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Preface

These lecture notes treat the mathematical thdaeotromagnetism. They

are written at a level appropriate for undergragl@eid graduate students in mathematics. Very
little is assumed about prior exposure to the miaysheory, but some mathematical
sophistication is assumed at various points irettposition. The

subject is treated as a continuum theory with bnikgf mention of underlying

molecular origins of phenomena. Also, thermodynahgonsiderations

are not emphasized.

The purpose of this piece is to give a self cor@ditreatment of electromagnetism for students
of mathematics in order to lay the foundation fa thany applications of these ideas in applied
mathematics.



Maxwell's Equations

I. Introduction :

The basic equations of electromagnetism are theMaxwell Equations and the Lorentz force
law. In principle these, together with Newton’s@ead law of motion are enough to completely
determine the motion of an assembly of chargemghe initial positions and velocities of all

the charges. It is well known that light is anfoof electromagnetic radiation, so it is instruetiv

to review some of the properties of electricitg anagnetism leading to the derivations of the
Maxwell’'s equations.

The original studies of electricity and magnetisatedback to at least the early Greek times. By
the start of the nineteenth century, it was kndlwat some objects could posseselaatrical

charge and that these charges could exert a force dnaher even through a vacuum. This
force could be described mathematically as

Fe = E, (1.1)

whereq is the electrical charge on the object in questiod E is theelectric field produced by
all the other charges in the universe. The chasgediscovered to take on a discrete set of
values, one of the first examples of quantizatibnits turn, the electric field can be describgd b
a scalar potential field V, which is related to gectric field by

E=-0V. (1.2)
The vector, differential-operatadr in these equations is defined as

In addition, it was also noted that a moving chargg experience another force which is
proportional to its velocity . This led to the definition of another field; naljnthe magnetic
field B, such that

Fy = qVxB. (1.3)

As with the electric field, the magnetic field iergerated by all the other currents in the universe.

The magnetic field can be described in terms aéaor potential fieldA, which is related to the
magnetic field by

B=0OxA. (1.4)



The Lorentz force law

We now begin to consider how things change when charges are in motion1. A simple
apparatus demonstrates that something wierd happens when charges are in

motion: If we run currents next to one another in parallel, we find that they are attracted
when the currents run in the same direction; they are repulsed when the currents run in
opposite directions. This is despite the fact the wires are completely neutral: if we put a
stationary test charge near the wires, it feels no force.

Figure 1: Left: parallel currents attract. Right: Anti-parallel currents repel.

Furthermore, experiments show that the force is proportional to the currents - double the
current in one of the wires, and you double the force. Double the current in both wires,
and you quadruple the force. This all indicates a force that is proportional to the velocity
of a moving charge; and, that points in a direction perpendicular to the velocity. These
conditions are screaming for a force that depends on a cross product. What we say is

that some kind of field B the “magnetic field" - arises from the current. The direction of
this field is kind of odd: it wraps around the current in a circular fashion, with a direction
that is defined by the right-hand rule: We point our right thumb in the direction of the
current, and our fingers curl in the same sense as the magnetic field(Figure 2).



Figure 2:
With this sense of the magnetic field defined, the force that arises when a charge moves
through this field is given by

S VA
F=9—xB,
o
where c is the speed of light. The appearance of c in this force law is a hint that special
relativity plays an important role in these discussions.

If we have both electric and magnetic fields, the total force that acts on a charge is of
course given by:

ﬁ:q(élxgj. (L5)
Cc

This combined force law is known as the Lorentz force.

The Constitutive relations

Similar to the constitutive relations in continuauedium mechanics, there are also constitutive
relationships in electromagnetics. Constitutivaatiens describe the medium’s properties and
effects when two physical quantities are relatedahe be viewed as the description of response
of the medium as a system to certain input. Fomgte@, in continuous medium mechanic, the
response of a linear-elastic medium to strain candéscribed by the Hooke’s law, and the
resultant is the stress. The relation betweensstaed strain is the Hooke’s law. In another word,
Hooke’s law is the constitutive relations for limedasticity. In electromagnetics, there are four
fundamental constitutive relationships to describe response of a medium to a variety of

electromagnetic input. Two of them describe thati@hship between the electric fiel8 and

the conductive currenf], and the electric displacemeﬁl, and the other two describe the



relationship between the magnetic fiehtl and the magnetic inductioB, and the magnetic

polarizationM . Quantitatively, these four constitutive relatibips are

J=0E (Ohmslaw) ()
D=c¢E (ii) (1.50)
B=uH (iii)
M = xH (iv)

whereg is the electric conductivity, the dielectric permittivityy the magnetic permeability, agd

the magnetic susceptibility. It is possible to dssthe electromagnetic properties of earth materia
in terms of these four parameters. It is notewottiay the first relation is the well-known Ohm’sva
in a microscopic form. These four parameters exadlis describe the electromagnetic properties of
a material. It is necessary to point out that sofittem are inter-related(to be seen later). To
understand the behavior of these electromagnetanpeters are the central piece to understand the

geophysical response when geophysical surveysapoged to solve any engineering, exploration,
and environmental problems.

Maxwell's Equations

The fact that the electric field was describetenmns of stationary charges, while the
magnetic field was described in terms of movinggha led people to suspect that some
relationship existed between the two fields. ™Mws confirmed when it was found that an
electric current could be generated by changingrtagnetic field. In the mid-1800's, the
theories of electricity and magnetism were finalhited by James Clerk Maxwell in four
equations now known adaxwell's equations

fecas=[f£- av (L6)
ffBrasS=o, (1.7)
§>”EdT:—%jjémé, (1.8)
ﬁSBmE;ﬂL méwg%jjémé. (1.9)

Each one of these can be understood separately.
The first of Maxwell's equations, equation (1i6)known asGauss's Law It relates the
flux of electric field intensity to the total cha&@nclosed by the surface. The flux is defined as

o, = ffEES, (1.10)



wheredS is the vector outwardly normal to the surface trdintegral is over the entire surface
enclosing the region in question. In words, GaussV tells us that the total flux through a
closed surface, i.e. the change in the numbeetsf fines passing through a closed surface, is
proportional to the total charge contained witlhia volume defined by the surface. Thus if there
is no charge inside the surface, the net flux re.zéf there is a positive net charge, the enadose
region acts as source if the net charge is negative, the enclosed regas as aink.

