation, we find that is
determined by the eigenvalue problem

— (3.21)

With boundary condition

(3.22)

Because of the periodic boundary condition we emard (3.21) as an eigenvalue
problem restricted to a single primitive cell oétbrystal. Because the eigenvalue
problem is set in a fixed finite volume, we expentgeneral grounds to find an
infinite family of solutions withdiscretelyspaced eigenvalues, which we label
with the band index. The Bloch function can therefore be denoted by
which indicates that each value of the band indaxd the vectok specifies an
electron state, or orbital with energy . Note thmataerms of the eigenvalue
problem specified by (3.21) and (3.22), the wavetmek appears only as a
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parameter in the Hamiltoniad (k). We therefore expect each of the energy
levels, for givenk, to vary continuously ak varies. In this way we arrive at a
description of the levels of an electron in a paiggotential in terms of a family
of continuous functions : < For each, the set of electronic levels specified by

. <is called arenergy bandThe information contained in these functions for
differentn andk is referred to as theand structureof the solid

4 Number of states in a band.
The number of orbitals in a band within the first Bailin zone is equal to the
number of unit cells N in the crystdlhis is much the same as the statement made
in connection with the number of lattice vibratibnades, and is proved in a like
manner, by appealing to the boundary conditionsnsicker first the one-
dimensional case. The allowed valueskoform a uniform mesh whose unit
spacing is B/L. The number of states inside the first zone, wheasgth is2p/a,
is therefore equal to [2a)/ (2p/L) = L/a= N, whereN is the number of unit cells,
in agreement with the assertion made earlier. Alaimrgument may be used to
establish the validity of the statement in two- &mee-dimensional lattices. It has
been shown that each band hestates inside the first zone. Since each such state
can accommodate at most two electrons, of oppspites, in accordance with the
Pauli Exclusion Principle, it follows that the maxim number of electrons that
may occupy a single band 2. This result is significant, as it will be used in a
later section to establish the criterion for prédgs whether a solid is going to
behave as a metal or an insulator.

5. Now we show that an electron in a level spedifiy band inder and wave vectok
has a nonvanishing mean velocity, given by

_ 9: ¢ :C< 3.23)
‘C< st (
C 39C

To show this we calculate the expectation valutefderivative of the Hamiltonian
H (k) in Eqg. (3.21) with respect ta

@ 27V @ +g%igC 6=z Y G +oF POH: V(329

Since” :gd4 <Ois the velocity operator, this establishes (3.23).

This is a remarkable fact. It asserts that theeestationary levels for an electron
in a periodic potential in which, in spite of theedraction of the electron with the
fixed lattice of ions, it moves forever without amjegradation of its mean
velocity. This is in striking contrast to the ide& Drude that collisions were
simply encounters between the electron and a stettic

3.3 Weak potential
When the potential is zero the solutions of ther&dimger equation (3.14) are plane waves

Z-C< 6; (3.25)
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— (3.26)

Where the wave function is normalized to the volwheanit cell . In the reduced-zone

representation shown in Fig.3.3, for e&cthere is an infinite number of solutions which
correspond to differer® (and can be labeled by inde as we have already discussed.
Each band in Fig.3.3 corresponds to a differenievalfG in the extended scheme.

Fig.3.3: Only those states which have the same Kk in the Brillouin
zone are coupled by perturbation (Aftattel, 1979)

Suppose now that a weak potential is switched @coAling to the Schrodinger equation
(3.14) only those states, which differ 8y are coupled by a perturbation. In the reduced
zone scheme those states have s&nand differentn (see Fig.3.3). From quantum
mechanics, if the perturbation is small comparedht energy difference between the
states, which are coupled by the perturbation, @ wse the perturbation theory to
calculated wave functions and energy levels. Asegrfor simplicity that we are looking
for the correction to the energy of the lowest band , the condition for using the
perturbation theory is

(3.27)

For anyG t 0. According to the perturbation theory the energgiven by

(3.28)

The first term in Eq. (3.28) is the undisturbecefdectron value for the energy. The second
term is the mean value of the potential in theestat

— (3.29)
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This term gives a constant independerit.dts effect on the spectrum is a rigid shift by a
constant value without causing any change in tapeiof the energy spectrum. This term
can be set equal to zero. The third term can bettewas

- — (3.30)

Finally we obtain for the energy:

(3.31)

The perturbation theory breaks down, however, as¢hcases when the potential cannot
be considered as a small perturbation. This hapywées the magnitude of the potential
becomes comparable with the energy separation battire bands, i.e.

(3.32)

In this case we have to include these levels irBitte@ddinger equation and solve it explicitly
There are specigk points for which the energy levels become degeeeeaud the
relationship (3.32) holds for any non-zero valu¢haf potential. For thesepoints

(3.33)
and consequently

(3.34)

The latter conduction implies thiatmust lie on a Bragg plane bisecting the line jainin
the origin ofk space and the reciprocal lattice pdBtas is shown in Fig.3.4.

Fig. 3.41f |k| = k — G|, then the poink must lie in the Bragg plane
determined bys. (Afterwww.pa.uk.edu/kwng.phy/525/lec/lecturg-8

Therefore, a weak periodic potential has its mafdect on those free electron levels
whose wave vectors are close to ones at which tagdgBreflection can occur. In order to
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find the energy levels and the wave functions ddrntese points we include to the
equation (3.14) only the two levels: one which esponds tdk and the other which
corresponds to assuming tlkdies near the Bragg plane:

(3.35)
These equations have the solution when the detannis equal to zero, i.e.
(3.36)
this leads to the quadratic equation
(3.37)
The two roots are
- - (3.38)

These solutions are plotted in Fig.3.4 kgparallel toG.

Fig.3.4: Plotof the energy bands given by Eq. (3.38)Kqrarallel
to G. (Aftewww.pa.uk.edu/kwng.phy/525/lec/lecturg-8

This results is particularly simple for point lyileg the Bragg plane, since in this case
we find from (3.38) then that

(3.39)
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Thus, at all points in the Bragg plane, one lesalniformly raised by and the other
is uniformly lowered by the same amount. This metina¢ there are no states in the
energy interval between and which
implies the creation of the band gap. The magnitfdbe band gap is equal to twice the
Fourier component of the crystal potential. We siliate this behavior using a one-
dimensional lattice shown in Fig.3.5. We see thiétsg of the bands at each Bragg
plane in the extended-zone scheme (Fig.3.5b). fdsslts in the splitting of the bands
both at the boundaries and at the centre of tisé Hrillouin zone (Fig.3.5a). There are
two important points to note. First, since the ggdhere increases as , the higher the
band, the greater its width. Second, the higherethergy, the narrower the gap; this
follows from the fact that the gap is proportiomala Fourier component of the crystal
potential and that the order of the component emxs as the energy rises. Since the
Fourier components of the potential decrease rapislthe order increases, this leads to a
decrease in the energy gap. It follows therefoa, s we move up the energy scale, the
bands become wider and the gaps narrower; i.eeléogron behaves more and more like
a free particle.

Fig. 3.5 (a) Dispersion curves in the nearly-free-electroodet, in the
reduced-zone scheme; (b) The same dispersion cumvdge extended-
zone scheme. (Afterww.pa.uk.edu/kwng.phy/525/lec/lecturg-8

Now we discuss the origin of the appearance obtred gaps at the Bragg planes. When
k lies on a Bragg plane we can easily find the fofrthe wave function corresponding to
the two solutions (3.39). Assuming for simplicihat the potential is real we obtain from
Eq. (3.35)

(3.40)

For simplicity we consider a one-dimensional |&ttifor which the Bragg reflection
occurs ak=%2G. We have then
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— (341)

We see that at the zone edge, the scattering s$¢reog that the reflected wave has the
same amplitude as the incident wave. The elecsorepresented there bystanding
wave, very unlike a free particle

The distribution of the charge density is proparéibto|y|?, so that

(3.42)

Since the origin lies at the ion, tlye- state distributes the electron so that it is piled
predominantly at the nuclei (see Fig.3.6). Sineegbtential is most negative there, this
distribution has a low energy. The functipr therefore corresponds to the energy at the
top of band 1, that is, point;An Fig. 3.5a.

Fig.3.6: Spatial distributions of the charge density desdilby the
functionsy . andy . (Afterwww.pa.uk.edu/kwng.phy/525/lec/lecturg-8

By contrast, the functiog + deposits its electron mostly between the ions lfasva in
Fig.3.6), corresponds to the bottom of band 2 ig.¥ba, that is, point A The gap
arises, therefore, because of the two differerttidigions for the same value &f the
distributions having different energies.

Worked Example:

Consider two-dimensional electrons subjected teaknperiodic potential coming from a
square lattice of spacing . Foka&ectors far away from the Brillouin zone
boundary, the wavefunction can be well describeglages waves. Assume we want to
write the wavefunction in the Bloch form, and calesing a state of

energyE and wavevector ,
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a) What will the three lowest energies be at this wawveber?
b) What are the correspondi@g <functions

Note thataE)( $ Kv< Zk E
Solution:

a) Recall Eq.(3.5), the Schrodinger equation is

O UV x
— Z < ¥ <
E uC?
u v .
Where — | E
urz-

If the potential is weak, the solutions will be dawaves:
From Eq. (3.25)

8F|; PIE

.
and Eq.(3.25)

P — Pe®
97
whereC? extends over the entite space. We can transform tliBwavevector into the
first Brillouin zone by using Eq. (3.20) i.e.
Cc C -
LetC [ D [ E»
Where[p and[ g are primitive reciprocal lattice vectors andandm are integers. The
primitive reciprocal lattice vectors are given by

K(ick ©P-.
[o T and [g F K(i< k epH

With the value of Kik ©P, the length of th€Pvector for several values afandm is
shown in the table below

n m |CP|
0 0 0.5

-1 0 0.756
1 0 1.756
0 1 1.351
0 -1 1.351

1 1 2.159

Since the energies increases WiEF, the three lowest energies obtained using Eg5)3.2
are:

l. Kai 2 <
1. Km2Z <
1. K< 72 é <
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(b) From

¢z < F_H
Solving forZ: < we have:
(@ Z: <
(b) 7 < ePRj ePDKETrA;j

(C)Z: < RS  EDKEMS

Note that from Eq. (3.2), the functiai < has the periodicity of the latticg, <
Z: I < The third energy level is degenerate; there am® ftcorresponding
wavefunctions.

3.4  Metals and Insulators

Solids are divided into two major classegetals and insulatorsA metal — or a conductor
— is a solid in which an electric current flows endhe application of electric field. By
contrast, application of an electric field produoeselectric current in an insulator. There
is a simple criterion for distinguishing betweese tiwo classes on the basis of the band
structure. If the valence electrons exactly fileoor more bands, leaving others empty,
the crystal will be an insulator. An external etextield will not cause current flow in an
insulator. Provided that a filled band is separdigdenergy gap from the next higher
band, there is no continuowsy to change the total momentum of the electibesery
accessible state is filled. Nothing changes wherfigid is applied.

