NATIONAL OPEN UNIVERSITY OF NIGERIA

SCHOOL OF SCIENCE AND TECHNOLOGY

COURSE CODE: MTH 382

COURSE TITLE: MATHEMATICAL METHODS IV




MTH 382: MATHEMATICAL METHODS IV

Course Team: Dr. Bankole Abiola (Writer) — NOUN
Dr. Bankole Abiola (Editef)NOUN
Dr. Bankole Abiola (Programme Leader) — NOUN
Dr S.O. Ajibola
National Open arsity of Nigeria
14-16 Ahmadu BelVay, Victoria Island Lagos.

MODULE 1: EXISTENCE AND UNIQUENESS OF SOLUTIONS
UNIT1: Ordinary Differential Equations

UNIT2: The Fixed Point Method

UNIT3: The Method of Successive Approximation

MODULE 2: SPECIAL FUNCTIONS
UNIT1: Special Functions

UNIT2: Hyper geometric Function
UNIT3: Bessel Functions

MODULE 3: SPECIAL FUNCTIONS AND PARTIAL DIFFEREENBL
EQUATION



UNIT1: Legendry Function
UNIT2: Some Examples of Partial Differential Eqoati

MODULE 1: EXISTENCE AND UNIQUENESS OF SOLUTION
UNIT 1: Ordinary Differential Equation

1.0. Introduction

2.0. Objectives

3.0. Main Content

3.1. Definitions and Examples
4.0. Conclusion

5.0. Summary

6.0 Tutor Marked Assignment

7.0. References/Further Readings

1.0. Introduction: In this module we shall stare ttheory of ordinary
differential equations with a discussion on exiseenand uniqueness
theorems covering some various types of equatiosgigu various

approaches. A differential equation is a functioeguation where the
unknown function or functions are present as déxiga with respect to a
single variable in the case of an ordinary difféiedrequation. The order of
the highest derivative is called the order of tlq@ation. Derivatives in a
differential equation can occur in various ways amd do not admit

equations where the unknown is subjected to otperations than algebraic
and differential equations.

2.0. Objectives: At the end of this unit you sholkdable
- to classify various types of differentigjuation
- to answer correctly exercises on differ@rgguations



3.0 MAIN CONTENT

3.1. Definitions and Examples

Definition (1): A differential equation is a funohal equation where the
unknown function or functions are present as déviga with respect to
single variables in the case of an ordinary diffidied equation.

Examples: Consider the following list of six exasw®lof functional
equations involving derivatives contains some bil@ equations and some
which are not.

Example (1): f'(x) = f(x)

Example (2): f'(x)= f(x+1)

Example (3): f'(x) = a,(x) + a4, (X) f (x) +a,(3)[ f(x)]°

Example (4):f"(x) =6x+[f(X)]?

Example (5):f'(x) = jox{1+[ f(9)]2}2ds
Example (6):f(x) = jol{[ (92 +[F(X)]32ds

Examples 1 and 3 are ordinary and first order dbfiéal equations, while
Example 2 is a difference differential equationt aalifferential equation in
the usual sense. Example 4 is a second ordereattiat equation. Example
5 is not a differential equation as it stands butdferenting will yield

f"(x) ={1+[ f(x)]*}*> which is a second order differential equationchihis

equivalent to Example 4. Finally Example 6 is addifferential equation
and is not reducible to such an equation by eleangmheans.

The normal form of a first order differential egoatis given as
y=F(xy) ...(1)

In the simplest case andy are real variables an@ (x,y) is a function on
R> to R'. We can also allowx andy to be complex variables and F to be
a function onc? to C*

We can also let
Y= (Y0 Yor Yas Yareewne¥n)  @NA - F=(F,Fy Fyp FL) e (2)



Where y and F are functions &i* to R' We then define the derivative
of a vector as the vector of the derivatives:
Y = (V0 Yo YarnYn) 3)(

With this notation equation (1) becomes a conderset/enient way of
writing a system of first order differential equmats:

Vi () = F (% Y10 Yo Yoo Yo s § = 123,000, n . (@

Conversely every such system can be writing asrst firder vector

differential equation. The generalization has tbHeaatage of covering nth
order equations.