The constantis called theelectric permittivity of the medium. If the medium is a vacuum,
thene= g,, whereg is known as thpermittivity of free spaceand has a value of

£, =8.8542x 10" -, The electric permittivity was originally useddot as a medium

Nim? *
dependent proportionality constant that connegiarallel plate capacitor's capacitance with its
geometric characteristics. Conceptually, we cam\the permittivity as encompassing the
electrical behavior of the medium: in a senses & measure of the degree to which the material
is permeated by the electric field in which itnsnmnersed. We can relate the electric permittivity
to the dielectric constant by the following formula

E=K,&,. (1.11)
The second equation is also a form of Gauss'sthas/time applied to the magnetic field. The
fact that the enclosed charge is zero tells us #tdtast according to classical electromagnetic
theory, there is no such thing as a magnetic mdeogda other words, whereas the electrical
charge could be viewed as either a positive orthegaharge individually, we can never find
magnetic charges which do not include both a peséand negative pole. Since the total
enclosed charge is the algebraic sum of the chattgyedack of magnetic monopoles
automatically insures that the sum is zero.

The third equation is known &sraday's law. In a manner similar to the electric flux,
the magnetic flux is defined as

®, = [[BS, (1.12)

where the surface is now an open surface boundeadcbpducting loop. Faraday found that if
the induced emf(electromotive force) that was deyedl in the loop depended on the rate at
which the magnetic flux changed,

do,
dt

emf=-

(1.13)

However, the emf exists only as a result of thas@mee of an electric field, which is related to
the emf by

emf=§E . (1.14)

Combining (1.13) and (1.14), any direct referemcthe induced emf is removed and we get
Faraday's law. Physically, this shows us thdiefinagnetic flux changes, in other words if
either the surface area or the magnetic field chamgth time, then an electrical field is
produced as result. This electrical field createemf which acts in such a way as to resist the
changes in the magnetic flux. Thugimae varying magnetic field creates an electric fill.
Since there are no charges which act as a sougsiok, the field lines close on themselves,
forming loops.



The last of Maxwell's equations is knownfasapere's Law. In its original form as
expressed by Ampere, it related the number of ntagheld lines which passed through a
surface formed by a closed loop to the total amo@ictrrent which was enclosed by the loop

§Bmirzujjj[bé, (1.15)

where j is known as the current density. The open suifabeunded by the loop, and the
quantity/ is called thepermeability of the medium. In a vacuurpy,= 4,, whereLp is called the
permeability of free spaceand has a value @f, = 4/7x 10" “é—Bf. We can relate the
permeability of free space with the permeability the equation

H=Kgly, (1.16)

whereKg is called the relative permeability. In a mansiemilar to the dielectric constant, the
relative permeability can be viewed as a measureofdrow well the magnetic field permeates a
material.

While Ampere's law in its original formulation egphed many important effects, such as the
operation of a solenoid, it was found to also adatger problems. In particular, use of
Ampere's law in the form of equation (1.15) ledvitmlation of conservation of energy for the
electric and magnetic fields. In order to cortes, Maxwell hypothesized the existence of an
additional current, thdisplacement current which is defined as

i :eﬂ% @S, (1.17)
When this is combined with Ampere's law in a regioth no physical currents, we get

. do
Brdl = ue—=.
f He™ 5t

In other words, just as a time varying magnetig fead to the creation of a circular electric field
so to does a time varying electric flux lead to ¢heation of a linear magnetic field. If a physica
current also exists, we again regain the last ofWwédl's equations.

Differential Form of Maxwell’s Equation

In this section we derive the Maxwell equationsdabsf the differentiation form of a number
of physical principles. Thusewrecast Maxwell's equations into a differentiaffo This form will
be necessary later when we begin discussing the watwure of light. In order to do this
conversion, we first need two important resultsrfreector calculusGauss's divergence
theorem andStokes theorem Gauss's divergence theorem tells us that thBuxedf a vector
field through a closed surface is equal to thegiratleof the divergence of that field over the
volume contained in the surface(i.e conversiomtegration over s closed Surface to Volume
Integral)

ffF s = [[[OOFav. (1.18)



Similarly, Stokes theorem states that the flux digioa closed loop is equal the integral of the
curl of the field over the area enclosed by the(odegral overs a Closed curve to Surface
integral)

fF = [[OxF s, (1.19)

Let's start with Gauss's divergence theorem anty agdp the first two of Maxwell's equations.
Then we get

p = _
—dV =@ ES
III5av=§
= [[[ © Eav

and

0={fBUS

= [[[© Bav’

These relations must be equal for any volume, sditst two Maxwell's equations in MKSA
system become

ﬁI:f (1.20)
and
OIB=0. (1.21)

From the above equations, (1.20) implies that gtecharges whose densig is are the sources of the

electric field E while (1.21) implies that Field lines céare closed, which is equivalent to the
statement that there are no magnetic monopoles@g-2p).

(a) (b)

Figure 3. The case of a rotation-free vector f{@dand a source-free vector field (b).



We shall now obtain the last two Maxwell’'s equasiarsing the Stokes theorem.Firsg discuss

the Ampere’s law. Ampere’s law describes the fé¢hat an electric current can generate an induced
magnetic field. It states that in a stable magrfetid the integration along a magnetic loop isaqu

to the electric current the loop enclosed. Mathezally, Ampere’s law can be expressed as:

§H i =7. (1.22)

Let us take a simple case to illustrate the Ampsdial, as shown in Figure 2. Recall that the clid o
vector field is defined as
fH @l

CurH =0xH = lim f. (123

AS-0 AS
Consider the case of that the magnetic field itherplane of the paper and the electric current is
flowing out from the paper with the current norrtathe paper we can have
_ _ o fHmr

CurH =0xH = lim n.=——
8s-0  AS AS
where J is the current density in an infinitesimal area.avienhile, if the electric fielcE is not
stable, i.e., varying with respect to time, andwhgation frequency is high enough and extends int
the radar frequency, there will be another curretihe medium known as the displacement current

and is proportional to the variation of the elecfined E , and the proportional factor is the dielectric
permittivity . Thus, there will be another contributalD /dt, to induce the magnetic field . The
displacement current works exactly the same walge@sonductive currend , so that the total

current should bel + dD /dt; put both contributors into the above equagods up with the first
equation of thélaxwell's equations:

=7, (1.24)

Dxﬁ=i+@ (1.25)
a
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(a) (b)

Figure 4. lllustration of the Ampere’s law (a) ahe Faraday’s law (b).