On the contrary if the valence band is not compldtibed the solid is a metal. In a metal
there are empty states available above the Fenmel lke in a free electron gas. An
application of an external electric field results the current flow. It is possible to
determine whether a solid is a metal or an insulayoconsidering the number of valence
electrons. A crystal can be an insulator only & thumber of valence electrons in a
primitive cell of the crystal is an even integerhig is because each band can
accommodate only two electrons per primitive dedic example, diamond has two atoms
of valence four, so that there are eight valeneetedns per primitive cell. The band gap
in diamond is 7eV and this crystal is a good insulaHowever, if a crystal has an even
number of valence electrons per primitive celisiinot necessarily an insulator. It may
happen that the bands overlap in energy. If thelbaverlap in energy, then instead of
one filled band giving an insulator, we can have partly filled bands giving a metal
(Fig.3.7b). For example, the divalent metals, sashMg or Zn, have two valence
electrons per cell. However, they are metals, alghoa poor ones — their conductivity is
small.
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Fig.3.7: Occupied states and band structures giving (apsuator, (b) a
metal or a semimetal because of band overlap, @na fhetal because of
electron concentration (After Kittel, 1979)

If this overlap is very small, we deal wigemimetalsThe best known example of a
semimetal is bismuth (Bi). If the number of valembectrons per cell is odd the solid is
a metal. For example, the alkali metals and thdenotetals have one valence electron
per primitive cell, so that they have to be metalse alkaline earth metals have two
valence electrons per primitive cell; they couldibgsulators, but the bands overlap in
energy to give metals, but not very good metalanizind, silicon, and Germanium each
have two atoms of valence four, so that there aylet &#alence electrons per primitive
cell; the bands do not overlap, and the pure ds/stt@ insulators at absolute zero. There
are substances, which fall in an intermediate mrsibetween metals and insulators. If
the gap between the valence band and the band imtekydabove it is small, then
electrons are readily excitable thermally from tbemer to the latter band. Both bands
become only partially filled and both contribute tike electric condition. Such a
substance is known assamiconductorExamples are Si and Ge, in which the gaps are
about 1 and 0.7 eV, respectively. Roughly speakiagsubstance behaves as a
semiconductor at room temperature whenever the igapess than 2 eV. The
conductivity of a typical semiconductor is very $sintampared to that of a metal, but it
is still many orders of magnitude larger than tbétan insulator. It is justifiable,
therefore, to classify semiconductors as a newsctdssubstance, although they are,
strictly speaking, insulators at very low temperasu

4.0 Conclusion

Solution of Schrodinger equation for a single etactllows the prediction of the physical
properties of a crystal while the Bloch theorenyplan important role in electronic band
structure theory.

5.0 Summary
- Separation of the valence and conduction band : 0

Periodic potential of an electron is in the ford: < A : i <
One electron Schrodinger equation with a periodteptial, are known as Bloch
electrons
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6.0

7.0

From the Bloch theorem, The number of orbitals bmad within the first
Brillouin zone is equal to the number of unit séll in the crystal

Solids are divided into two major classes: metat$ iasulators which can be
distinguished on the basis of band structure.

Tutor marked assignment

Q1. Using the solution for the energy bands near tme Zmundary in the
presence of a weak crystal potential. Show thaetbetron velocity is
parallel to the Bragg plane.

Q2. Prove that the current carried by Bloch electisrgiven by

?

B t 2¢c
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1.0 Introduction

The Fermi surfaces (FS) concept enables to visu#tie relative fullness or occupation
of the allowed empty lattice bands geometricallykispace and thus helps in the
theoretical determination of the electronic progsrof a solid- metal, semiconductor or
insulator. In fact, the purpose of the FS constoncis to know about the details of the
motion of an itinerant electron in three-dimension.

2.0  Objective
- to understand the concept of Fermi surfaces
to revise the concept of electron dynamic
to revise the concept of effective mass
to revise the concept of hole

3.0  Definition

Electron dynamics is using classical equations ation in a classical way to describe
electronic structure quantum-mechanically, i.enditag waves that distribute electrons to
different regions of the bands.

3.1  Electro dynamics
Given the functions€En(k) the semiclassical model associates with eachtretea
position, a wave vector and a band indexin the presence of applied fields the
position, the wave vector, and the index are tdkegvolve according to the following
rules:

0] The band index is a constant of the motiore $amiclassical model ignores
the possibility of interband transitions. This iep that within this model it
assumed that the applied electric field is small.

(i) The time evolution of the position and thewsavector of an electron with band
indexn are determined by the equations of motion:

Q - .c< DPRu& (4.9
QT ' d QC

QC ,, . .

6& Yp: Y< K: Y< (4.2)

Strictly speaking Eq. (4.2) has to be proved. itlentical to the Newton’s second law if
we assume that the electron momentum is equaddl. tbhe fact that electrons belong to
particular bands makes their movement in the ap@lectric field different from that of
free electrons. For example, if the applied elediald is independent of time, according
to Equation (4.2) the wave vector of the electrmreases uniformly with time

CY¥X C: < M%T (43)
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Since velocity and energy are periodic in the nexpl lattice, the velocity and the
energy will be oscillatory. This is in striking doast to the free electron case, wheiis
proportional tok and grows linearly in time. Thle dependence (and, to within a scale
factor, thet dependence) of the velocity is illustrated in Fify, 4vhere botlE(k) and vk)
are plotted in one dimension. Although the velo@tyinear ink near the band minimum,
it reaches a maximum as the zone boundary is agpeda and then drops back down,
going to zero at the zone edge. In the region betwhe maximum of v and the zone
edge the velocity actually decreases with incregp&jnso that the acceleration of the
electron is opposite to the externally applied teledorce! This extraordinary behavior is
a consequence of the additional force exerted &y#niodic potential, which is included
in the functional form oE (k). As an electron approaches a Bragg plane, therreadt
electric field moves it in the opposite directiamedo the Bragg-reflection.

Fig.4.1.E(k) and vk) vs.kin one dimension (After
www.pa.uk.edu/kwng.phy/525/lec/lecturg-8

3.2  Effective mass
When discussing electron dynamics in solids it fiero convenient to introduce the
concept of effective mass. If we differentiate 1) with respect to time we find that

. - (44)

Where the second derivative with respect to a vestiould be understood as a tensor.
Using Eq. (4.2) we find that

—_ —— (4.5)
In one dimensional case this reduces to

- (4.6)
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This has the same form as the Newton’s seconddewjded that we defined an effective
mass by the relation:

I (4.7)

The massn* is inversely proportional to the curvature of tlem); where the curvature is
large - that is, is large - the mass is small; alsourvature implies a large mass

(Fig.4.2).

Fig: 4.2. The inverse relationship between the mass and the
curvature of the energy band
(After www.pa.uk.edu/kwng.phy/525/lec/lecturg-8

In a general case the effective mass is a tenswhvushdefined by

— _— (4.8)

Where and are Cartesian coordinates. The effective mass edifterent
depending on the directions on the crystal.

3.3  Current density

The current density within a free electron mode$wafined as

wheren is the number of valence electrons per unit voluarelv is the velocity of
electrons. This expression can generalize to tse o&Bloch electrons. In this case the
velocity depends on the wave vector and we neesumo up ovelk vectors for which
there are occupied states available

(4.9)

Here the sum is performed within the extended ®mieme and V is the volume of the
solid. It is often convenient to replace the sumomaby the integration. Because the
volume ofk-space per allowek value is we can write the sum oJeas
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1

W SC (4.10)

Taking into account the spin degeneracy we obtaithie current density:

C | (4.11)

} NN,OPN

Using this expression we show now thampletely filled bands do not contribute to the
current For the filled bands Eq. (4.11) should be replage

Jr JFir<

YET (4.12)

g
z{|@

This vanishes as a consequence of the theorerththattegral over any primitive cell of
the gradient of a periodic function must vanish.

3.4 Hole

One of the most impressive achievements of thedassical model is its explanation for
phenomena that free electron theory can accounority if the carriers have a positive
charge. We now introduce the concept of a hole.

The contribution of all the electrons in a givemtddo the current density is given by Eg.
(4.11), where the integral is over all occupiedelsevin the band. By exploiting the fact
that a completely filled band carries no curremistwe have

_5; L:C< >C L:C< _5C L:c< (413)
° - ® - J ® -

%60l N LNN,OPVM , LNN,OPMQ

we can equally well write EqQ. (4.11), in the form

5C _
E — . s (4.14)

, LNN,OPMC

Thus the current produced by electrons occupyisgexified set of levels in a band is
precisely the same as the current that would bdumed if the specified levels were
unoccupied and all other levels in the band werupied with particles of charge +e
(opposite to the electronic charge).

Thus, even though the only charge carriers aretreles; we may, whenever it is
convenient, consider the current to be carriedr@gtby fictitious particles of positive
charge that fill all those levels in the band taie unoccupied by electrons. The fictitious
particles are callefioles.It must be emphasized that pictures cannot be mixgdn a
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given band. If one wishes to regard electrons ayiog the current, then the unoccupied
levels make no contribution; if one wishes to regtdre holes as carrying the current,
then the electrons make no contribution. One mawever, regard some bands using the
electron picture and other bands using the holéug@c as suits one's convenience.
Normally it is convenient to consider transporttbé holes for the bands which are
almost occupied, so that only a few electrons arissing. This happens in
semiconductors in which a few electrons are exdrteoh the valence to the conduction
bands. Similar to electrons we can introduce ttiecé¥e mass for the holes. It has a
negative sign.

4.0 Conclusion
The electron dynamics in metals is the electrotriecture described by quantum

mechanics based on semiclassical model

5.0 Summary
- Effective mass of an electron is defined by

5E
5 350
- Current density is defined by
5C
B LNN,OPM(jr.L' C<

6.0  Tutor marked assignment

Q1. Consider a slab of Cu 0.1mm thick, 10.0 mm v&dd 10.0mm long.

(a) If a current of 1A is driven down the length of #lab, what is the
current density?

(b) If we put the slab in the magnetic field of 1 T lwihe field
perpendicular to the 1 mm x10 mm face, what Hai&fwill be
produced, if the Hall coefficient is -0.55x1bm?/C.

(c) What Hall voltage will be observed across the slab?
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1.0 Introduction

The Fermi surface is the surface of constant energyn k space. The Fermi surface
separates the unfilled orbitals from the filled itals, at absolute zero. Quantum
mechanics showed that the occupation of electratestis governed by the Pauli
exclusion and that the chemical potentais equal to- . The shape of the Fermi surface
may be very intricate but the constructions reqlitee applications of the reduced and
the periodic zone schemes. In the reduced zonersghieis always possible to select the
wavevector indeX of any Bloch function to lie within the first Blduin zone. This
procedure is known as mapping the band in the etlzone scheme. In the periodic
zone, a given Brillouin zone is repeated periodiyctrough all of the wavevector space.
This is achieved by translating the zone by a recil lattice.

2.0  Objective
to understand Fermi surfaces
to explain the Brillouin zone
to explain effect of crystal potential
3.0 Definition
Fermi energy surface the energy distribution of particles that obey Bali Exclusion
Principle.

3.1 Fermi surface

The ground state dfl Bloch electrons is constructed in a similar fashasnthat for free

electrons, i.e. by occupying all one-electron endegels with band energies : C<less

than , , where , is determined by requiring the total number of Iewsith energies
less than ; to be equal to the total number of electrons. Tlawewectork must be
confined to a single primitive cell of the recipabdattice. When the lowest of these
levels are filled by a specified number of elec&ortwo quite distinct types of
configuration can result:

1. A certain number of bands may be completely filleitl others remaining empty.
Because the number of levels in a band is equaleteumber of primitive cells in
the crystal (and because each level can accommoaatelectrons (one of each
spin), a configuration with a band gap can arisly @ the number of electrons
per primitive cell is even.

2 A number of bands may be partially filled. Whrs occurs, the energy of the
highest occupied level, the Fermi energylies within the energy range of one or
more bands. For each partially filled band thei# ke a surface ink-space
separating the occupied from the unoccupied levdle set of all such surfaces is
known as the Fermi surface, and is the generaizdab Bloch electrons of the
free electron Fermi sphere. The parts of the Feurface arising from individual
partially filled bands are known as branches efflermi surface.

Analytically, the branch of the Fermi surface i thth band is that surface kx
space determined by

0 < / (51)
Thus the Fermi surface is a constant energy si(Rafaces) ik-space.
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Since the are periodic in the reciprocal lattite complete solution to Eq. (5.1)
for eachn is a k-space surface with the periodicity of the recigfolattice. When a
branch of the Fermi surface is represented by ulepériodic structure, it is said to be
described in aepeated zone schentéften, however, it is preferable to take justiegio

of each branch of the Fermi surface so that evhygipally distinct level is represented
by just one point of the surface. This is achiebgdrepresenting each branch by that
portion of the full periodic surface contained witha single primitive cell of the
reciprocal lattice. Such a representation is dbeedrias areduced zone schem@&he
primitive cell chosen is often, but not always, tinst Brillouin zone

3.2 Brillouin Zone

We consider now an example of building of a Fermface. We start from considering
the Fermi surface for free electrons and then imya® the influence of the crystal
potential. The Fermi surface for free electrona sphere centered at k = 0. To construct
the Fermi surface in the reduced-zone scheme, andranslate all the pieces of the
sphere into the first zone through reciprocal dattvectors. This procedure is made
systematically through the geometrical notion @f tigher Brillouin zones

a b
Fig. 5.1: (a) Construction irk space of the first three Brillouin

zones of a square lattige) On constructing all lines equivalent by
symmetry to the three lines in (a) we obtain tigganes ink space
which form the first three Brillouin zones (Afteiitkel, 1979).