To convert nth order differential equation in yatdirst order vector equation
iny, we set

Y=Y, Yy L 5) (

We can consider differential equations in more ganepaces than the
Euclidean. Here the interpretation of the derivegi\becomes a matter of
concern, and convergence questions also ariseeifsgace is of infinite
dimension.

Differential equations normally have infinite mher of solutions and in
order to find a particular one we have to imposmesspecial condition on
the solution, usually an initial condition. Theant of an existence theorem
Is to show that there exists a function which §iassthe equation in some
neighborhood of pointx,y,). A Uniqueness theorem asserts that there is
only one such function. We can, however assertettistence of solution
under much more general conditions than those wduenantee uniqueness.
This is beyond the scope of this course.



4.0. Conclusion: We have examined differential ¢éigna in a general
setting in this unit. This unit is important to thmderstanding of other
materials that would follow subsequently.

5.0 Summary: In this unit we have a general iniobidn to various form of
differential equations. This unit must be read ftdke before proceeding to
the next units

6.0. Tutor Marked Assignments.

(1) If f(x) satisfies the integral equation

f(x)=yo+ [ Fls f(s)ds,

Find a differential satisfied byf(x). What initial condition does f(x)
satisfy?
(2). Transform f (x) =on[ f(9)]?ds into differential equation. Here(x) =0

iIs obviously a solution. Are there other solutioot the functional
equation?
(3). The functional equatiorf(x)=1+joxf(s)ds implies that f satisfies a
differential equation. Find the latter and find tteenmon solution.

7.0. REFERENCES/FURTHER READINGS

EARL. A. CODDINGTON: An Introduction to Ordinary Berential
Equations. Prentice-Hall of India

FRANCIS B. HILDEBRAND: Advanced Calculus for Appétons,
Prentice-Hall, New Jersey

EINAR HILLE: Lectures on Ordinary Differential Equans, Addison —
Wesley Publishing Company, London
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1.0 Introduction: In this unit we shall use a tlggcal method based on the
contraction fixed point theorem. To apply this tteen successfully we have
to replace the differential equation by an equinbliategral equation that
can be used to define a contraction operator onitabdy chosen metric

space.

2.0. Objectives: At the end of this unit you shotlel able to apply the

contraction fixed point theorem to

- determine the existence of solutions for a gidiferential equation



- solve correctly the tutor marked assignmentsfthibiws.

3.0 MAIN CONTENT

3.1 The Fixed Point Method

Consider the following differential equation defihey

F'() = F[x £, £(%) = Yo (1)

Here F = (F,F,,.....,F,) is a vector valued function defined and continuous
N B:lx—x|<a, [y-y|<b

We may define the norm oRr" as follows:

n 1/2
|:Z(yj _yjo)} or ma)iyj _yj0|
1
We impose two further conditions an:
[Fooy)<M )

IFOGy) —Fy,) | < K|y, =, .. (3)

Condition (1) and (2) are called boundedness anddhitz condition
respectively.

We now replace the vector differential equation éyector integral
equation defined as:

f(X) =y, +L0 F[s, f(9)]ds .. (4)

We again impose the following property which folewirom the
definitions of integrals by Riemann sums, defined a

A

< J'Xz |F[ds, x, < x ... 5)



Theorem (1): Under the stated assumptions on Fedioation (1) has a
unique solution defined in the intervad, Cr, x, +r) where

. b 1
r<min@—,—)
M K
Proof: We consider the space N of all functiof(s) on R'to R"
continuous in X(x, —r,x, +r) such thatg(x,) =y, and|g-y,|, <b where

9= Yol , =sup]a(¥) -y, For such a g(x) the functionF[x g(x)] exists

and is continuous. Further its N-norm does not eddd. We now define
the transformation:

Tig(0) = Yo+ [, FIs g(9)lds, —r <x=x,<r .. (6)
Here T[g](x) is continuousi[g](x,) =y, and

[TTgI(X) - o < Mr <b .. (7)
(by the choice of r). It follows that[g]ON . We next observe that

T[99 - Tlg, 1] = <K|[!l0.(9)- 9.(9)eg

[{Fls 9.(9] - Fls,0, (9N} d{
Xo

This shows that

[Tl9.]-Tlg, ]|, < Krlg, - g, = K9, — s,
Where Kr =k <1 by choice of r. Hence T is a contraction, this implies
that there exist one and only one functiéx) ON such that

f(x):yo+LZF[S,f(s)]ols,f(xo):yO is the unique solution of the
differential equation (1) with the stated initi@ndition.

4.0 Conclusion: We have shown that we can apply ftked point
theorem to establish the existence of solutiorhédifferential equation
stated in (1). You are supposed to master the pora/eloped in this
unit before proceeding to the next unit.

5.0. Summary: The contraction fixed point theorgmpli@d in this unit
enables us to develop a unique solution to themdifftial equation stated
in (1) . It is one of the most powerful theoremsnathematical analysis.



It can be extended to spaces of infinitely many afigions. This is
beyond the scope of this unit.

6.0Tutor Marked Assignments
Determine an interval (x, -r,x, +r) where the existences of solution to

the following differential equations are guaranteed
1.y'=y,y0)=1

2.y =y’y0) =2

3.y =xy+y*y0)=0

4.y =Y+, 0)=-1y,(0) =1

7.0. REFERENCES/FURTHER READINGS

EARL. A. CODDINGTON: An Introduction to Ordinary Berential
Equations. Prentice-Hall of India

FRANCIS B. HILDEBRAND: Advanced Calculus for Appétons,
Prentice-Hall, New Jersey

EINAR HILLE: Lectures on Ordinary Differential Equens, Addison —
Wesley Publishing Company, London.
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1.0 Introduction: The method of successive appraxions is a refinement
of the old device of trial and error. What has badded is control of the
limiting process. We know how often the processtngsrepeated to bring
the result with the desire limit of tolerance. Thethod of trial and error can
be traced back to Sir Isaac Newton who was firsbéoconcerned with
approximate solution of algebraic equation. Annité iteration process for
the positive solution of the transcendental equadiefined as:

x=qarctarx, 1<a ........ (A)
was given by Joseph Fourier in hikeorie Analytique de la Chaleur of
1822. Fourier's argument is geometrical and higimguitive. It is not
difficult to give a strict analytic convergence pfo
The method of successive approximation was giverEle Picard for
differential equation in 1891. This method very sdmecame the standard
method for proving existence and uniqueness theorfm all sorts of
functional equations.

2.0 Objectives: At end of this unit you shoulddi#e to apply the method
of successive approximation to determine existeand uniqueness of
differential equation.

3.0 MAIN CONTENT

3.1 The Method of Successive Approximations
Let us consider a vector differential equationrisd by

Y =FOY V(%) =Y, - (1)

F(x y) is defined and continuous in:
Bilx=x|<a |y-y,|<b, [F(xy)|sM (2)

[Foay) =Foy,)| < Kly = v (3)



We shall state the following theorem:

Theorem (1): There exists a unique functiog),on, R'to,R" defined for
Ix=x%,| <r , where

. b
r< mm(a,M) (4)

Proof: We replace the differential equation witke initial by the
equivalent integral equation:

f()=y, +[ Fls f(3)ds (5)
fo(X) =Y,

Now define

f(x)=y,+ Lo Fls, f.,(9)]ds,m=123,.... (6)

For these functions to be well defined, we restxi¢d the interval
(%, —1,%, +1). Suppose it is known that for some valuermpfthe function

f . (x) is well defined in this interval. It is obviousath f__(x) =y,, but
the induction hypothesis must also include that (x) is continuous and
|fma(s) = Yo|<b. We then see that F[s, f,_(s)] is well defined and
continuous. Further

[FIs. £ (] <M,

Hence

sz Fls f..(s)ds, exist as a continuous function ofand its norm does not
exceed M|x-x,|<Mr<b by the choice of.