Second, we take a look of the Faraday’s law. Faradaw states that a moving magnet can generate
an alternating electric field. Mathematically, theving magnet can be represented by the variation
of a vector magnetic potentigland the Faraday’s law can be mathematically esprkas

E= -ﬂ, (1.27)
a
by taking curl or cross product of both sides @f gguation we have
AxE=-0x =2 @Axq)=-B, (1.28)
& a a

These relations must hold for any surface bounges ddosed loop, so the last two Maxwell's
equations become

OxE=- (1.29)

> [ B

and

- = - OE

DXB:#{HE—. (1.30)
ot

Within material media having polarizatid?l and magnetizatiorM the above laws still hold with

the following replacements

o= p-0xP, T:/JT+BXI\7I+6—P+£§ : (1.31)
ot a
That is to the true charge density we have to hdgblarization charge density and to the trueecurr
density we have to add the contributions of themeéigation current, the polarization current arg th
displacement current introduced by Maxwell. In terofi the electric displacement and magnetic fields,

defined defined b)f) =€ E+ PandH = 1 B-M respectively, Maxwell equations can be brought
7]

into the following form

_ - 3 M1
0 x E = - d—B
Jt
O x H = j+ 2 D M2
Jt
_ - M3
O OD = p
OmB=0. M4

The set of equations Maxwell’'s equations expresséerms of the derived field quantitieé



and H are calledVMaxwell’'s macroscopic equation§hese equations are convenient to use in certain
simple cases. Together with the boundary conditiorgsthe constitutive relations, they describe
uniquely (but only approximately!) the propertafshe electric and magnetic fields in matter.

In some materialsl{inear media) it happens thaD =cE andB = ,uI:| where the quantities
and u are called théielectric constanandmagnetic permeabilitgf the medium respectively.

The Continuity Equation
The electric charge is conserved. Actually we hasser observed in the laboratory a violation o$ thi
conservation law. This conservation law is expredsethe followingContinuity Equation

- 0",;)
O j+—= M5
It (M5)

—

Where j is the charge density anfl= pl] is the current density. This equation follows frtaxwell
equations and it is not an independent hypothesis.

The quantityJ.S Aj.dAS represents the charge flowing out of surfaqeeBunit time ( this is

measured in Amperes in the system MKSA ). If thargh density is time independent then from the

continuity equation it follows thalﬁ.j =0. In this case we say that we have steady currents.
Remark:
In this system the first three equations (M(W13) are independent, eq.

(M4) has the character of an initial condition, &ne continuity equation
(M5) follows from (M2) and (M3). Indeed, equatiadl) implies that

B xt)=8{xt, |-0x[ Ernar,

E.B(;(,tj - a.é(i,toj,

so that eq. (M4) holds for all t if it holds at some fixed (say, initial) time to.
Similarly, the continuity equation (M5) follows by taking the divergence of
(M2) and by applying (M3). In its turn, eq. (M3) can be used to eliminate

where

the unknown p by defining the electric volume charge density in terms of D
as

p=0.D
In this way, the Maxwell system reduces to the two vector equations (M1),
(M2) , valid in any material medium, conducting or non-conducting, for the

B T

five unknown vector functions E,D,B,H,J of (x, t). These two vector

equations are complemented by three additional vector relations, called constitutive
equations, and so the count is right. These constitutive relations are

not universally valid but depend upon the properties of the materials under
consideration. We can assume to start with that they have the form of local



relations

E J(E,H)
D=D(E,H)
B=B(E,H)

and in fact for many purposes we will take the very simple linear constitutive
relations

J=yH (Ohm'slaw) (C1)
D=¢E (C2)
B=¢H (C3)

where y =y(x) =0, is the electric conductivity, y‘the resistivity, £ =¢&(x) = &, >0 is the
electric permittivity and p = (x) 20 the magnetic permeability of the material. These
relations apply to empty space with € =&,, 4 = i,,y =0 and the more common materials
can be classified according to the values of the scalar coefficients &, 4,,y=0 as
follows:

y =0:dielectric
0< y <o :conductors
y = +oo : perfectconductors

> po: paramagnét bodies
(< p< po:diamagnet bodies
p= 0:supercondctors

where &,, 1, are the (constant) permittivity and permeability of empty space.
We will exclude in the sequel the case of superconductors s and we will always

assume that there exists ,Z/ > 0such that w(x) = ,Z/ >0.
For homogeneous media the coefficients y,& and yp are constant. They

depend on physical parameters such as temperature: for example, the conductivity
of metals decreases with increasing temperature.



Electromagnetic Wave Equation and Theory of Lights

A common question is, how are Maxwell's equatioseduto show wave motion? Consider the
electric and magnetic fields in a charge free vatvegion. Then Maxwell's equations become

Ijxéz—é
a
UxB =, J(X’t)"',uogoE
OE=p
OmB=0

Wave Equation for E

To derive the wave equation for the electric fiart with the third of Maxwell's equations and
take the curl of both sides

:—%(ﬁxé), (1.32)

dxbxt=balg- dof & (1.33)
to get

: (1.34)

where the last step used the fact thaE = 0. To evaluate the right hand side of (1.32), veetst
with the fact that the spatial derivativeés) @nd the time derivative can be interchanged. We
then use the last of Maxwell's equations to find



= _ﬂog(](x’t)+€0§J . (1.35)

Combining (1.34) and (1.35), (1.32) on rearrangdroan be written as

—

B, JE J*E
~PE=-ppo— a “Hofo—7% a
= (1.36)
JE J*E

0%E - o0 i ~ Ho&o PY =0,
which we recognize as the three dimensional wavatean for each component of the electric
field (E). Comparing (1.36) with the standard result foreve whose velocity is, we obtain

1
N
1

= . 1.37
~Jereio7 =) (37

= 300x10° .,
Using the fact that the experimentally determineeksl of light is also 3.00 x én/s, we are
lead to the inescapable conclusion that light$¢ qune form of electromagnetic wave
propagation. When the electromagnetic disturb@ogving in a vacuum, we denote its speed
by a special symbot,

V=

Wave Equation for B

In a manner similar to those leading to egn. (1.8@)can start with the last of Maxwell's
equations to find the wave equation for the magrfegld. Thus,



. J /e -\ (1.38)
=,uoa( XE)+,L10£(,E(D><E)
Ho a Ho al & I
Finally, we have
» 3 J°B
2p el —
LB ﬂoa(dj Hofo 22 0, (1.39)
» M) 10°B
DzB_ﬂOO{EJ_? 012 =0.