We llustrate this construction for the two dimemsl cubic lattice shown in Fig.5.1.
Recall that the boundaries of the Brillouin zones glanes normal t& at the midpoint

of G. The first Brillouin zone of the square lattice tlse area enclosed by the
perpendicular bisectors of and of the three reciglr lattice vectors equivalent by

symmetry to in Fig. 5.1a. These four reciprocdlida vectors are and

The second zone is constructed from  and the treetrs equivalent to
it by symmetry, and similarly for the third zonehdl pieces of the second and third zones
are drawn in Fig. 5.1b.
In general, théirst Brillouin zoneis the set of points in k-space that can be reatiogal
the origin without crossingny Bragg plane. Thesecond Brillouin zonés the set of
points that can be reached from the first zone tmssing only one Bragg plane.
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Brillouin zoneis the set of points not in the zone that can
be reached from the zone by crossing only one @Bmgne. The free electron
Fermi surface for an arbitrary electron concertrats shown in Fig.5.2.

Fig.5.2: Brillouin zones of a square lattice in two dimemsgAfter Kittel,
1979).

Now we perform a transformation to the reduced zsctfeeme as is shown in Figs.5.3
and 5.4. We take the triangle labeled 2a (Fig &) move it by a reciprocal lattice
vector such that the triangle reappears in the afdhe first Brillouin
zone (Fig.5.3). Other reciprocal lattice vectordl shift the triangles g 2, 24 to other
parts of the first zone, completing the mappinghef second zone into the reduced zone
scheme. The parts of the Fermi surface fallindhs decond zone are now connected, as
shown in Fig. 5.4.

a b c
Fig.5.3 Mapping of the first, second, and third Brillouiores in
the reduced zone scheme. The sections of the secodin Fig.
5.1 are put together into a square by translatimough an
appropriate reciprocal lattice vector (After Kitt&B79).
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Fig.5.4: The free electron Fermi surfaces of Fig.5.3, asv@ein
the reduced zone scheme. The shaded areas repoeseipied
electron states. Parts of the Fermi surface falhi second and
third zones. The first zone is entirely occupied€AKittel, 1979).

Construction of Brillouin zones and Fermi surfades three-dimensions is more
complicated. Fig5.5 shows the first three Brilloaomes for bcc and fcc structures.

a b
Fig.5.5:Surfaces of the first, second, and third Brilloaomes for

(a) body-centered cubic and (b) face-centered cuystals. (Only
theexteriorsurfaces are shown (After Kittel, 1979)..
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The free electron Fermi surfaces 1&Gcubic metals of valence 2 and 3 are shown in

Fig.5.6.
Fig.5.6: The free electron Fermi surfaces for face-centewdsic metals of
valence 2 and 3(After Kittel, 1979).

3.3  Effect of a crystal potential

How do we go from Fermi surfaces for free electranBermi surfaces in the presence of
a weak crystal potential? We can make approximatsteuctions freehand by the use of
the following facts:

(i)
(ii)

(iii)
(iv)

v)

The interaction of the electron with the pelio potential of the crystal causes
energy gaps at the zone boundaries.

Almost always the Fermi surface will intersemone boundaries perpendicularly.
Using the equation for the energy near the zonendbary it is easy to show

thatg—C ®Fc E-H which implies that on the Bragg plane the gradieht

energy is parallel to the Bragg plane. Since ttaglignt is perpendicular to the
surfaces on which function is constant, the coristaergy surfaces at the Bragg
plane are perpendicular to the plane.

The crystal potential will round out sharpraers in the Fermi surfaces.

The total volume enclosed by the Fermi swefalepends only on the electron
concentration and is independent of the detaitb®fattice interaction.

If a branch of the Fermi surface consists efyvsmall pieces of surface
(surrounding either occupied or unoccupied levédspwn as "pockets of
electrons” or "pockets of holes"), then a weakqukc potential may cause these
to disappear. In addition, if the free electromniesurface has parts with a very
narrow cross section, a weak periodic potentialy ncause it to become
disconnected at such points.

Below we give a few examples for real metals
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3.3.1. Alkali metals

The radius of the Fermi sphere in bcc alkali magalsss than the shortest distance from
the center of the zone to a zone face and therdéfier&ermi sphere lies entirely within

the first Brillouin zone. The crystal potential dorot distort much the free electron
Fermi surface and it remains very similar to a spheig 5.7 shows Fermi surface for

sodium.

Fig.5.7: Fermi surface of sodium (After www.pa.uk.edu/kwany/525/lec-8)

3.3.2. Noble metals

The Fermi surface for a single half-filled free atten band in fcc Bravais lattice is a
sphere entirely contained within the first Brillauzone, approaching the surface of the
zone most closely in the [111] directions, wheredches 0.903 of the distance from the
origin to the center of the hexagonal face. Fothakte noble metals therefore their Fermi
surfaces are closely related to the free electpbrer®e. However, in the [111] directions
contact is actually made with the zone faces, aedmeasured Fermi surfaces have the
shape shown in Fig.5.8. Eight "necks reach oubteh the eight hexagonal faces of the
zone, but otherwise the surface is not grosslydest from spherical.

Fig. 5.8: In the three noble metals the free electron sphalges
out in the [111] directions to make contact witk tlexagonal zone
faces.

3.3.3. Cubic divalent metals

With two electrons per primitive cell, calcium,@ttium, and barium could, in principle,
be insulators. In the free electron model, the Fesphere has the same volume as the
first zone and therefore intersects the zone faldes free electron Fermi surface is thus a
fairly complex structure in the first zone, and kets of electrons in the second. The
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guestion is whether the effective lattice potensastrong enough to shrink the second-
zone pockets down to zero volume, thereby fillipgall the unoccupied levels in the first

zone. Evidently this is not the case, since theugrdl elements are all metals.

Calculations show that the first Brillouin zonecmmpletely filled and a small number of

electrons in the second zone determine the nonexerductance.

Fig.5.9: Fermi surface of calcium (Aftesvw.pa.uk.edu/kwng.phy/525/lec/lecturg-8

3.3.4. Trivalent metals

The Fermi surface of aluminum is close to thathef free electron surface for fcc cubic
monatomic lattice with three conduction electroes atom. The first Brillouin zone is
filled and the Fermi surface of free electronsnsrely contained in the second, third and
fourth Brillouin zones. When displayed in a reduzede scheme the second-zone
surface is a closed structure containing unocculgieels, while the third-zone surface is
a complex structure of narrow tubes (Fig.5.6). ahmunt of surface in the fourth zone is
very small, enclosing tiny pockets of occupied Isv@he effect of a weak periodic
potential is to eliminate the fourth-zone pocketelectrons, and reduce the third-zone
surface to a set of disconnected "rings" (Fig.5.1@uminum provides a striking
illustration of the theory of Hall coefficients. &hhigh-field Hall coefficient should
be @, DM 6< Where ,;and 4 are the number of levels per unit volume
enclosed by the particle-like and hole-like brarschéthe Fermi surface. Since the first
zone of aluminum is completely filled and accomnteddwo electrons per atom, one of
the three valence electrons per atom remains tapgcsecond- and third-zone levels.
Thus

M M - (5.2)

wheren is the free electron carrier density appropriatedtence 3. On the other hand,
since the total number of levels in any zone isughao hold two electrons per atom, we
also have

m s (- (53
Subtracting (5.3) from (5.2) gives
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M 6 - (5.9)

Thus the high-field Hall coefficient should havepasitive sign and yield an effective
density of carriers a third of the free electrofueaThis is precisely what is observed.

Fig.5.10: Fermi surface of aluminum (After www.pu. uk.eduvg.phys/525/lecture8)

4.0

Conclusion

The Fermi surfaces (FS) concept enables to visu#ie relative fullness or occupation
of the allowed empty lattice bands geometricallikispace and thus helps in the
theoretical determination of the electronic progsrof a solid.

5.0

6.0

Summary

The N Bloch electron is constructed when the waaaor k is confined to single
primitive cell.

In Alkali metals, the Fermi surface is very muiktela sphere

In Noble metals, the Fermi surface is a sphereanttontained within the first
Brillouin zone.

In Cubic divalent metals, the Fermi surface hasstimae volume as the first
Brillouin zone.

In Trivalent metals, the Fermi surface is entirebytained in the™, 39 and the
4™ Brillouin zone.

Tutor marked assignment
Q1. A two-dimensional metal has one atom of valence am a simple
rectangular primitive cell od = 2A anda_= 4A.

(a) Draw the first and the second Brillouin zones.

(b) Calculate the radius of the free electron Fesphiere and draw this
sphere to scale on the drawing of the Brillouinemn

(c) Draw the Fermi surface in reduced zone schemd show
schematically the effect of a weak crystal poténtia

Q2 Suppose that some atoms in a Cu crystal, whishandGGlattice, are
gradually replaced by Zn atoms. Considering thatsZdivalent while Cu
is monovalent, calculate the atomic ratio of ZnGo in a‘Z, alloy
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7.0

(brass) at which the Fermi sphere touches the fares. Use the free-
electron model. This particular alloy is interegtibecause the solid
undergoes a structural phase change at this coatientratio.
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1.0 Introduction
In a semiconductor the valence band is almost cet@lyi filled while the conduction
band is empty. Thermal excitation or (energy) apson processes may cause some
electrons to cross the band gap, making it sinlaemimetals. Semiconductors tend to
be bonded tetrahedrally and covalently, althougiatyi semiconductors may have polar,
as well as covalent character.
2.0  Objective
- The objective of this unit is to

Understand the structure and bonding in semicoogsict

Explain intrinsic semiconductors.

Understand the importance of impurity states ofisenductors.

Definition

Semiconductors are electronic conductors with gtatdtresistivity values generally in
the range of 18to 10 ohm-cm at room temperature, intermediate betweend g
conductors(18 ohm-cm) and insulators (1to 16> ohm-cm).

3.1  Crystal structure and bonding

Semiconductors include a large number of substantevidely different chemical and
physical properties. These materials are grouptdseveral classes of similar behavior,
the classification being based on the positiomegeriodic table of the elements.

The best-known class is the Group IV semiconductdts (diamond), Sij - all of
which lie in the fourth column of the periodic tablThey have been studied intensively,
particularly Si and Ge, which have found many aggtions in electronic devices. The
elemental semiconductors all crystallize in thevbad structure. The diamond structure
has an fcc lattice with a basis composed of twatidal atoms, and is such that each
atom is surrounded by four neighboring atoms, fagra regular tetrahedron. Group IV
semiconductors are covalent crystals, i.e., thengtare held together by covalent bonds.
These bonds consist of two electrons of oppositessgistributed along the line joining
the two atoms. The covalent electrons forming threds are hybrickKJ-atomic orbitals.
Another important group of semiconductors is theur IlI-V compounds, so named
because each contains two elements, one from trek dhd the other from the fifth
column of the periodic table. The best-known memlwérthis group aré X and InSb
(indium antimonite), but the list also contains gmunds such a&x , InAs,*}[ and
many others. These substances crystallize in tieel#tend structure which is the same as
the diamond structure, except that the two atommifgy the basis of the lattice are now
different. Thus, if* X , the basis of the fcc lattice consists of two ap@a and As.
Because of this structure, each atom is surrougefbur others of the opposite kind,
and these latter atoms form a regular tetrahegushas in the diamond structure.