This implies that f (x) is also continuous and satisfies
f (%) = Yoo | Fn(¥) = Yo < b



It follows that the approximation are well definkx all m. To prove the
existence oflim f_(x), we resort to the Lipschitz condition. We have

11009 = 200 = |/ FIS furs (91 = FIS: (9

K[ 19 - Foa(SS

We know suppose that for somewe have the estimate

Km—Z
(m-1)!

| fra(9) = fra(9) < Mls—xo| ™[5 X,| < T (7)

This estimate is certainly very true for=2. we then get

m-1 m-1
1,00 - a9 (2_1)! M‘ [ls- x0|m'1d% = “Mx-x[". Therefore the

estimate is true for alh

Hence the series
fo(X) +Z[ £, (%) = f(X)] (8)

Whose partial sum isf,,(x), converges in norm fdk-x,| <r uniformly
In x.Hence,it,sum, f (x), IS @ continuous function orR' M - R".

The strong uniform convergence of the vector se(®s obviously
implies the absolute and uniform convergence ofmtlt®mponent series
to continuous functions orr',to,R" The estimate (7) obviously implies
that

| (%) - fm(x)||s%M exp|x = X[ x = X%o|" - ... (9)

It is an easy matter to observe thafxf x| is not

large, f_(x) converges rapidly to its limitf(x). Therefore from the
uniform convergence off_(x)to f(x) it follows that FIs,f, _,(s)]
converges to uniformly t&[s, f(s)] and



[, Fls foa(9ds — [ Fls f(s)]ds

uniformly in x. From (6) it follows that f(x)satisfies (5) and
consequently also the differential equation andiniteal condition. That
this is the only solution also follows from the kghitz condition. So to
prove unigueness we may suppose fiat is a solution defined in some
interval (x, —r,, %, +1,). then

a(x) =y, +_[:) F[s g(s)]ds, and if |x-x,| <min(r,r,) we have

|109-g00] = |[[ {Fls. 1(9) - Fls. g(9

< K‘ [lfe- g(s)||ds<

Set h(x) =|h(x) - g(x)|, then h(x) is a continuous non-negative function
that satisfies,

0<h(x) < KUXO h(s)d% hence nh(x) is identically 0. Therefore (x) is the
only solution of (1) withf (x,) =y,

4.0 Conclusion: Various questions arise when wet wanse theorem (1)
above. The first of these concerns the effectiverdgnation of a,b and
M and the verification of the Lipschitz conditioe leave this for future
considerations. We have justified the existenceadfition to functional
differential equations; we have also proved thequaness of this
solution. You are required to read carefully befpreceeding to next
unit.

5.0 Summary: We have proved the existence of fanati differential
equations by successive approximation methods. €Sane
approximation method is essentially an iterativehoe that needs to be
carefully designed to give a solution to the déferal equation under
consideration. Once the equivalent integral equatad the given
differential equation is known then it is just aasg matter to design the
appropriately iterative scheme for the equationicviwvill eventually
converge to the solution of the equation.