This is the wave equation for the magnetic fieled NMétice that it is exactly the same form as the
wave equation for the electric field eqn. (1.36).

Light as Transverse Waves

We can also determine whether light waves are tadmjial or transverse waves. Remember that
longitudinal waves oscillate in the same directigrthe direction of propagation, while
transverse waves oscillate in a direction perpesaido the direction of propagation. For
simplicity, let the direction of propagation betirex direction. ThenE = E (x,t). Now look at

a Gaussian box oriented along the coordinate akks.flux is through the faces in thie

planes, so Gauss's law becomes

xE,
X

=0.

From this, we see that the electromagnetic wavabadectric field component in the direction

of propagation. Thus, the electric field is exaolaly transverse. A similar argument can be used
on Gauss's law for magnetic fields to show thest #iso transverse to the direction of
propagation. In particular, Faraday's law tellshat

A
a

. . B &
AxgE=-B_ %y __ B (1.40)
a

In other words, the time dependent magnetic fiald @anly have a component in thdirection
when the electric field is exclusively in thelirection. From these, we see thatfree space,
the plane electromagnetic wave is transverse



¥

FiguresSectangular wave guide.

Plane electromagnetic waves in non-conducting media =0)
In a medium with values, u for the electric constant and the magnetic peritisab
respectively, we have derived the Maxwell lawslirB®) and (1.39) as

_ J*E JE

O°E -t Py :,uoa'd,
10%6_ (&8 (40

DZB‘??:W{E}

In region where there are no charge and curretilaisions, the terms on the right hand sides of

(1.41) are absent and the fielisand B satisfy the free wave equations.
The plane wavesre particular solutions of (1.41) in regions wheoerces are absent. In the
following we shall use complex notation and wrhe tlectric component of a plane wave as

E = Eoexpi(E.Q—wt). (1.42)
The physical electric field measured in the labmmats meant to be the real part of this expressidrat

is E = Eo COSQZ.;(— at) . A similar expression holds for the magnetic figd with E, Eo replaced

with é, Bo respectivelyln this expressioréo is the amplitude of the electric fiel&, is itswave
vectorand « its frequency This monochromatic pulse is a solution when tegdency is linearly

—

related to the magnitudk = |k| of the wave vectok , by the relationshig. = vk

kis called thevave numbeand is related to thwave lengttby the relationk = % .

—

Using Gauss'’s, laviz] EIE =0, and the Faraday’'s Iav@ xE +? =0, one carimmediately arrive at

the following relations for the wave number and déingplitudes of the electric and magnetic components
k.Eo =0, éo:al)lzxéo. (1.43)

Egs. (1.35) state that the electric and magnetlddiof a plane wave are perpendicular to each ati

both perpendicular to the direction of the proptm;aﬁ = % F<



Plane electromagnetic waves in conducting media(z 0)

Within a conductor the electric current density #mel electric field are related ﬁy: oE , from

— —

A - 0
which it follows that ] - ] =0 O.E = ;,0 . Then from the continuity equation one has

B]+Q :Q+£p:0’
a a ¢
whch is immediately solved to yield

p(x1) = pxOjex{ ~7t). (1.44)

For good conductor§. =10“sec? so that from the eqn. (1.36) we conclude ttrges move
£

: . £ . o
almost instantly to the surface of the conducldre ratior =— Is alled therelaxation timeof the
g

conducting medium. For perfect conductars; o, so that the relaxation time is vanishing. For

good, but not perfect, conductorss small and of the order df0™* secor so. For times much larger
than the relaxation time there are practically harges inside the conductor. All of them have maweed
its surface where they form a charge dengityWithin a conductor the wave equation for the vector

field E see eqn. (1.41), becomes

2 .
(DZ—,ue %—,ua%)E:O

, - 2 . . .
Notice the appearance of a “friction” tergtq which was absent in the free wave equation. ISagk

for monochromatic solutions of the foréa = E(i) exp(—iat), then the equation above takes on
the form

(02 +Kk?)E(x) =0,

where K? = e we +i0) . This can be immediately solved to yield, for a plavave solution

travelling along an arbitrary directio;l ,
E = E(x)ex{i(a¢ - at)- A} (1.45)

where £ = n.x. The constantsr, 3, appearing in (1.45), have dimensiondefigti™ and are
functions of g . Their analytic expresions are not presented férese can be traced in any standard
book of Electromagnetic Theory. However we canimligtish two particular

cases in which their forms are simplified a grezdldThese regard the case of an isolator andatge c
of a very good conductor respectively. For an isol@ = 0anda =k, £ =0 In this case (1.45)

reduces to an ordinary plane wave which is propagatith wave vectork = nk.
For a very good conductor, and certainly this idelsithe case of a perfect conductor, the condtictivi



is large so that the range of frequencies with>> £a is quite broad. In this case the constamig3 are
givenbya = f= 9", whered is a constant called ttkin Depth given by the following expression

0 = 2 (1.46)
HOwW
Therefore we see from eq. (1.45) that inside a gmodiuctor :

The field is attenuated in the direction of thegagation and its magnitude decreases

'3

exponentially~ exp{—gj as it penetrates into the conductor. The depthepenetration is set

by J /£ and is smaller the higher the conductivity, theéhkigthe permeability and the frequency

As an example for copper = 58x10’mho m™and the skin depth i§ = 0.7x10cm for a
frequencyw =100MHz. It is important to point out that the magneteldi within the conductor
is related to the electric field by the relation

H="_ | nxE . (1.47)

As in the case of non-conducting materials bét,hI:I are perpendicular to each other and to the
direction of propagationﬁ . From (1.47), it is evident that the magneticdibbs a phase

difference of45’ from its corresponding electric componeﬁnt due to the prefactdr+i .