The bonding in the IlI-V compounds is also primardovalent. The eight electrons
required for the four tetrahedral covalent bonds sampplied by the two types of atoms,
the trivalent atom contributing its three valentec&ons, and the pentavalent atom five
electrons. The bonding in this group is not enticvalent. Because the two elements in
the compound are different, the distribution of tbectrons along the bond is not
symmetric, but is displaced toward one of the atoAs a result, one of the atoms
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acquires a net electric charge. Such a bond ieddaditeropolar,in contrast to the purely
covalent bond in the elemental semiconductors, lwisicallechomopolar.

The distribution of electrons in the bond is dispgld toward the atom of higher
electronegativityIn i* X for instance, theAs atom has a higher electronegativity than
the Ga, and consequently tAs atom acquires a net negative charge, whose value i
0.46e per atom (a typical value in Group IlI-V compoundshhe Ga atom
correspondingly acquires a net positive charge. 480 Charge transfer leads to an ionic
contribution to the bonding in Group IlI-V compowndTheir bonding is therefore
actually a mixture of covalent and ionic compongatthough covalent ones predominate
in most of these substances.

3.2 Bonding structure

A semiconductor is a solid in which the highestugsed energy band, thalence band,

is completely full afl = 0°K, but in which the gap above this band is aswll, so that
electrons may be excited thermally at room tempegafrom the valence band to the
next-higher band, which is known as tbhenduction band Generally speaking, the
number of excited electrons is appreciable (at reemperature) whenever the energy
gapEF is less than 2 eV. The substance may then be fidasas a semiconductor. When

the gap is larger, the number of electrons is gégdé, and the substance is an insulator.
When electrons are excited across the gap, therbadf the conduction band (CB) is
populated by electrons, and the top of the valdrarel (VB) by holes. As a result, both
bands are now only partially full, and would caaycurrent if an electric field were
applied. The conductivity of the semiconductorrigai compared with the conductivities
of metals of the small number of electrons and shabeolved, but this conductivity is
nonetheless sufficiently large for practical pugmsThe simplest band structure of a
semiconductor is indicated in Fig.1.1. Since we iaterested only in the region which
lies close to the band gap, where electrons anesH@, we can ignore a more complex
variation of the energy bands far away from the. §éq@ energy of the CB has the form.

DS N — (1.1)

where k is the wave vector amﬂe the effective mass of the electron. The en&gy

represents the energy gap. The zero-energy leeabisen to lie at the top of the VB.
The energy of the VB (Fig.1.1) may be written as
. 87
0sS 0 T (1.2)
P

Wheremhis the effective mass of the hole which is positi@ecause of the inverted shape

of the VB, the mass of an electron at the top ef\B is negative, but the mass of a hole is
positive).
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Fig. 1.1:Band structure in a semiconductor.

Within this simple picture of the semiconductore thrimary band-structure parameters
are thus the electron and hole masseeand m, and the band gaﬁg. Table 1.1 gives

these parameters for various semiconductors. Natethe masses differ considerably
from the free-electron mass. In many cases theynaich smaller than the free-electron
mass. The energy gaps range from 0.18 e }h to 3.7 eV in ZnS. The table also
shows that the wider the gap, the greater the wia® electronThe energy gap for a
semiconductor varies with temperature, but theatian is usually slight. That a variation
with temperature should exist at all can be apptedifrom the fact that the crystal, when
it is heated, experiences a volume expansion, andeha change in its lattice constant.
This, in turn, affects the band structure, whichaisensitive function of the lattice
constant. The band structure in Fig 1.1 is the Estpossible structure. Band structures
of real semiconductors are somewhat more compticatewe shall see later.

3.3 Intrinsic Semiconductors

In the field of semiconductor, electrons and hales usually referred to dee carriers,

or simply carriers, because it is these particles which are responsanlearrying the
electric current. The number of carriers is an ingo@ property of a semiconductor, as
this determines its electrical conductivitgtrinsic semiconductorare semiconductors in
which the number of carries and the conductivityosinfluenced by impurities. Intrinsic
conductivity is typical at relatively high tempearegs in highly purified specimens. In
order to determine the number of carriers, we rseede of the basic results of statistical
mechanics.
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Table 1.1 Band Structure parameters of Semiconductors

The most important result in this regard is thenkddirac (FD) distribution function.

. D
D < —gog —— (1.3)
M /D

This function, gives the probability that an enetgyel E is occupied by an electron
when the system is at temperatiitel he function is plotted versdsin Fig.1.2. Here we
see that, as the temperature rises,unoccupied region below the Fermi IeEFerecomes

longer,which implies that the occupation of high energitest increases as the temperature is
raised a conclusion which is most plausible, since iasimeg the temperature raises the
overall energy of the system.

Fig. 1.2: The Fermi-Dirac distributions function (After Kitfe1979)
We will see later that the Fermi level in intrinsiemiconductors lies close to the middle

of the band gap. Therefore we can represent thebdiSon function and the conduction
and valence bands of the semiconductor as shoWwiy.ih.3.
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Fig.1.3: (a) conduction and valence bands (b) tibution function
(c) Density of states for electrons and holegdAKittel, 1979)

First we calculate the concentration of electranghe CB. The number of states in the
energy range (E, E + dE) is equal {p < , where s <is the density of electron
states. Since each of these states has an ocougmbbability f (E), the number of
electrons actually found in this energy range isad¢d : < s <5 . The concentration
of electrons throughout the CB is thus given byititegral over the conduction band.

=

n= J f.(E)D,(E)dE (14

=y
s

where is the bottom the conduction band, as shown inlBg.
The band gap in semiconductors is of the ordeed, Wvhich is much larger than KT.
ThereforeE ) >> kBT and we can neglect the unity term in the denomimaitthe
distribution function Eq. (1.3), so that

INI: <Y e: eed47 (15)
The density of the conduction band is given by

AE
Gg F< EL%LH E |E<DAE (1.6)

Note that s <vanishes for . yand is finite only for Q yas shown in Fig.1.3.
When we substitute equations fdE) and ;s <into Eq. (1.4), we obtain
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E,,'..! kT J (E_Ec)i :E'_E .'{ETd'E (17)

-

1 (E;E )3 2

2wl

By changing the variable, and using the result

J x1e™¥dE =

(1]

=N

VT (1.8)

2

one can readily evaluate the integral in (1.7). &leetron concentration then reduces to
the expression

. .4 E (1.9)
(-I- M A tee <47

(3 F

The electron concentration is still not known esiplly because the Fermi energyis so
far unknown. Essentially the same ideas employedalmay also be used to evaluate
the number of holes in the VB. The probability tadtole occupies a levElin this band
is equal to 1f (E), sincef (E) is the probability of electron occupation. Assogithat the
Fermi level lies close to the middle of the bang,gae. ( E)>>kBT for the valence

band, we find for the distribution function of hsle

. ‘e 47 1.10
lg: < ceiee <47 2 e <47 ZY ee ( )

The density of states for the holes is
. D P 4 E DAE
6. < E'-E_a- H o (1.11)

where g is the energy of the valence band edge. Proce@audi@agimilar fashion as we
did for electrons we find for the concentratiorhofes in the valence band

E.
=

p= J fa(E)D, (E)AE = 2 (

—ox

’mhkTJE 2

2mh?

o Ey—u) /kegT (1.12)

The electron and hole concentrations have thulsdan treated as independent quantities.
For intrinsic semiconductors the two concentrati@ams, in fact, equal, because the

electrons in the CB are due to excitations from e across the energy gap, and for

each electron thus excited a hole is created ivVBheTherefore,

n=p (1.13)
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VA Bl 147 . <4 E: e-d7 (1.14)

We obtain then, for the Fermi energy

$ 1.15
8 —O N -, e#—6 ( )
( J M

The second term on the right of (1.15) is very $roampared with the first, and the
energy level is close to the middle of the energp.grhis is consistent with earlier
assertions that both the bottom of the CB and apeof the VB are far from the Fermi
level. The concentration of electrons may now be evaluaetgdlicitly by using the above
value of u. Substitution of Eq. (1.15) into Eq9)lyields

2 4E

( F——H : \ g<#s¢ .97 (1.16)
EVa

where N oIS the band gap. The important feature of this esgon is thah
increases very rapidly - exponentially - with temgtere, particularly by virtue of the
exponential factor. Thus as temperature is raigedstly greater number of electrons is
excited across the gap. Our discussion of caroacentration in this section is based on
the premise of a pure semiconductor. When the anbstismpure,additional electrons
or holes are provided by the impurities. In thate;ahe concentrations of electrons and
holes may no longer be equal, and the amount d¢f dapends on the concentration and
type of impurity present. When the substance isficsemtly pure so that the
concentrations of electrons and holes are equakpgek of arnntrinsic semiconductor.
That is, the concentrations are determined byrttransic properties of the semiconductor
itself. On the other hand, when a substance cantilarge number of impurities which
supply most of the carriers, it is referred to ag=#rinsic semiconductor.

3.4 Impurity states

A pure semiconductor has equal numbers of bottrstgpearriers, electrons and holes. In
most applications, however one needs specimenshwiaee one type of carrier only,
and none of the other. By doping the semicondusttir appropriate impurities, one can
obtain samples which contain either electrons onliyoles only. Consider, for instance, a
specimen of Si which has bedapedby As. The X atoms (the impurities) occupy some
of the lattice sites formerly occupied by the Sisthatoms. The distribution of the
impurities is random throughout the lattice. Bugithpresence affects the solid in one
very important respect. Th& atom has valence 5 while Si has valence 4. Of ithee f
electrons of X four participate in the tetrahedral bond of Sishswn in Fig. 1.4. The
fifth electron cannot enter the bond, which is nsaturated, and hence this electron
detaches from the impurity and is free to migrdteugh the crystal as a conduction
electron, i.e., the electron enters the CB. Theunity is now actually a positive ion,
X! (since it has lost one of its electrons), and tindends to capture the free electron,
but we shall show shortly that the attraction fasceery weak, and not enough to capture
the electron in most circumstances. The net rasulbat the X impurities contribute
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electrons to the CB of the semiconductors, andHhisrreason these impurities are called
donors.Note that the electrons have been creat#ladoutthe generation of holes.

Fig.1.4:An As impurity in a Si crystal. The extra electnmigrates
through the crystal.

When an electron is captured by an ionized donarhits around the donor much like
the situation in hydrogen. We can calculate thelibigynenergy by using the familiar Bohr
model. However, we must take into account the tlaat the coulomb interaction here is
weakened by the screening due to the presenceeotdmiconductor crystal, which
serves as a medium in which both the donor andeside. Thus the coulomb potential is
now given by

>, M (1.17)
Z: < Y,

where is the reduced dielectric constant of the medidrhe dielectric constant= 11.7

in Si, for example, shows a substantial decreas¢héninteraction force. It is this
screening which is responsible for the small bigdemergy of the electron at the donor
site. Using this potential in the Bohr model, we find thiading energy, corresponding to the
ground state of the donor, to be

M e (1.18)
Q E..5

Note that binding energy of the hydrogen atom, Whicequal to 13.6 eV. The binding
energy of the donor is reduced by the factbf, and also by the mass factor
v4 Wwhich is wusually smaller than unity. Using the btgi values ~ 10

-3
and 4 $ K, we find that the binding energy of the donor mouat 10 of the
hydrogen energy, i.e., about 0.01 eV. This iszedithe order of the observed values.
The donor level lies in the energy gap, very slighelow the conduction band, as shown
in Fig.1.5. Because the level is so close to the GBmost all the donors are ionized at
room temperature, their electrons have been exiitedCB.

172



Fig. 1.5: The donor level in a semiconductor

It is instructive to evaluate the Bohr radius ot tHonor electron. Straightforward
adaptation of the Bohr result leads to

L 1.19
Q o % (1.19)

where* o, is the Bohr radius, equal to 0.53 A. The radiughef orbit is thus much larger
than*,, by a factor of 100, if we use the previous valiees and ; A typical radius is
thus of the order of 50 A. Since this is much geedihan the inter atomic spacing, the
orbit of the electron encloses a great many hashst and our picture of the lattice
acting as a continuous, polarizable dielectridissta plausible one. Since the donors are
almost all ionized, the concentration of electramsiearly equal to that of the donors.
Typical concentrations are about®” G -: But sometimes much higher concentrations
are obtained by doping of the sample, for exampl& G -or even more.