6.0 Tutor Marked Assignments
(1) Solve y' = y+x,y(0) =C, by method of successive approximation
(2) If y(x) is a solution of
y' =x*y=0,¥(0) = Yo1, Y'©0) = Yoz,
Show that

YO) = Yo + YouX + || (X=9)S”Y(8)ds

Use the method of successive approximations to iyl in the special
casey,, =1y, =0, Take f(x)=1

(3) The Thomas-Fermi equation defined by

/2 3/2

Xy =Yy
arises in nuclear physics. Show that it has a isoludf the forntx”. Show
also that it can be transformed into a system tmwhvimethod of successive
approximation can be applied so that there solutiosome interval [O,r]
satisfying an initial condition of the form@©0) =a>0,y'(0) =b

7.0. REFERENCES/FURTHER READINGS

EARL. A. CODDINGTON: An Introduction to Ordinary Berential
Equations. Prentice-Hall of India

FRANCIS B. HILDEBRAND: Advanced Calculus for Appétons,
Prentice-Hall, New Jersey

EINAR HILLE: Lectures on Ordinary Differential Equens, Addison —
Wesley Publishing Company, London
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6.0 Tutor Marked Assignment
7.0. References/Further Readings

1.0 Introduction: In this unit we shall examine sospecial functions such
as Beta function, Gamma function and Factorial tienc These functions
are of very useful mathematical importance in sg\ulifferential equations
and other applied mathematics problems.

2.0 At the end of this unit you should be able to :
- define beta function, gamma function, and faelarbtations
- apply these functions to solve mathematical sl



3.0 MAIN CONTENT
3.1.Special Functions
3.1.1 Gamma functions

One of the most important functions is the gamnrection, written
and defined by the integral
(1) M= e't"at
(More generally, if we consider also complex valuks those
atwhose real part is positive).
By integration by parts, we find
Ma+1)= jo‘” e'tdt=-e"t|; +a jo‘” e 't?dt = ol (a)
Thus we obtain the important functional relationtbé gamma
function
(2) r@+y=ar(a
Let us suppose that and the +ve integer, say, n. Then repeated
application of (2) yields
Fn+2)=nr(n)
(n-Hr(n-12

Now r@y=[" e'dt=—e" [, =1
B)orm+n=n

Hence gamma function can be regarded as a gerai@izof the
eliminating fractional function

By repeated application of (2)
r(Ol)zl‘(a+1)_ MNa+2) _ MNa+k+1

(@) (a)(a+]) (@)@ +1)...a +K)




Thus we obtain the relation

5 o M(a+k+1) L
(5) r(a)=lim (a)(a+1)....(a+k).( £ 0-1-2.........)
Gauss defined Gamma function as follows
6 _ lim nin
( ) ra) n-oa(a+l)..... @+n)

Where

Problemi,ya >0 and n is aveinteger, then

_lim o pn b \npaa
F(a)—n_)ooj'o{l n)t .

Proof: Now consider the integral

[ 1—% )t dt.

Substitute: =n*in the integral, we obtain
jon { 1—% y'ted = n”j: (- x)"x"*dx

By integrating by parts gives the formula
jon a- x)x"‘ldngjj (L-x)""x%dx

Repeating integration by parts, we get

N anyadgy = MN-H(N=2)...1 1y
JO d=x"™"ax a(a+1)....(a+n—1)jox o

Thus
n t a-14 — nin
.[o ( 1_ﬁ e = a(@+)...(a+n-1)
n t Ynga. Ot nnai _
O dtjo { { 1_ﬁ } e = n- o a(a+l)(a+2)..[(a+n) =r@)

Lemmal. If oca<1 1+a< €Xpa <@-a)*, cOmpare the three series.

N

Q+a)i=1+a, EXP@=1+a+3 L
n=2 N

+a) =1l+a+) a"

N=2
LemmaZ2. Ifo<a<1, @-a)"21-n, for a position integer
Proof: Forn=1, 1-a=1-4, as derived.

Assume that
@-a)Bz21- pa,



Multiply each member by- o, to obtain
A-a)"* > @1-a)d- Ba)=1- (b +1a +ba®

So that
A-a)21-(b+1) =1-(b+1)a +ba®
Lemma 2, follows by induction

Lemma 3. If o<t<n., n a positive integer
2t

oset-(1-L y<t®

n nl

Proof: In Lemma |, put =1, we get
n

(1+% )seins( 1-% }

From which

a Uy ogtl Uy
(a) (1+n )<e ns(1 n}
Or

n
But by (a)
fs _£ n
e=(1 n}
t_ _L n< —t _ﬁ 2
De -(1 n)_e[1 nz}]

In lemma 2, we have shown that
l-a)"=1-na.
t2 \
0 1-— ) 21-na
e't?
)<

o6 -(1-+
n n

Problem 2. Show that the two definitions of ganfoection are equivalent.