2. Reflection and refraction of plane boundarylaine Waves.

Introduction

In reality, plane electromagnetic waves frequeatlgounters obstacles along their propagation
paths: hills, buildings, metallic antennas aimeteateiving the messages the waves carry,objects
from which they are supposed to partly reflectsiich cases, the wave induces conduction
currents in the object(if the object is metallim),polarization current(if the object is made of an
insulator). These current are, of course, sourtassecondary electromagnetic field. This field is
known as scattered field, and the process thategdéas known as scattering of electromagnetic
waves. The objects, or obstacles are called ssatter

When plane waves are incident on a boundary betdiffenent media, some energy crosses the
boundary, and some is reflected. In other wordgmdnplane electromagnetic is incident on a
planar boundary between two media, one of thesesviswadiated back into the half-space of
the incident wave: this wave is known as the rédiéavave. There is also a wave in the other
half-space (except in the case of a perfect codygmpagating generally in a different direction
from the incident wave;it is therefore called te&acted or transmitted wave. We define
transmission and reflection coefficients to quarttile transmission and reflection of wave
energy. These coefficients are properties of tleerhvedia. The transmission and reflection
coefficients are determined by matching the eleend magnetic fields in the waves at the
boundary between the two media.

In this session, for easy understanding, we sloalsicer:

» Boundary conditions on electric and magnetiaifel

» Boundary conditions on fields at the surfacesasfductors.

* Monochromatic plane wave on a boundary:

— directions of reflected and transmitted wavewglaf reflection and refraction);
— amplitudes of reflected and transmitted wavesdfel's equations);
— the special case of a boundary between two diglec

— the special case of the surface of a conductor.

* Monochromatic plane wave on a boundary betweendielectrics:
— polarisation by reflection;

— total internal reflection.

* Reflection coefficient for a conducting surface.

Electromagneti@oundary Conditiond: Normal Component of B

We can use Maxwell’s equations to derive the bogndanditions on the magnetic field across a
surface Electromagnetic shows that the normal componentioknt, electric displacement, and
magnetic induction should be continuous when caossterial interface or boundary; while the
tangential component of the electric field andritegnetic field should be continuous cross the
material interface. Let us take the magnetic bogndandition as the example to illustrate the
calculation. From the Gaussian theorem we have
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Figure 6. lllustratiohthe electromagnetic boundary conditions.

By making a small disc with the thicknessAdf and its central line is coincident with the boaryd
of two media (Figure 6) we have

[[[ocEdv =o.
This coincides with the Maxwell’s equation(M4):
0 OB =0 (2.1)

integrate over the volume of the pillbox, and apphuss’ theorem:
[ O cBav :§Sé.d”s:o p.

where V is the volume of the pillbox, and S isstsface. We can break the integral over the
surface into three parts: over the flat ends (21L32) and over the curved wall (S3):
B.dS+ [B.dS+ [B.dS=0 . 2.3
LB ds _[SZB ds _[538 dS=0 (2.3)

In the limit that the length of the pillbox apprbas zero, the integral over the curved surface
also approaches zero. If each end has a smalBatban equation (2.3) becomes:

B, A+B, A=0 (2.4)



or
Bln = BZn (25)
In other words, the normal component of the magrfitid B must be continuous across the

surface By using similar approaches, the general congltian electric and magnetic fields at
the boundary between two materials can be sumniaaséollows

Boundary Condition Derived from... Applied to...
B, =B, 0 OB = 0 pillbox
E, =Ey ﬁxé:—é Loop
a
Dy =D =p A=, Pilloox
Ha ~Hu =-J fxH =3+ D Loop

Static electric fields cannot persist inside a eaanor. This is simply because the free charges
within the conductor will re-arrange themselvesaacel any electric field; this can

result in a surface charge density,We have seen that electromagnetic waves canrgass
conductor, but the field amplitudes fall expondittiwith decay length given by the skin depth,
o:

5= |2 (2.6)
o

As the conductivity increases, the skin depth getaller. Since both static and oscillating
electric fields vanish within a good conductor, @a® write the boundary conditions at the
surface of such a conductor

Lenz’s law states that a changing magnetic fieldlimiluce currents in a conductor that will act
to oppose the change. In other words, currentsdreed that will tend to cancel the magnetic
field in the conductor. This means that a good ocetat will tend to exclude magnetic fields.
Thus the boundary conditions on oscillating magrietids at the surface of a good conductor
can be written:

B,=0B,, =0

H,=-J,H, =0
We can consider an “ideal” conductor as havingitdi conductivity. In that case, we would
expect the boundary conditions to become:

B,, =0,B,, =0
E,=0,E, =0
D,,=-p,D,, =0
H,=J,H, =0.

Strictly speaking, the boundary conditions on tregnetic field apply only to oscillating fields,
and not to static fields.But it turns out that $mperconductors, static magnetic fields are



excluded as well as oscillating magnetic fieldsisTi& not expected for classical “ideal”
conductors

Waves on Boundaries

We now apply the boundary conditions to an elecagmetic wave incident on a boundary
between two different materials. We shall use thenllary conditions to derive the properties of
the reflected and transmitted waves, for a giverdeant wave. Consider a monochromatic wave
incident at some angle on a boundary. We must densiiree waves: the incident wave

itself; the reflected wave, and the transmitted evan the far side of the boundary.

The electric field components for these waves @wititten (respectively):

Ei(r,t) = Eor @@ 1) 2.7)
Er(r,t) = Eor € (@ knn) (2.8)
ET (F,t) = EOT ei(wrt_k;'F) (2.9)

Let us first consider the time dependence of theewaThe boundary conditions must apply at all

times: for example, the tangential component ofleetric field, E: must be continuous across
the boundary at all points on the boundary ati@kés$. This means that all waves must have the
same time dependence, and therefore:

W =Wy =W =W (2.10)
Reflection at a boundary cannot change the frequehan incident monochromatic wave. Some
surfaces reflect some wavelengths better than stidrich is why they can appear coloured
under white light; but the frequency of the ligloied not change.

2.1Laws of Reflection and Refraction

Now let us consider the relationships between ttextions in which the waves are moving.

We shall find that these relationships are justidles of reflection and refraction that we are
familiar with from basic optics. However, our gegahow to derive these laws from Maxwell's
equations, by applying the boundary condition wa@ess boundaries. We start from the fact
that the boundary conditions must be satisfiedl goénts on the boundary. This means that the
waves must all change phase in the same way asowe from one point to another on the

boundary. Since the phase of each of the wavepasition ris given byE.F , wherek is the
appropriate wave vector, we must have:

k.p=kr.p=k .p, (2.11)
where E) is any point on the boundary.