3.5  Acceptors

An appropriate choice of impurity may produce hatedtead of electrons. Suppose that
the Si crystal is doped withf impurity atoms. Thettimpurity resides at a site
previously occupied by a Si atom, but siniceis trivalent; one of the electron bonds
remains vacant (Fig.1.6). This vacancy may bedillsy an electron moving in from
another bond, resulting in a vacancy (or holehat fatter bond. The hole is then free to
migrate throughout the crystal. In this mannerjriigoducing a large number of trivalent
impurities, one creates an appreciable concentratidholes, which lack electrons. The
trivalent impurity is called amcceptor,because it accepts an electron to complete its
tetrahedral bond. The acceptor is negatively cligrigg virtue of the additional electron
it has entrapped. Since the resulting hole hassitipe charge, it is attracted by the
acceptor. We can evaluate the binding energy ofhtile at the acceptor in the same
manner followed above in the case of the donor.iAgas energy is very small, of the
order of 0.01 eV. Thus essentially all the accepéoe ionized at room temperature.
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Fig. 1.6:A TF impurity in a Si crystal. The extra hole migratesough the crystal

The acceptor level lies in the energy gap, slighttpve the edge of the VB, as shown in
Fig.1.7. This level corresponds to the hole beiagtured by the acceptor. When an
acceptor is ionized (an electron excited from the df the VB to fill this hole), the hole
falls to the top of the VB, and is now a free aarriThus the ionization process, indicated
by upward transition of the electron on the enesggle, may be represented by a
downward transition of the hole on this scale.

Fig.1.7: The acceptor level in a semiconductor.

4.0 Conclusion
Semiconductors include a large number of substarme widely different

chemical and physical properties. The number afera (electrons and holes) is
an important property of a semiconductor, as ftitermines its electrical
conductivity.

5.0 Summary

The best-known class of semiconductors is the Gridugdiamond, Silicon,
Germanium).
The valence banid completely full aff = 0°K.
Electrons at room temperature may be excited thgrrimam the valence band to
the next-higher band, known as ttenduction band.
The energy of the CB has the form.
o7

NS ON B

The energy of the VB
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6.0

7.0

6E'E
.< )

0 0
(™
In an intrinsic semiconductor the number of eletéres equal to the number of
holes.

Tutor marked assignment

Q1. For the nondegenerate case whHere >> KT, calculate the number of
electrons per unit volume in the conduction bfrath the integral
|

<|: 5

f
D (E) is the density of stateS(E) is the Fermi function
Q2. (a) Compute the concentration of electrons and holes imtrinsic
semiconductod }[ at room temperature (=0.2eV, =0.0Im
and = 0.018m).
(b) Determine the position of the Fermi.

Further readings/Reference

Kittel, C., Introduction to solid state physicsjl®y Eastern Limited, 1979
Kachhava, C.M., Solid State physics, Tata McGraWRublishing
Company Limited, New Delhi, 1992.

Long, D., Energy bands in semiconductors, Wilé€68

Smith, R.A., Semiconductors, Cambridge, 1959

Wooster, W. A.A textbook on crystal physidgS8ambridge University Press,
Cambridge, 1938.

www.pa.uk.edu/kwng.phy/525/lec/lecture-8
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1.0 Introduction

In this unit, we are going to study the concentratrf the carriers both in the conduction
and valence bands and the difference between sitniagion and the extrinsic region.

2.0  Objective
The objective of this unit is to differentiate
the intrinsic region from
the extrinsic region

3.0  Definition

3.1  Semiconductor statistics

Semiconductors usually contain both donors andoce Electrons in the CB can be
created either by thermal excitation or by therinalzation of the donors. Holes in the
VB may be generated by interband excitation orH®rrhal excitation of electrons from
the VB into the acceptor level. And in additioreetons may fall from the donor levels
to the acceptor level. Figure 2.1 indicates thes®us processes.

Fig. 2.1: The various electronic processes in a semiconductor

Finding the concentrations of carriers, both etawdrand holes, taking all these processes
into account, is quite complicated. We shall teeéew special cases, which are often
encountered in practice. Two regions may be distsiged, depending on the physical
parameters involved: Thatrinsic and theextrinsicregions.

3.1.1. Intrinsic region

The concentration of carriers in the intrinsic oegis determined primarilyby thermally

induced interband transitions. In this regiorp. The intrinsic region obtains when the
impurity doping is small. When we denote the cotr@gions of donors and acceptors by
* goande g the requirement for the validity of the intrinsiendiition is

(2.1)

Since n increases rapidly with temperature, the intrinsandition becomes more
favorable at higher temperatures. All semicondwton fact, become intrinsic at
sufficiently high temperatures (unless the dopsignusually high).
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3.1.2 Extrinsic region

Quite often the intrinsic condition is not satisfié&-or the common dopings encountered,
about PG ©-, the number of carriers supplied by the  impuwsitie large enough to
change the intrinsic concentration appreciablyoainT temperature. The contribution of
impurities, in fact, frequently exceeds those easrithat are supplied by interband
excitation. When this is so, the sample is ingk&insic region.

Two different types of extrinsic regions may betidiguished. The first occurs when the
donor concentration greatly exceeds the acceptacertration, that is, wheng,

* gKIn this case; the concentration of electrons mag\Jauated quite readily. Since the
donor's ionization energy (i.e. the binding energy)quite small all the donors are
essentially ionized, their electrons going into @& Therefore, to a good approximation,

- 2.2)

A semiconductor in whicm >> p is called ann-type semiconductgin for negative).
Such a sample is characterized, as we have seemngbgat concentration of electrons.
The other type of extrinsic region occurs when, » o that is, the doping is primarily
by acceptors. Using an argument similar to thevzapone then has,

J g 2.3)

i.e., all the acceptors are ionized. Such a materiealled ap-type semiconductotft is
characterized by a preponderance of holes. In s§teg ionization of donors (and
acceptors), we assumed that the temperature igisuffy high so that all of these are
ionized. This is certainly true at room temperatiet if the temperature is progressively
lowered, a point is reached at which the thermargyn becomes too small to cause
electron excitation. In that case, the electrofisfiam the CB into the donor level, and
the conductivity of the sample diminishes dramdiyca his is referred to afeeze-out,

in that the electrons are now "frozen" at their umiy sites. The temperature at which
freeze-out takes place isy ~ KT, which gives a temperature of about 100°K. The
variation of the electron concentration with tengtere in am-typesample is indicated
schematically in Fig. 2.2.

Fig.2.2: Variation of electron concentration nlwiémperature in an n-type
semiconductor.
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4.0 Conclusion
Both holes and electrons contribute to conductivity

5.0 Summary
: Thermal vibration or energy can be used to credtel@a by exciting an electron

from the valence band to the conduction band.
In an intrinsic semiconductor (undoped), the nundfdroles in the valence band
is equals the number of electrons in the condndiend.
an n-type semiconductor is one characterized byreatgconcentration of
electrons.
a p-type semiconductor is onkaracterized by a preponderance of holes.

6.0 Tutor marked assignment
Q1. Indium antimonide hasy= 0.23 eV, dielectric constant= 18;
electron effective mass_= 0.015m. Calculate

(@) the donor ionization energy and
(b)  the radius of the ground state orbit.

Q2. In a particular semiconductor there aréi6nor/cni with an ionization
energy Bof 1 meV and an effective mass 0.01 m.
Estimate the concentration of conduction electaing K
What is the value of the Hall coefficient? Assumeeacceptor atoms are
present and that, ,, ; K

7.0 Further readings/References
Kittel, C., Introduction to solid state physics, léyi Eastern Limited, 1979
Kachhava, C.M., Solid State physics, Tata McGraWiblishing Company
Limited, New Delhi, 1992.
Long, D., Energy bands in semiconductors, Wileyg8.9
Smith, R.A., Semiconductors, Cambridge, 1959
Wooster, W. A.A textbook on crystal physid@Sambridge University Press,
Cambridge, 1938.
www.pa.uk.edu/kwng.phy/525/lec/lecture-8
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1.0 Introduction

In this unit, we are going to study the electricahductivity and mobility which are the
primary interest in semiconductors, the band stinecso that the observed phenomenon
in the model structure can be used to obtain guzive agreement between experiments
and theoretical analysis.

2.0  Objective
The objectives of this unit is to
Understand electrical conductivity which measurethbscattering and electron
concentration
Understand electrical mobility which measures scatg)
Understand band structure of real semiconductor

3.0  Definition
Electrical conductivity is the ability of a matdrta conduct electrical current.

3.1 Electrical conductivity

Electrical conductivity is, of course, the quantitfyprimary interest in semiconductors.
Both electrons and holes contribute to electriccantt Assume first that a sample is
strongly n-type and contains only one type of earrelectrons. The conductivity can be
treated according to the free- electron model:

, M-
& 31)

€

where \is an effective mass angis the lifetime of the electron. To estimate th&uea
for &, we substitute = PSG ©-, which is eight orders in magnitude less than tha
metals, and = O.Im. This leads to §$ ©':84 ~G<® which is a typical
figure in semiconductors. Although this is manglens of magnitudemaller than the
value in a typical metal, whereg$ 1:84 ~G<°®P the conductivity in a
semiconductor is still sufficiently large for pteal applications. Semiconductor
physicists often use another transport coefficientmobility. The mobility8y,is defined
as the proportionality coefficient between the ttat drift velocity and the applied
electricfield, i.e.

lt1d  %gF (3.2)
Where|1d is the absolute value of the velocity. Taking iatwount that
Ba vomand B, & K we find that
8m — (3.3)

As defined, the mobility is a measure of the rapgidi the motion of the electron in the
field. The longer the lifetime of the electron atite smaller its mass, the higher the
mobility. We can now express electrical conducyivit terms of mobility. We can write
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el 8m (3.4)

Indicating thatay, is proportional t@ . A typical value for8y may be obtained by
substitutinggy=:848 "G <®Pand DS G ©-in Eq. (3.4). This yield

8w G Z X (3.5)
What we have said about electrons in a stronglpe-substance can be carried over to
a discussion of holes in a strongly p-type subs&taibe conductivity of the holes is

given by

4 == J 8
=}

(3.6)

where8gis the hole mobility.

Let us now treat the general case, in which batatedns and holes are present. When a
field is applied, electrons drift opposite to thedd and holes drift in the same direction as
the field. The currents and conductivities of twe tarriers are both additive. Therefore

7

a ay ag (3.7)

i.e., both electrons and holes contribute to theetiss. In terms of the mobilities, one
may write

a 8y J 8 (3.8)

The carriers' concentrationsandp may be different if the sample is doped, as disiss
before. And one or the other of the carriers magnidate, depending on whether the
semiconductor is a4 J Y-J . When the substance is in the intrinsic region,
howevern = p,and Eq. (3.8) becomes

7

a : 8y 8g< (3.9)
where n is the intrinsic concentration. Even now the two @gido not contribute

equally to the current. The carrier with the greateobility usually the electron
contributes the larger share.

182



3.1.1 Dependence on temperature

Conductivity depends on temperature, and this d#grese is often pronounced. Consider
a semiconductor in the intrinsic region. Its corduty is expressed by (3.9). But in this
situation the concentratianincreases exponentially with temperature, as magbtalled
from Eqg. (1.16). We may write the conductivitythe form

< 2 | 4E7 3 (310)

whereF(T) is a function which depends only weakly on th@perature. (This function
depends on the mobilities and effective masseshef darriers.) Thus conductivity
increases exponentially with temperature as showng.3.1.

Fig. 3.1:Conductivity of Si versus T/in the intrinsic range.