Proof: By using Gauss’'s  definition, we

r(z):ndimwj (1—:) )"t*
- Wo

Now

_ Lim n —t _ _i n 7l z-1 © -tyz-l
_nqw[-[o [et-(1 . I" It dt+.[n et dx
From the convergence of the integral
jo‘” et dt =1 (2)

It follows

- Lim [[e-tdt=0
n- w0
Hence

o Lim ¢n t
—ttz—ldt _ —t— 1_ - z—ldt
I, € r@+—=[ [e(1-— )

Now
[ eta Converges, s¢ e 't* *dx

is bounded.

Thus
. n t_ _1 14t —
l!mfo[e (ln)tdtO

jo‘” et dt = (2)

Problem 3. Show that

r@re-2=—" (z20.#21#2,........
Snrz
Proof: using Gauss definition of gamma function
L nl
r@=Im e, e
22— ( 1—2—2
M S
_ Snrz
7
Note if we put z = 1/2 , we get
1 .1
[raa ] =
or
r(iy)=vx

proved

that



Problem 3. Show that
r(n):ﬁr(z)r( z+% )  (z=0-1-2..... )

Jr
Proof :

222r(z)r(z+%)
(22

. . 1
222nin®nin? +E

=lim{
e zZ(z+D...(z+ n)(z+% (2+%(z+n+%

:|_ (ni)222n+1
m @n/n
The last quantity is independent of z and mustihigefsince the left side

exists.
2z E
2T (Dl (z+ 2) )

(22
O

Putz =%

We have
A=2Jm

222'1F(z)l'(z+}
orea=——— 20

3.1.2 Beta -function
We define in Beta-functioms(p, q) by

(1) B(p.9) =[ t"*@-t,"* dx, R(c) > O,R(g) >0
Another useful form of this function can be obtairy putting t =
t = Sng?, thus arriving at

(2) B(p,q) =2 jf Sn?@Cos@d8, R(p) > 0, R(q) >0

Next we establish the relation between gamma atadfoactions

Problem: Ifr(p)>0,R(g) >0.Then



r(p)r(@)

r(p+q)

Proof: r(pyr(g) =] e't"dt[ e udu

Substitutingt = x?andu = y2it gives r(p)r(q) :4.[; e'xzxzp'ldxj(:o e?y*dy

r(pr(a) =4[ [ expex? —y?)x®ty* dxdy

Next turn to polar co-ordinate for the iteratedegration over the first
guadrant in xy-plann(p)r(q):4jo°° jf exp(-22)r 22 2Cos?eEin ¥ rd &l

B(p.q) =

2_[: exp(r 2)r =2 gy 2_[7 Cos®gan®adg

Take rztandg :%ﬂ_ 6, we obtain

o 16
r(p)r(a) = _[O expe't ‘”q'ldtZL 2 9n2lgcos®de

=r(p+q)B(p,q)

a8(pa=" .

3.1.3Factorial notations
@) @, = @rk-1

(@), =Laz0

The function(a),is called the factorial notation
Problem: Show that

@ =27( 5 ). F),

Proof:- (@),, = (@)@ +1)(a+2)(@+3).....a +2n-1)

=[ (@)@ +2)....a+2n-2) | (@ +1)(@+3)......a +2n-1) ]
SR Ay ALY AL )

2 %2 2 2
[(‘%1)(‘%1 I (%ﬂm—l)]
220 % ) %1 )n

Similarly we can show that



(@0 =K"( £ ),( "Tﬂ T At

Problem show that
(@) = r(ra+n)
(a)

Proof:
Ma+n)=(@+n-)(a+n-2)........ al (a)
=(a)(a +])........ (@+n=-r(a)
MNa+n)=(a),lNa)

(@), = r(rcz;)n)

4.0 Conclusion: In this unit we have studied Gamfanction, Beta
function and Factorial notations. You are requitedtudy these functions
because of immediate applications in future.