Laws of Reflection and Refraction

For simplicity, let us choose our coordinates s the boundary lies in the plane z = 0. Then

any point f) on the boundary can be written:

p=(xy0) (2.12)



Now we can (without loss of generality) further gpethe coordinate system so tHét
lies in the x — z plane, i.e. the y componenthﬁs Zero:

k, = (K, sing, 0,k cosd,) (2.13)
where g, is the angle between the direction of travel ef th
incident wave and the boundary.

Now let us apply equation (2.11):
K .p=Kr.p=k;.p
to points on the boundary with x 5 Qe. f) = (0,y,0). We find:
ky =Kry =k, . (2.14)

Therefore, the directions of the incident, refldcémd transmitted waves all lie
in the planey =0

Now let us consider points on the boundary with@; &e. E) = (x,00).
This time, using equation (2.11) gives:
Kk, =Kkrx =k, =K, SING, (2.15)

which (since the vertical components of the waveors are
all zero) can be written:

k, sing, =kgsing; =k; siné;. (2.16)

But since the incident and reflected waves areetliag in the same material
with the same frequency, the magnitudes of the wae&rs must be the same:

kK =Kg. (2.17)
Combining equations (2.15) and (2.16) we find:
6, =6, (the law of reflection) (2.18)
s.ln_6’, = k—T the law of refraction (Snell’s law) (2.19)
sing; Kk,

2.2 Reflection and Refraction at a Boundary Between Dielectrics

As an example, consider a monochromatic wave intide a boundary between two dielectrics
(e.g. air and glass). Since the conductivity i®zmr both sides of the boundary, the wave vectors
of all waves must be real.

Also, we have:

Loy, Loy, (2.20)



wherey, is the phase velocity in medium 1, andis the phase velocity in medium 2.

sing, _ v,

sing, v,
We define the refractive index n of a materiallesratio of the speed of light in a vacuum to the
speed of light in the material:

(2.21)

n=— (2.22)
\Y

Then equation (2.21) can be written:
sing, _n,
siné, n,

This is the familiar form of Snell’s law.

(2.23)

Reflection and Refraction at the Surface of a Condttor

For a wave incident on a conductég, will be complex:

k. =a-if . (2.24)

For a good conductor (i.er >> cwe, )

a=p= \/ (2.25)

o +f =Jana, (2.26)

Applying the law of refraction (2.19):

S K 1% 55 (2.27)
sing, kK, GWE,

where we have assumed tpat= £, . Since the largest value sfng, is 1,
equation (2.27) tells us thatné, = 0, so the direction of the transmitted
wave in a good conductor must be (close to thehabto the surface.

SO.

Possible Questions: Waves on Boundaries

1. Derive (from Maxwell's equations) the boundary conditions on electric
and magnetic fields at the interface between two media.

2. Apply the boundary conditions on electric and magnetic fields to derive
the laws of reflection and refraction.



3. Energy and Momentum

We shall use Maxwells macroscopic equations in(M2,MB,M4) the following considerations
on the energy and momentum of the electromagnietit &nd its interaction with matter.

3.1The energy theorem in Maxwell's theory
Scalar multiplying (M1) byI:| , (M2) by E and subtracting, we obtain
H{OXE) - EQOXE) = J{ExH)

—

. _F'B%TB _Ef-edP | (6.24)(3.1)

Integration over the entire volunveand using Gauss's theorem (the divergence theoseendbtain

_ﬂjl(g B+ éﬂ5jd3X'=I ]EEdsx'+j(éx |:|) Thd2x - (6.25)(3.2)
oty 2 Y A

But, according to Ohm'’s law in the presence of lasteomotive force field, the linear relationship
between the current and the electric field is

N R _, EMF
= 0(E+ E J (6)&63)
which means that
Jicgotx=[Lox-f{ g™ fox 62734
\% \% o \%
Inserting this into Equation (3.2)
. i2 Co. L I
[ jEEd3>(:.|'J—d3>(+2 [ :—L(H B+ EEID)d3x'+I (ExH) [hd?x
\% \% o atV2 A
(6.28)(3.5)

le.
AppliectlectripowerJouldeat+ Fieldenergy+ Radiatepowe

which is theenergy theorem in Maxwell’'s theorglso known a®oynting’s theorem

It is convenient to introduce the following quaietst



jﬁ[éd3x' (3.6)
\%
H

wn:
]

m:
X

whereUeis theelectric field energyUm is themagnetic field energyboth

measured in J, ané is thePoynting vectofpower fluy, measured itW/m?.

3.2The momentum theorem in Maxwell's theory

We now investigate the momentum balance (forceasliin the case that a field interacts with mdtter
a non-relativistic way. For this purpose we consttie force density given by therentz forceper unit
volume pl%+ ]X B.

Using Maxwell's equations (M1-M4) and symmetrisimgg obtain

pE+ jxB=(0D)E+ mxﬁ_f;_? B

—

:(DEIS)E+(DXF|)XI§—Z—?XI§

RN - 9(= =) - 0B
:(DED)E_BX(DXH)_E(DXBJ-'_DXE (3.7)
=(DEIS)E—I%X(DXI:I)—%(5XI§)—5X(DXI§)+I:I(DEI%)
:[(DEﬁ)E—5X(DXE)}+{(DEE)I:|—I§X(DXI:|)}

—3(o
ot

One verifies easily that theh vector components of the two terms in squarekats in the right hand
member of (3.7) can be expressed as

—

[(m)é-bxmxé)} =1 gdD_pfE +i[EiDi_£écf>5”j, 39
P 20X ox, | 0X 2

and



—

“LadB _gfH +1(HiBi lem 3,
2 0X; ox, | 0X 2

[(D Eé)ﬁ—éx(Dxﬁ)}

respectively.
Using these two expressions in tkie component of Equation (3.7) on
the preceding page and re-shuffling terms, we get

per jx8=7| | e -OE |+ HfB-Bl™ ||+ 2 Oxp)
2 0X; 0X; 0X; 0X; ot

:i(Ei D, —EEEFMH +H.B - 1BH 5”)
0X; 2 2

Introducing theelectric volume force,, via itsith component

(Fev)i=(pé+]xl§j L edfD _pdE || n2B _gdH
2 0X; 0X; 0X; 0X;

and theMaxwell stress tensof with components

T, =ED,-1EMDJ, +H,B -1BH g,
2 2

we finally obtain the force equation
0(z. 4 aT; =
F,+—|DxB|| =—=| 00
ot . 0% :