This result can be used to determine the energy magemiconductors. In the early days
of semiconductor this was the standard procedurériding the energy gap. Nowadays,
however, the gap is often measured by optical nasthé/hen the substance is not in the
intrinsic region, its conductivity is given by tlgeneral expression (3.8). In that case the
temperature dependence of the conductivityTois not usually as strong as indicated
above. To see the reason for this, suppose thaulhgtance is extrinsic and stronghy
type.The conductivity is

a 8\ (3.11)

But the electron concentratioris now a constant equal ¢@,, the donor (hole)
concentration. And any temperature dependencergresest be  due to the mobility of
electrons or holes.
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3.1.2 Mobility versus temperature
Mobility of electrons (or holes) varies with tempeire. In n-type semiconductor

M
8\ Me €
3 elle

(3.12)

Since the lifetime of the electron, or its collisibme, varies with temperature, its
mobility also varies with temperature. Normally thbdifetime and mobility diminish as

the temperature rises. The relaxation time isrgivg' ¢Z where pjis the mean
free path of the electron adglis the drift velocity. The velocity of electrons different
depending on their location in the  conduction bdfldctrons at the  bottom of the
conduction band in a semiconductor obey the daksstatistics and not the highly
degenerate Fermi statistics prevailing in metakse Migher electrons are in the band, the
greater their velocity. We can evaluate the coriditgty assuming thak,is the average
velocity. The average velocity can be estimatedgudie procedure of the Kkinetic
theory of gases:

) WA H (3.13)
. . —1/2 . g
This introduces a factor of T dependence in the mobility:
Me
Bu '€¢' L7 <t (3.14)

The mean free path,also depends on the temperature, and in much the say as it
does in metals.), is determined by the various collision mechanisroBng on the
electrons. These mechanisms are the collisionslagftrens with thermally excited
phonons and collisions with impurities. At high @enatures, at which collisions with
phonons is the dominant factdg is inversely proportional to temperature, that is,
vwP €2 In that case, mobility varies 8P *E Figure 3.2 shows this forK
Another important scattering mechanism in semicotais is that ofonizedimpurities.
When a substance is doped the donors (or accepisesiheir electrons (or holes) to
the conduction band. The impurities are thus iahized are quite effective in scattering
the electrons (holes). At high temperatures tbadgtering is masked by the much stronger
phonon mechanism, but at low temperatures thisrlatechanism becomes weak and the
ionized-impurity scattering gradually takes over.
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Fig.3.2: Electron mobility versu3 in1 KThe dashed curve represents pure phonon
scattering; numbers in parentheses refer to damurentrations

3.2 Band structure of real semiconductor

So far, we have assumed the simplest possible stamcture, namely, a conduction
band of a standard form, centered at the origm0Okand a valence band of a standard
inverted form, also centered at the origin. Suckimple structure is applicable for
elucidating many observed phenomena, but it dodsrepresent the actual band
structures of many common semiconductors. Only wbee uses the actual band
structure is it possible to obtain a quantitatigreament between experiments and
theoretical analysis.

A material whose band structure comes close tadéal structure ig* X (Fig. 3.3).
The conduction band has a minimum at the originGkand the region close to the origin

is well represented by quadratic energy dependengcs, 6—1 whereme= 0.072m.

Since the electrons are most likely to populate tbgion, one can represent this band by
a single effective mass. Note, however, thdtiasreases, the energyk) is no longer
guadratic irk, and those states may no longer by representad bingle, unique
effective mass. In particular that the next-higleergy minimum occurs along the [100]
direction. The dependence of energykonthe neighborhood of theecondaryminimum

is quadratic, and hence an  effective mass mafeed locally, but its value is much
greater than that of the primary minimum (at tleater). The actual value is 0.86
Due to cubic symmetry there are six equivalent sdao/ minima, or  valleys in all
along the [100] directions.
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Fig. 3.3Band structure of GaAs plotted along the [100] Hrid ] directions.

These secondary valleys do not play any role unaest circumstances, since the
electrons usually occupy only the central or prinaalley. In such situations, these
secondary valleys may be disregarded altogetheherel are also other secondary
valleys in the [111] directions, as shown in F83. These are higher than the [100]
valleys, and hence are even less likely to be @dpdlby electrons. The valence band is
also illustrated inFig.3.3. Here it is composedtote closely spaced subbands. Because
the curvatures of the bands are different, soteretfective masses of the corresponding
holes .One speaks bfht holesandheavy holesOther IlI- V semiconductors have band
structures quite similar to that BfX K

Figure 3.4a shows the band structure of Si. Arré@sténg feature is that the conduction
band has its lowest (primary) minimum notka®0. The minimum lies along the [100]
direction, at about 0.85 the distance from thdereto the edge of the zone. Note that
the bottom of the conduction does not lie direathpve the top of the valence band. This
type of semiconductors is known awdirect gap semiconductarsThese should be
distinguished frondirect gap semiconductossich ag* s. Because of the cubic
symmetry, there are actually six equivalent primaalfeys located along the [100]
directions. These are illustrated in Fig. 3.4b. Bmergy surfaces at these valleys are
composed of elongated ellipsoidal surfaces of rdwwh, whose axes of symmetry are
along the [100] directions. There are two differeffective masses which correspond to
these surfaces: thiengitudinal and thetransverseeffective masses. The longitudinal
mass is = 0.97m, while the two identical transverse masses aye 0.19m. The mass
anisotropy ratio is about 5. The valence band linogi is represented by three different
holes (Fig.3.4a). One of the holes is heavy € 0.5m), and the other two are light. The
energy gap in Si, from the top of the valence banthe bottom of the conduction band,
is equal to 1.08 eV. The fact that the bottom ef¢bnduction does not lie directly above
the top of the valence band, is irrelevant to thinition of the band gap.

3.3  Excitons
An electron and a hole may be bound together lgyr thttractive coulomb
interaction, just as an electron is bound to atgoroto form a neutral
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hydrogen atom. The bound electron-hole pair idedabn Excitons Fig.3.5.
Excitons can move through the crystal and transpetrgy; it does not transport charge
because it is electrically neutral. It is similar gositronium, which is formed from an
electron and a positron. Excitons can be formeeviery insulating crystal. All Excitons
are unstable with respect to the ultimate recontlminaprocess in which the electron
drops into the hole. The binding energy of the Extxs can be measured by optical
transitions from the valence band, by the diffeeebetween the energy required to create
an Excitons and the energy to create a free eleetnd free hole, Fig.3.6

Fig.3.4(a) Band structure of Si plotted along the [10Q] &tl1] directions, (b)
Ellipsoidal energy surfaces corresponding to primaileys along the [100] directions
(After Kittel, 1979)

Fig.3.5: An Excitons, a bound electron-hole pair.
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Fig.3.68 Energy levels of Excitons.

Energy levels of Excitons can be calculated asowasl Consider an electron in the
conduction band and a hole in the valence band.eldatron and hole attract each other
by the Coulomb potential

~

7 < “§”— (3.15)

where ris thedistance between the particles anid the appropriate dielectric constant.
There will be bound states of the Excitons systewvirty total energies lower than the
bottom of the conduction band. The problem is tydréigen atom problem if the energy
surfaces for the electron and hole are spherichlnmmdegenerate. The energy levels are
given by

Mo
N Eos (3.16)
Heren isthe principal quantum number ands the reduced mass:
D D D
- - — (3.17)
* € P

formed from the effective masses of the electrahlarie. The Excitons ground state
energy is obtained on settimg= 1 in Eq. (316); this is the ionization energythé
Excitons.

Worked example:
At room temperature, 4 (< ZK A sample of cadmium sulfide displays a mobile
carrier density of PAcm® and a mobility coefficiens EG B4aY XG

(@) Calculate the electrical conductivity of this saepl

(b) If the charge carriers have an effective mass egu@ll times the mass of a

free electron, what is the average time betweeoessive scatterings

Solutions:

(@) From Eq. (3.4), the electrical conductivity in terwf mobility is given by

188



é-M 8M .
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we havedy, <« WP €D

(b) From EQ.(3.6), the free electron model of metalegy

P M- N . .
a — where P gXhe effective mass of an electron is, then theamer

time between successive scattering is

Ka
' —FH iKmE °Prx

4.0 Conclusion

The number of carriers (electrons and holes) isrgortant property of a semiconductor,
as this determines its electrical conductivity. lBBotconductivity and mobility (a measure
of the rapidity of the motion of the electron iretfield) depend on temperature.

5.0 Summary

av MR defines electrical conductivity according to fedectron model.
€

8y — defines mobility
electrical conductivity in terms of mobility iefined asy, 8m
a 8u J 8 definesContribution to the currents by both electrond an

holes in terms of the mobilities
A material whose band structure comes closkedadeal structure it @&

The bound electron-hole pair is calledexeitons

6.0  Tutor marked Assignment
Q1. A sample of Si contains Ihatomic per cent of phosphorous donors that
are all singly ionized at room temperature. Tleeteon mobility is 0.15
m’V~ s Calculate the extrinsic resistivity of the samfite Si, atomic

weight = 28, density = 2300 kg/m3

Q2. Given the data for S8y,= 1350 cm/V S,8¢ =475 cm/V s, m=0.19m,
¢ =0.16nand ;= 1.1 eV, calculate

(a) The lifetimes of electrons and holes.
(b) The intrinsic conductivity at room temperature

7.0  Further readings/References
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Kachhava, C.M., Solid State physics, Tata McGraW#iblishing Company
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Smith, R.A., Semiconductors, Cambridge, 1959
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1.0 Introduction

Superconductivity was first discovered and so nalmelamerlingh Onnes in 1911. In the
course of an investigation of the electrical resise of various metals at liquid helium
temperatures, he observed that the resistanceahple of mercury dropped from 0.08

at about 4 K to less than 3xf0 over a temperature interval of 0.01K. Subsequent
attempts showed that the width of the transitiagiae in a particular specimen depends
on a number of factors, such as the purity andllaegecal history and can be as sharp as
one millidegree or spread over several degreesleWne breadth of the transition may
increase if the sample is metallurgically imperfabie extraordinary smallness of the
resistance in the superconducting state appedrsldofor all superconductors. Thus, the
first characteristic property of a superconductrthat its electrical resistance, for all
practical purposes, is zero, below a well-definechgerature J called the critical, or
transition temperature. Thus, the conductivityhiis range of temperature is infinite; hence
the nomenclature of superconductivity.

Figure 4.1 shows how the electrical resistivity @ superconductor becomes
immeasurably small at the transition temperatuhe flgure also contrasts the behaviour
of a normal metal for which at very low temperasjréhe remanent resistivity is
characteristic of residual impurities. The resis&anf a superconductor is believed to be
zero rather than just very small.

Normal metal

Superconductor

Temperature T (K)

Fig.4.1: Temperature dependence of the resistaf@normal
and superconducting material (After Kachhava, 1992)

2.0  Objective
The objective of this unit is to revise the basitSuperconductors in terms of:
Empirical criteria
Transition temperature

Energy gap

3.0 Definition
Superconductivity is the phenomenon on which teetaktal resistivity of metals or
alloys drop to zero (infinite conductivity) whenated into its critical temperature.
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3.1  Empirical criteria

There are found to be a number of regularitieh@appearance of superconductivity,

the principal of which are the following:

I.  Superconductivity has been observed only for thesellic substances for which
the number of valence electrons Z lies betweandBa

II.  Inall cases involving transition metals, the iaoiaof T, with number of valence
electrons shows sharp maxima for Z = 3, 5 and 8hawn in Fig. 4.2.

. A rather striking correlation (a straight line gnexists between 3 and Zor
elements along given rows of periodic table (¥ig).

IV. For a given value of Z, certain crystal structis®sm more favourable than others.
For example, -tungsten and -manganese structure are conductive to the
phenomenon of superconductivity

V. Ferromagnetic and ferroelectric ordering are fotandhibit superconductivity.

VI. T increases with a high power of the atomic volume iaversely as the atomic
mass.

VII.  Superconductivity occurs in materials having highhmal resistivities. The condition
np > 16 is a good criterion for the existence of supercotidity, where n is the
number of valence electrons per c.c. and p isdistivity in electrostatic units at
20°C.