5.0 Summary: The study of special functions in reathtics is of significant
importance in mathematics .Study this area propeefypre moving to the
next unit.

6.0 Tutor Marked Assignment
1. The Beta function op,and,q is defined by the integral

B(p,0) = [t @-1)" dt, (p,q> 0).

By writing t =sin” @ obtain the equivalent form
ml2

B(p,q) = Zjo sin®* gcos ™ &8,(p,q > 0)

2. Show that
_(pr(
B(p,gq) = —~—~*
(p.0) M(p+q)

3. By writing t = x/(x+a) in the definition of Beta function, show that



J-oo xPdx

0 (x+a)"" a"B(p.q)

7.0. REFERENCES/FURTHER READINGS

EARL. A. CODDINGTON: An Introduction to Ordinary Berential
Equations. Prentice-Hall of India

FRANCIS B. HILDEBRAND: Advanced Calculus for Appétons,
Prentice-Hall, New Jersey

EINAR HILLE: Lectures on Ordinary Differential Equans, Addison —
Wesley Publishing Company, London
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5.0. Summary

6.0 Tutor Marked Assignment
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1.0. Introduction: In this unit we shall consideclass of function usually
refers to as hyper-geometric functions. The sexidgtion of the associated
differential equation usually takes the form of @ometric series. Most
often hyper-geometric equation has 0,x=1 and x=« as regular points

and ordinary point elsewhere.

2.0. Objectives: At the end of this unit you shoblave learnt about the

differential equations that can give rise to hygeometric functions.

- learnt about the properties of this functions
-be able to apply this function where necessary.

3.0. MAIN CONTENT.

3.1 Hyper-geometric Function:

The solutions of the differential
SVl e-@ebpn_Poy=o (1)

are generally called Hyper geometric function

X(L-X)

equation



Note that a, b, and c are fixed parameters.
We solve this equation (1) about the regular siagpbintx=o0

Shifting the index
i n(n+0-l)X”‘1—i (v+ta-1)(n+b-1e, ,x"1=0

F_OI’ n=1 _
6 :( a(a+a)(n+b-1 e,
n(n+c-1)
o :( a(a+a)(a+ d...@a+n-Dbb+hHbd+2..b+n-1De,
" nle(c+1)(c+2)(c+2)....c+n-1)

Using factorial notation, we have
o =@,0),
" nl(), °
Let us choose, =1

1o @.0), .
WL e,

=< @,0), .

2 @

We have the symbol
2F, (a,b,c,x) t0 represent solution

_& (@),

Xn

Y1

U

2F1 (a,b,C, X) :i (?():; (t:gl.n X"

The solution is valid ir<| x<1/ The other root of the indicial equation is (i-
c). We may puty=3" "y

n=1

For the moment let c be not an integer for (1),itiakcial equation has root
zero and i-C. Ley=3 ¢ x
=1

D e X" (n+b-1)x"" =3 e (n+b)(N+b-1)x™* +c>_ e, (n+b)(n+b-Dx"™ +c)’ e (n+b)x""*
n=0 n=0

n=1 n=0

-(a+b+1)>’ e x™
n=0
or
> e, (n+b)(n+b-1+c)x™*™*
n=0



0

Z en[ ab+h(a+b+1)(n+b)(n+b)(n+b-1) ]Xn+b -0

The indicial equation is
e, (b)(b-1+c)=0
(Note c is not a integer).