If we introduce theelative electric permittivityk and therelative magnetic
Permeability k, as

D= K&, E=¢E
é = kmtuo |:| = tU|:|
we can rewrite (3.13) as

ai— F +ﬁa_é

oX. & c? oot

whereé is the Poynting vector defined in Equation (3.6jegration over the entire

volumeV yields

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



[ ErveB ot 5 8 [atx= [T ax 317)
v c” dty s "

Forceon the matte + Field momentur = Maxwel Stres
which expresses the balance between the forcecoméltter, the rate of change

of the electromagnetic field momentum and the Mdksteess. This equation
is called themomentum theorem in Maxwell's theoly vacuum (3.17) becomes

- Y D 3 1 d c 3y — 2.1
Jp(E+vx Bjd x+—2aj5‘d X—ITDd X', (3)18

c \% S

Forceon the matter+ Field momentune MaxwellStress

or

%PMech +%PField =J'-|3ﬁdzx. . (3.19)
S



4. Radiation from Extended Sources

Certain radiation systems have a geometry whicmésdimensional, symmetric or in any other way
simple enough that a direct calculation of theatatl fields and energy is possible. This is fotanee
the case when the current flows in one directiogpiace only and is limited in extent. An example of
this is the linear antenna

4.1 Radiation from charges moving in matter

When electromagnetic radiation is propagating thhomatter, new phenomena
may appear which are (at least classically) nosgmein vacuum. As mentioned
earlier, one can under certain simplifying assuongiinclude, to some

extent, the influence from matter on the electromegig fields by introducing

new, derived field quantitieg) and H according to
D =£(t,X)E =ke, E (4.1)

B=u(t,X)H =k i H . (4.2)
Expressed in terms of these derived field quastitiee Maxwell equations,

often calledmacroscopic Maxwell equationtake the form as shown previously[M1-M4]
Assuming for simplicity that thelectric permittivitye and themagnetic permeability,

and hence theelative permittivitk and therelative permeabilityk , all have fixed values,

independent on time and space, for each type adnmaatve consider, we can derive the general
telegrapher’s equation

azé_aﬂg_wazE
a¢? ot ot?

= (000) 4.3)

describing (1D) wave propagation in a material medilt is known that the existence

of a finite conductivity, manifesting itself inallisional interactionbetween the

charge carriers, causes the waves to decay expalhenith time and space.

Let us therefore assume that in our mediars O so that the wave equation simplifies to

2E _ 9°E _
oz oz - 000 (4.9)
If we introduce thephase velocityn the medium as
1 1 c
Veu  kkgotly Kk,

where, according to Equation (1.29)=

! is the speed of light,e., the phase speed of
v Ho€o
electromagnetic waves in vacuum, then the genehalisn to each component of Equation (4.4)
on the previous page

E = f(¢-v,t) +g(¢+Vv,t), i=1,2,3. (4.6)



The ratio of the phase speed in vacuum and in gaium
def

Cc
— =, Jkk, =c\gu =n 4.7)
Vv
¢
is called theefractive indexof the medium. In generalis a function of both time and space as are the

quantitiese, i,k and Kk ,themselves. If, in addition, the mediunaisisotropicor birefringent all these

guantities are rank-two tensor fields. Under oormifying assumptions, in each medium we consider
n = Constfor each frequency component of the fields. Asgdediavith the phase speed of a medium for
a wave of a given frequenay we have avave vectgrdefined as

k = kk=ky, =—-* (4.8)

Consider the case of the vacuum where we assumétﬁﬁatime—harmonic,
i.e,, can be represented by a Fourier component ptiopattto exr{i ax}, the
solution of Equation (4.4) can be written

E= Eoexmfi(llai— wt)} (4.9)

where nowlz is the wave vectdn the mediungiven by Equation (4.8).

With these definitions, the vacuum formula for #ssociated magnetic field,
0 ]

B= 5,uk><E=ik><E=ikxE (4.10)
v, w

is valid also in a material medium (assuming, astioaed, thah has a fixed
constant scalar value). A consequence &f#l is that the electric field will,
in general, have a longitudinal component. It ipamiant to notice that depending on the electrit an
magnetic properties of a medium, and, hence, onahe of the refractive indax the phase
speed in the medium can be smaller or larger tharspeed of light:

C_&

v, T (4.11)
where, in the last step, we have used eqn. (4.8)e Imedium has a refractive index which,
as is usually the case, dependent on frequencwe say that the mediumdéspersive Because in this
thegroup velocity
_Ow

¢ ok
has a unique value for each frequency componedtisadifferent fromv. Except in regions of
anomalous dispersign is always smaller than In a gas of free charges, such gdasma the

refractive index is given by the expression
2

v (4.12)

2 — 1_ wp
n“(w) = el (4.13)
where
N 2
w,’ = Al (4.14)
g &M,

is theplasma frequencyHere m,and N denote the mass and number density,

respectively, of charged particle speaiesin an inhomogeneous plasmid,, = NU(;<) so that the

refractive index and also the phase and group itedeare space dependent. As can be easily sgen, f
each given frequency, the phase and group velsditia plasma are different from each other. If the

frequencya is such that it coincides witty, at some point in the medium, then at that



point v, — cowhile v, - 0 and the wave Fourier componentcatis reflected there.

5. Derivation of the Lorentz Transformation

In most cases, the Lorentz transformation is ddrivem the two postulates: the

equivalence of all inertial reference frames amditivariance of the speed of light. However, the
most general transformation of space and time @aoates can be derived using only the
equivalence of all inertial reference frames ardsymmetries of space and time. The general
transformation depends on one free parameter hWétllimensionality of speed, which can be
then identifed with the speed of lightThis derivation uses the group property of theehte
transformations, which means that a combinatiofwvofLorentz transformations also belongs to
the class Lorentz transformations.

The derivation can be compactly written in matoxi. However, for those not familiar

with matrix notation, we may also write it withouatrices.