These empirical rules have played an importantirolee discovery of new
superconductors.
A

Te

0 2 4 8 1C

. L — :
Fig 4.2: Variation of transition temperature with

number of valence electron

Fig 4.3: Empirical correlation between transition
temperature and’ZAfter Kachhava, 1992)
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3.2 Transition Temperature

The temperature at which the normal metal pasdessuperconducting state is called the
transition temperature,..TThe transition temperature is generally affettgdhe application of
pressure though no specific regularity in the beliahas been found. The value gfdr most of
the metals lies below 4K; e.g., for Al it is 1R0For C-15 structure (e.g., V2 Hf), itis 10K; B¢

1 structure (e.g., NbN), it is near 13 K, wheredZiNand NbT1 [BCC (A-2) structure] have the
values of T as 11.0 and 10.0 K respectively. For A-15 stracthe highest = 23.2 K has been
observed in NBGe.

3,3 Energy Gap

Experiments have shown that in superconductorsteoperatures in the vicinitpf
absolute zero, a forbidden energy gap just abavd-¢nmi level is observed. Figure 4.4(a)
shows the conduction band in the normal state ewhil depicts an energy gap equa(ito

at the Fermi level in the superconducting stateusTthe Fermi level in a superconductor is
midway between the ground state and the first exd@tate so that each lies an energy dis-
tance =4 away from the Fermi level. Electrons in exciteated above the gap behave as
normal electrons. At absolute zero, there are ectelins above the gg. is typically of

the order of 10 eV.

Normal Superconducting
(a) (b)
Fig.4.4: (a) Conduction band in the normal metalEbergy gap at
the Fermi level in the superconducting state (Altechhava,
1992)

T is found to be a function of temperature T. ThUisrépresents energy gap at temperature T.

Figure 4.5 shows reduced values of observed emmgapy (T)/& (0) as a function of the

reduced temperature T/ Elementary theory predicts that

2D _ 174 (1 1)1;2 (4.1)
I:I.LI — " ) - T .

Y,
Wi -

We observe that the energy gap decreases contintmuasro as the temperature is incredsed
T . Numerically, experiments show that for most led tmetals.The transition from the
superconducting state to the normal state is obdeixy be a second-order phase transition.
In such a transition, there is no latent heat, thetre is a discontinuity in the heat
capacity.
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Fig. 4.5: Temperature dependence of the
superconducting energy gap (After Kachhava, 1992)

3.4 Properties Dependent on Energy Gap

3.4.1 Microwave and Infrared Absorptions

The response of a metal to electromagnetic radiasodetermined by the frequency
dependent conductivity. This in turn depends on dhailable mechanisms for energy
absorption by the conduction electrons at the gifrequency. Because the electronic
excitation spectrum in the superconducting stateh&acterized by an energy Gayp one
would expect the AC conductivity to differ substally from its normal state form at

frequencies small compared witi/., and to be essentially the same in the
superconducting and normal states at frequenaigs ompared with ﬂl,-*'ﬁ The value of

Eﬂl,-“'h, is typically in the range between microwave anttared frequencies. In the

superconducting state, an AC behaviour is obsemrech is indistinguishable from that in
the normal state at optical frequencies. Deviatibosn normal state behaviour first
appear in the infrared, and only at microwave fezmies does AC behaviour fully
displaying the lack of electronic absorption cheeastic of an energy gap becomes
completely developed.

3.4.2 Density of States

The three parts of Fig. 4.6 give a highly exaggetaicture of the difference between the
spectrum and occupancy of states in a normal raethlthose in a superconductor. Part
(a) considers the density of states at T = O imatheence of superconductivity (which can
be arranged by applying a suitable magnetic fifltie superconducting ground state for
zero temperature is pictured in part (b). This shavwero density of states for energies within
+ A(0) on either side of the Fermi energy, and a pilingptifhe displaced states on either
side of the gap. At T — 0, no electrons are exditetiigher states. Part (c) of the figure
imagines the consequences of a finite temperatgeethan J.The superconducting energy
gap A(0)is now smaller thark(0). Fractions of number of electrons are in stateweb
E. + AT leaving behind some unoccupied states b&Epw AT. Finally, the gap decreases to
zero when T reaches @nd the corresponding density of states is thelepieted in part (a).
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Fig. 4.6: Density and occupancy of states (D.O.S) for a noramal a
superconductor (After Kachhava, 1992)

34.3 Specific Heat

There is no heat of transformation associated thighsuperconducting-normal transition
in a metal, but there is an anomaly in the electroomponent of the specific heat. An
example of this is illustrated in Fig. 4.7. Theodistinuity in the specific heat reflects the
second-order transition from a relatively disordef@ormal) state to a more highly ordered

(superconducting) state of lower entropy. At lomperatures, the specific heat of a normal
metal has the form

€, = AT + BT? 4.2)

where the linear term is due to electronic exateti and the cubic term is due to lattice
vibrations. Below the superconducting critical temgture, this' behaviour is substantially
altered. As the temperature drops belgythe specific heat jumps to a higher value and then
slowly decreases, eventually falling well below tadue one would expect for a normal metal.
By applying a magnetic field to drive the metabimihe normal state, one can compare the
specific heats of the superconducting and norratdstbelow the critical temperature.
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Fig.4.7: Specific heat of normal and supercondétiter Kachhava, 1992)

Such an analysis reveals that in the supercondustate, the linear electronic contribution
to the specific heat is replaced by term that vessmuch more rapidly at very low
temperatures, having dominant low-temperature betaof the form expi ;4 < This

is the characteristic thermal behaviour of a systdtose excited levels are separated from the
ground state by energy 2thus, the total specific heat of the supercomalystate is

C, = AT3C,, 4.3

f_* = aqexp ( —b (T'{f'r) j 4.9

where yT is the low-temperature electronic specific heathef normal state (obtained by
applying suitable magnetic field), amnd* 9 andb * 1.5.These parameters are themselves
weakly temperature dependent. In Fig.4.7 the ditleeodiscontinuity in specific heat at=T,

is 2.5 in units o¥ T..The exponential decrease in specific heat belpeaiil be interpreted as
follows. Because, of the energy gap, the numbesleatrons excited across the gap is given
roughly by a Boltzmann factor, exp ;4 < Hence, the heat capacity varies exponentially
with temperature.

Where

3.4.4 Acoustic Attenuation

When a sound wave propagates through a metal, itvesoopic electric fields due to the
displacement of the ions can impart energy to elachear the Fermi level, thereby
removing energy from the wave. This is expressedhieyattenuation coefficient,, of
acoustic waves. The ratio offor superconducting and normal state is given by

-
(i &

- (4.5)
iy 1+oxplA/kgT)
At low temperatures
Z_-:: = 2 EKI} (_ &-'III:.;.-ST__-:I (46)
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The exponential decay ratio is represented in4&Rg).

Fig.4.8 Ratio of attenuation coefficients for acoustiocves
in superconducting and normal metal as a functfon o
temperature (After Kachhava, 1992).

3.4.5 Thermal Conductivity

In normal metals, the heat current is predominacdiyried by the conduction electrons
and at low temperatures, the electronic contrilbutio the thermal conductivity df is
given by the Wiedemann-Franz law. In a supercomdud¢towever, the electron pairs
have zero energy so they cannot contribute to gneemsport and hence to the heat
current (but being charged, they can still contebto the electric current). Hence, the
electronic contribution to the heat current depemdghe number of normal electrons and
like the electronic specific heat represented by EH4), we have the ratio of
superconducting to normal phase conductivities as

Rer oAy D
exp ( -"kgT,:l 4.7)

N

B

carried by the phonons (as in insulator). Undetable conditions,f—j’-’ may be very large

This is illustrated in Fig.4.9. When<d T., k.. — 0 and the only thermal current will be

(~10%) and this property can be used to make a heatlswthe heat flow being
controlled by a magnet. The phonon contributiorthermal conduction will actually
increase in the superconducting state since thttedog of phonons by electrons is
reduced by the formation of pairs. In extreme cagsken K_,, is made small by the
introduction of impurities, the increase in the pbo contribution to the thermal
conductivity belowT, may outweigh the reduction in the electronic cbutiion so that
the total conductivity increases in the supercotidgcstate. To achieve this condition, an
impurity of similar mass but different valence, waihiwill reducek,,, without greatly
affecting phonon transport, should be used. An gtams Bi in Pb.
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Fig.4.9: Ratio of the electronic contribution te@ tthermal
conduction of Al (After Kachhava, 1992)

4.0 Conclusion
At a critical temperatur@., many metals and alloy undergo a phase transitmm a
state of normal electrical resistivity to a sup@whacting state.

5.0 Summary

- Superconductivity has been observed only for tinostallic substances for which the
number of valence electrons Z lies between 2 and 8.
The temperature at which the normal metal passesuperconducting state is called
the transition temperature, T
In superconductors, for temperatures in the viginit absolute zero, a forbidden
energy gap just above the Fermi level is observed.
The ratio of attenuating coefficient for supercattthg and normal state is given by

o 2

@n 14+ ecp [a."lfl.:'.-g?_\]

. ~

The ratio of superconducting to normal phase cotindties is given as

6.0  Tutor marked assignment
Q1. Prove that the Meissner effect is consistent tithdisappearance of
resistivity in a super conductor.
Q2. Show thatvhen superconductivity is destroyed by die magnetic
field, the magnet will cool.

7.0  Further readings/References
James, D.P., Bernard, C.B., Solid state physi¢soduction to the theory,
Springer, 2005
Kittel, C., Introduction to solid state physics, léyi Eastern Limited, 1979
Kachhava, C.M., Solid State physics, Tata McGraWiblishing Company
Limited, New Delhi, 1992.

199



Wooster, W. A.A textbook on crystal physidSambridge University Press,
Cambridge, 1938.
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1.0 Introduction

In this unit, we are going to study both the exmemtal and theoretical situations
concerning superconductivity. The experimental syrwncludes the effects of magnetic
field on superconductivity(the Meissner effect)e tminimum magnetic field (critical

field) necessary to destroy superconductivity a8l @& the minimum current (critical
current) that can be passed without destroying reopductivity. Thermodynamics,
London equation and type | and Il of semiconductarsstitute the theoretical surveys.

2.0  Objective
The objectives of this unit are:

To survey the central experimental facts concegrauperconductivity

To discuss the theoretical situations of superaotity
3.0 Definition
Superconductivity is the phenomenon on which teetaktal resistivity of metals or
alloys drop to zero (infinite conductivity) whenated into its critical temperature.
3.1 Meissner effect
Meissner and Ochsenfeld (1933) showed that, ifrey Isuperconductor is cooled in a
longitudinal magnetic field from above the trarmititemperature, the lines of induction
are pushed out (Fig. 5.1) at the transition. Thashteer effect shows that a super-
conductor behaves as if inside the specinier= O ory = _l.*'tl.-r; that is, a
superconductor exhibits perfect diamagnetism. &gy important result cannot be
derived merely from the characterization of a sopeductor as a medium of zero
resistivityo: from E =pj we see that, ip is zero while j is finite, then E must be zero and
with it curl E must be zero. Therefore from Maxve#quations

.a'lﬂrr = —curlE=10 (5.1)

so that the flux through the metal cannot changeomting through the transition. The
Meissner effect contradicts this result and suggistt perfect diamagnetism and zero
resistivity are two independent essential propguiethe superconducting state.

Fig.5.1: Meissner effect in a sphere cooled inr@stant applied magnetic
field; on passing below the transition temperatheelines of induction are
ejected from the sphere. (After Kittel,

202



3.2  Critical Field

The minimumapplied magnetic field necessary to destroy supehactivity and restore
the normal resistivity is called theritical field, H.. H. depends on the temperature.
Fig.5.2 shows the critical field as a function efiperature. The curve is nearly parabolic
and can be reasonably well represented by theaelat

H = |1 - (£)] (5.2)

Where H, is the critical field at absolute zero. This edquatis really the equation of
phase boundary between the normal and supercondgttite. The typical value &f, is
5000A/m.

Fig.5.2: Critical magnetic field as a function efrtperature (After
James and Bernard, 2005).

3.3 Type |l and Type Il Superconductors

Superconductors may be divided into two classeshwtepend on the way in which the
transition from the superconducting to the norntatesproceedsvhen the applied field
exceeds . In typed materials, asty is reached entire specimen enters the normal state
practically simultaneously, the resistance retutresdiamagnetic moment becomes zero and

PTMV 8 mitmvs (Fig5.2a).

a b
Fig.5.2: Flux penetration as a function of magnied in
(a) type-l superconductor and (b) type-ll supercmhor
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In type-Il superconductors, the transition to a ptately normal specimen is much more
gradual. As shown in Fig. 5.2b, there is a papegdetration of the magnetic field between the
critical field He; andHc,. Small surface super currents may still flow upriaapplied fieldHgs.

3.4 Critical Currents

The minimum current that can be passed in a samitileut destroying its superconductivity
is calledcritical current ;.. If a wire (radiug) of a typel superconductor carries a current |,
there is a surface magnetic figf= 1/2 r associated with the currentHf exceedgi ., the
material will go normal. If in addition, a transgermagnetic fieldH is applied to the wire,
the condition for the transition to the normal stat the surface is that the sum of the
applied field and the field due to the current stiaqual the critical field. Thus, as seen
from Fig. (5.3b), we have

H.. H + 2H
le - £ _— H,._ EH
2T :
Hence 1I,= 2mr(H.— 2H) %3

The critical currents, will decrease linearly with increase of the appfieltl until it reaches
zero att  +,A4(. If the applied field is zercl. = 2mrH.. similar considerations apply to
typedl superconductor fad == H_4 that is when the superconductor is not in the thstate.

Fig.5.3 :(a) wire carrying current | subjectedransverse field H.(b) Cross-
section of wire showing fields at equatorial pasiton the surface(After
Kachhava,1990)
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3.5 London Equations

In 1935, two brothers F. and H. London, proposed tquations to govern the
microscopic electric and magnetic fields (two baslectrodynamics properties) which
give superconductivity its unique interest. The don theory is based on rather old ideas
of the two —fluid model according to which a supsductor can be thought to be
composed of both normal and superfluid electrome$xl,,v, and =, v. be respectively
the density, and velocity of the normal and supéifelectrons. Ifii, is the number of
electrons per unit volume, then on the average

'?‘1,3, = n]: + ns
The equation of motion for the superfluid electrans

drs
dt

= —eFE (5.4)
The density of the superfluid electrons is
.is = —EN,U; (5-5)

Then Eq. (5.4) and (5.5) yield

djs 1:8°
L (5.6)

dat T

This is the first London equation.
Taking curl of Eq. (5.6)

dj nee”
vxds =55 curlE
ot m

and using Maxwell’s equation

3B
curl E = ——
we get
dj 2 5
Ux—==-_m 8 (5.7)
ar m ot

Integrating this equation with respect to time, ahdosing the constant of integration to
be zero consistent with the Meissner effect, weshav

-

Vxj, == p (5.8)

This is the second London equation.
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We may derive the Meissner effect from the secomdion equation by using the
Maxwell equation

VXB =pu,j. (5.9)
Taking curl of this equation

Curl curl B=p, VX j, (5.10)
Then using the condition dB = 0 of a superconductor in the identity

Curl curl B = grad divB —V°B

We get
Curl curl B= —V°B (5.11)

Oncombining Eqg. (5.10) and (5.11),
—V'B = wa VX . (5.12)
This along with Eq. (5.8) gives

V'B= 5B (5.13)

Where is called the London penetration depth artgfined by

- m

1/2
~= (,1.!,31:5»52) (5.14)

For a superconductor to the right of the planeG Eq. (5.13) has the solution

B(x) = B(0)exp (— f) (5.15)

This equation indicates that B does not penetratg deeply into superconductor, and
therefore it implies the Meissner effect. The fipkehetrates only a distandewithin the
surface.4 is typically of the order of 1000A. The graphicath of Eq. (5.15) is shown
in Fig.5.4. The penetration depth is also foundepend strongly on temperature and to

become much larger as T approacfigesThe observation can be fitted extremely well by
a simple expression of the form

‘T' [1— z ] (5.16)

z'G-l Te

This equation implies that
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n, =n, [1 - [;l]"l] (5.17)

Fig.5.4: Magnetic field penetration at surface of a supedoator (After
Kachhava, 1992).

The density superconducting electrons increase #rera atT. to n, at absolute zero as

shown in Fig.5.5, which also depicts the tempeeatariation of.. n.is called theorder
parameterbecause it characterizes treler in the superconducting state.

Fig.5.5: Density of superconducting electrons amation of temperature
(After Kachhava, 1992)
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Worked example:

The London equation for simple superconductorpeenomenological equation relating
the supercurrerg to the magnetic vector potentral

e ¢M

Bj_

Where \is the electron mass. Using the appropriate Maxeegglation, show how the
above equation leads to Meissner effect.

Solution:

The Meissner effect refers to the fact that inghperconducting state magnetic induction
vanishes and materials become strongly diamagrieten London equation (Eq.58),

-

Vxj, =-2p ()

m

Sinceh® —I\j we get

VXjs = &~ (ii)

N(

Inside a superconductor, the electrical field viaessand we have the Maxwell equation

4 +a%*; &Y5lg5K hE"=2R

Hence ~ Gh EOEB 'i'C@Oy? h?~ Z

S

Or, using Maxwell's equatio®®™ f—'?“

DAE
Whereh FWH
For a superconductor to the right of x= 0, Eq.Has the solution
~ o~ FelH
This shows thaB decays exponentially such that KDA” wat X =h.
For>,h , B4 , indicating that the magnetic field exists only anthin layer of

thicknes¥ h beneath the surface of the superconductor. Trugndignetic field inside a
superconductor is zero. This is the Meissner effect
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3.6  Thermodynamics of Superconducting transition

It has been demonstrated experimentally that thasition between the normal and
superconducting states is thermodynamically relglrsin the same sense that with slow
evaporation the transition between liquid and vgpuases of a substance is reversible.
The Meissner effect also suggests that the transisi reversible and would not subsist if
the superconducting currents die away with the getdn of Joule heat when
superconductivity is destroyed. As the transition frieversible we may apply
thermodynamics to the transition, obtaining an egpion for the entropy difference
between normal and superconducting states in tefrtise critical field curveH , versus
T..

The Gibbs free energy per unit volume in a magrfegid

MH

G=U-—-TS+PV— — (5.18)
Hao
Then the differential Gibbs free energg is
MdH
dG = —=5dT + PdV — (5.19)

ta
At constant T and P, the free energy differenceabse of the presence of a magnetic
field, is found by integration. Thus

T.H HM
J. o dG = — [ E.-_a.fH (5.20)
HM
G(T,H)— G(T,0)= — [y —dH (5.21)
Ho
For superconductof, = —Hor M = —VH and
GAT,H) — G.(T,0) = — Lgm;.—“rdH
Ho
G6.(T H) — 6.(T,0) = —VH? (5.22)

<Hn
HereG. is the free energy of a superconducting phase
Along the phase boundary between normal and supéucting state, the normal phase
must have a free energy indistinguishable from thlatthe superconducting phase.
Therefore

6,(T,H,) — G.(T,0) = —VH? (5.23)

=Hn

Where G, is the free energy of the normal phase. Fig.5d@wshthe variation ofr,, and
G. belowT,, where the normal phase is obtained by applyieditid in excess of..

209



Fig.5.6: Experimental values of free energy of ithe normal
and superconducting state as a function of tempergafter
Kachhava, 1992)

Let us now calculate the difference in entropyha&f two phases. For solids, the entropy S
is given by dG /dT. Hence, differentiating Eq. (5.23) with respecTtave have

g a7

S, — S.= — i(% vH?)

VH. dH
=— — — (5.24)

fog 4T
Where the entropies, and 5, refer to normal and superconducting phases resphct

ThusS,, = 5, as illustrated in Fig.5.7.

Fig.5.7: Entropy S of Al in the normal and supedacting state
as a function of temperature (After Kachhava, 1992)

As 2££ s always negatives, — S, is always positive and the superconducting sste i

observed to be more ordered than the normal fathe transition temperatuis, —
= 0 becaus®, = 0, and at OKj§,, — 5, = 0 from the third law of thermodynamics, WhICh
is satisfied, becaus%— tends to zero. At some intermediate temperaties; 5, has a

maximum. The Iatent heat absorbed when supercorndyds destroyed is
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Q= T(SJ: _ 55)

VT dH
== H. mf (5.25)

In the absence of a magnetic field, the transitiocurs ai", and the latent heat is zero. If
U, and U, are respectively the normal and superconductiag shternal energies, then
from Eq. (5.25)

U]! - Us =T (511 - 55)

VTH, dH,
fo dT

(5.26)

From experimeng,, — 5.)® 107 el’, which is extremely small compared to the band
energies. For a unit volume, the difference ofdahéhe heat capacities, from Eq. (5.26),
will be

(Cs - C]:) = T% (55 — 511)

TH.d?H, T (dHﬁ)E

Thg dT? ' up \arT (5.27)
On substitutingr = T, H. = Oin this equation, we get tlRugers formula
(C.— C) —E(HHC)E (5.28)
3 n/ - g \ dT Jp_y :

This equation reproduces the experimental datawety
3.7 Isotope effect
It has been found by early experimentalists that tdansition temperature is strongly

dependent on the average isotopic mass, M, of dhstituents of a superconductor. In
particular

T. oc M~1/2 (5.29)
More recent experiments have suggested the follpgeneral form

T. o M~ (5.30)
In which et is called the isotope effect coefficient and ifirded by

o — _ dlnT; 531
- dlnM (5:31)
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Recent theories lead to the result
a = 0.5[1 — 0.01{N(0IV}?] (5.32)

where the paramete¥ (0] is the density of single states for one spin atRermi level
andV is the model potential between the electrons. ffaesition temperature can be
connected to the Debye temperatéize because?, ° sound velocityx M~1/2. Hence,
from Eq. (5.30),

T
i.e.—— = constant (5.33)
fp

The constant of;—-r implies that the lattice vibrations have an impott bearing on

superconductivity? and gives a clear guide to tteoty that electron-phonon interaction
must be the basis of the existence of supercondiycti

4.0 Conclusion

The magnetic properties exhibited by supercondacioe as dramatic as their electrical
properties. The magnetic properties cannot be ateduor by the assumption that the
superconducting state is characterized properlyeoy electrical resistivity.

5.0 Summary

A bulk specimen of metal in the superconducting statebits perfect diamagnetism,
with the magnetic inductioB = 0. This is Meissner effect.

There are two types of superconductorandll

In typel, the superconducting state is destroyed and thmalcstate is restored by
application of critical valug;...

A type Il superconductor has two critical fieltls, < H, < H_,

The London I and 29 equations

di:_ == p o Vxj =-"“ B

dt m

Leads to the Meissner effect through the penetraiqnation"?.*rE B= J_%B
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6.0 Tutor marked assignment

Q1. A superconducting tin has a critical temperaturd.@fK in zero magnetic
fields and a critical field of 0.0306 T at 0 KnHithe critical field at 2 K.
Q2. Estimate the London penetration depth from thefailhg data:
Critical temperature = 3.7 K

Density =7.3gch
Atomic weight =118.7
Effective mass* = 1.9m, where m is the nafss free electron

7.0 Further readings/References
Animalu, A.O.E, intermediate quantum theory of taji;ne solids, Prentice-Hall
of India, New Delhi, 1978
Blakemore,J.S., Solid State Physics, W.B.Saunderd @74
James, D.P., Bernard, C.B., Solid state physi¢sodaction to the theory,
Springer, 2005
Cuper, C.G., An introduction to the theory of Supeductivity, Oxford
University Press, 1968

Kittel, C., Introduction to solid state physics, [y Eastern Limited, 1979

Kachhava, C.M., Solid State physics, Tata McGraW-Rublishing Company
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