5.1:

1) Let us consider two inertial reference fram@andO’. The reference fram@’ moves relative
to O with velocityv in along thex axis. We know that the coordinateandz perpendicular to

the velocity are the same in both reference frapmesy’ andz=z'. So, it is sufficient to consider
only transformation of the coordinateandt from the reference franf@ to x’ = fx(x; t) andt’ =

fi(x; t) in the reference fram@’. From translational symmetry of space and timecoreclude

that the function$(x; t) andfi(x; t) must be linear functions. Indeed, the relativatatices
between two events in one reference frame mustndiepely on the relative distances in another
frame:

X =X = fx(x1 — Xy b _t2)1 t, -, = ft(xl =X _tz) (5.1)
Because Eq. (5.1) must be valid for any two evehtsfunctiondx(x; t) andfi(x; t) must be
linear functions. Thus

X = Ax+ Bt,
t =Cx+Dt
where A,B,C and D are some coefficients that demend. In matrix form Eqns (5.2) are written

()6 o

with four unknown function A,B,C and D of v.

(5.2)

2) The origin of the reference frar@ has the coordinaté = 0 and moves with velocity
relative to the reference frang so thaix = vt. Substituting these values into Eq. (5.2), we fnd
= -vA Thus, the first equation of Egs. (5.2) has thenfo

x = A(x-vt), (5.4)
so we need to find only three unknown functions Ar@ D of v.
3) The origin of the reference frar@ehas the coordinate= 0 and moves with velocity
-v relative to the reference fran®, so thatx’ = -vt’. Substituting these values in Egs.
(5.2), we findD = A. Thus, the second part of Egs. (2) has the form



t' =Cx+ At = A(Ex+t) (5.5)

where we introduced the new variable E=C/A.
Let us change to the more common notatiarr y . Then Egs. (5.4) and (5.5) have the form

x = p(x-wt), 1.6)
t = y(Ex+t) , 5.7)

()of 71

Now we need to find only two unknown functiopsandEv of v.

or in matrix form

4) A combination of two Lorentz transformations alsostbe a Lorentz transformation.
Let us consider a reference fra@emoving relative td with velocityviand a reference frame
O moving relative tdD’ with velocityvz. Then

X =V, (x' —vzt'), X = yvl(x - vt )
t" = yvz(EVZXI +tl)1 t = yvl(Ele +t )’
which can also be put in the matrix form as doardiey.

(5.9)

For a general Lorentz transformation, the coeffitsen front ofx in Eq. (5.6) and in front dfin
Eq. (5.7) are equal, i.e. the diagonal matrix eleien Eq. (8) are equal.

If we substitute forx andt’in the first equation of Egs. (5.9), we obtain

X = yvzyvl[(l_ E.Vv, )X - (Vl TV, )t]

. (5.10)
t = yvzyvl[(Evl + Evl)x + (1_ EleZ)t]'
Similarly, Eqg. (5.10) must also satisfy this reguonent:
1-E,v,=1-E,v, = —2= I‘E’—l (5.11)

V2 vl
In the second Eq. (5.14), the left-land side depamdy onvz, and the right-hand side only gn
This equation can be satisfied only if the ratiB. is a constandé independent of
velocityv, i.e.

Vv
Ev = E , (512)
Substituting Eq. (5.12) into Egs. (5.6) and (5ag)well as (5.8), we find
X =y, (x-vt), t = yv(%lxﬂ) : (5.13)

or in the matrix form

ORER



Now we need to find only one unknown functign, whereas the coefficieatis a fundamental
constant independent en

5) Let us make the Lorentz transformation fromrééference fram® to O’ and then
from O’ back toO. The first transformation is performed with velgar, and the second
transformation with velocityv. The equations are similar to Egs. (5.10):

X= y_v(x' +V t'), X =yv(x -yt )
t= y_v(x X' +t'j, t = yv(xx +t j’ . (515)
a a

Substitutingx’ andt’ from the first equation (5.15) into the second ame find

X = y_vyv(H‘%}x, t= V_VVVLH‘%)- 5.16)

Eqn.( 5.15) must be valid for any x and t, so

1
VoV =——5 (5.17)
\/
1+
a

Because of the space symmetry, the funcitpmust depend only on the absolute value of
velocityv, but not on its direction, sg_,= y,. Thus we find

! (5.18)

v, = .
2

1+
a

6) Substituting Eq. (5.18) into Egs. (5.13) and 4., we find the final expressions for the

transformation as

_ V. x+t
X=X t':é _, (5.19)

1+ 1+

a a

which can also be put in the matrix form.
Egs. (5.19) and its matrix equivalent have one &mnehtal parametex, which has the
dimensionality of velocity squared.df< 0, we can write it as

a=-c’. (5.20)
Then Egs. (5.19) and its matrix egivalent becoreestandard Lorentz transformation:
_ V. x+
x =XVt t = Ya , (5.21)

V2

1_7
a
It is easy to check from Eq. (5.21) that, if a mdetmoves with velocitg in one reference frame,
it also moves with velocitg in any other reference frame, i.exif ctthenx’ = ct’. Thus the
parametec is the invariant speed. Knowing about the Maxwegllaions and electromagnetic
waves, we can identify this parameter with the dpddight. It is straightforward to check that

the Lorentz transformation (5.21) and matrix eql@mt preserves the space -time interval
et -x* = (ct) -2, (5.22)

<
N
[
|
A

or it has the Minkowski metric.



If a=o, then Egs. (5.22) and (5.21) produce the non-tesait Galileo transformation:
X =p(x-vt), t =t (5.23)

X)) (1 -v)x

t) 0 1)\t)
If a >0, we can write it as = g®. Then Egs. (5.19) describes a Euclidean
space-time and preserve the space-time distance:

or in matrix form

() +x* = (o) +x2 5.24).

Problem 1:
(A) By examination of (23) show that



2ir
w=— 26
= (26)
whereT is the time for the electric field to complete ayele at a fixed. That is, wherd is the
temporal period.

(B) By examination of (23) show that
= (27)

where A is the wavelength (that is, the spatial periodhefwave.
(C) By examination of (23) show that the phase velocity of this wassendeedw!/ k.

Problem 2:

Use Eq. (17) above to show that the magnetic feldorresponding to the electric field
(23) has the form,

b :% E, cos@t- kz+ g, )3 (28)

To do this problem, substitute (23) into the righhd side of (17) and then integrate to find the
magnetic field. Do not just show that (28) works upon substitution).In doing the integration
be careful to keep track of the limits.