Corresponding te=o,
i n(n+c-1e, :i (n+a)(n+h)e,x" =0

Problem 1: Ifric-a-b) >0and if c is neither zero nor a negative integer,
_r(or(c—a-h)
2F@b.cd)= r(c-a)r(c-b)
Proof
2F, @,b,c))
__ 1@
" r(o)r(c-b)
r(c) r(b)yr(c-a-b)
“ror(c-b) r(c-a)

Problem 2: Show that

(@) 2F (@88, =0-%)"
(b) X 2F (11,2,-x) = Log (L+ x)
Solution:
@ 2F (@.B,8.¥)

=1+ax+wx2 Fo Wﬁ Fo=@0-x7
(b) X 2F (11,2,-x) = Log (1 + )

11 1212, ., 123123, .,
d W (1223 " 12323 ™

y, =X"°2F (a+1-c,b+1-c;2-c;X)

Problem: Ifi<1<1 and If Rc) > R(b) >0,

2F, (a;bic;2) = r(b)rr((cg— 5 [tra-na-)d
Proof
Beta-function Now
F(b+n)(c—b) _ r £ (1= 1) I
F(c+n) 0

Also



(), . T(© (b+n)r(c-b)
©, TOrc-b r(c+n

Thus
2F,(a;b;c; 2) =i
I (b)[ (c-h)

Z (al\)lin Jj ol 1-1) c-b-1
n=0

- T©  pay (@(@)"d
T (b)r(c-b) Jot Z;) nl

_ r(c) 1 b-11p _ _iva
_7r(b)r(c—b)jot @-zt)*dt

Where

a-p° =3, CANTDulan DYy
& (). (@+n-D)y"

_g o

_ & a(@+ ). (a+n-Dy"
_g "

n

_w (@)Y
_ZO -

4.0 Conclusion: You have learnt in this unit soneperties of hyper
geometric functions. You are requested to study thmit properly before

going to the next unit.

5.0 Summary: Recall that you learnt about the abdshifferential equation,

that usually give rise to hyper-geometric functiovieu also learn about the
relations of this function to Gamma and Beta fuytdi Study this unit

properly before going to the next unit.

6.0 Tutor Marked Assignment:
(1) If R(c — a—Db) >0 and if c is neither zero aaregative integer show that

Fe)r(c-a-b)
Mc-a)l(c—-b)
(2)Show that

(a) 2F,(0; B B;X) = (1-X)
(b) X*F, (1,2,-x) = log(L+X)

2F, (a;b;c) =
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1.0. Introduction: In solving differential equatiome often come across
some problems which exhibit some characteristicctvhneeded to be
studied further. Such equations are, Legendry emuaBessel equations
e.t.c. We shall study in detail in this unit, thedBel equation which give rise
to Bessel functions. This is because of the wideliegbility of this
functions, in physics and applied mathematics.

2.0. Objectives: At the end of this unit you beesaiol
- identify Bessel functions correctly
- solve problems related to Bessel functions



3.0 MAIN CONTENT

3.1: Bessel function
The equation

,d?y _dy 2 .2y _
(1) x S HX G (¢ v =0
Is called Bessel's equation of index
(i) x =0 is the regular Singular point of the equatidhin the finite
plane
(i)  Assume that. is not integer.

y = Z Cme+r
n=0

Substituting this expression and its first and sdcderivatives into Bessel
equation, we obtain

=Y, (m+)(m+z-Dc, x™ +3  (m+r)c,x™ +> ¢, x""2-V?y ¢ x"* =0
m=0 m=0

(@) r(r—1c, +rc, -v’c, =0 (m=0)
(b) (r+D(r)e, +(r +2c,-v’e, =0 (m=1)
(C) (m+r)(m+r-1)c, +c,,-vc, =0 (m= 23....

Now ¢, 0, thus the indicial equation from (&)+v)r-v)=0
The roots are =v-v=0
2,-r,=2v
vZ£0,
V # int eger
2v integral multiply obv, i.e. v is zero ok ve integer

Now we obtain the solution corresponding to theigalkv.

Form (b) we obtair, =0 (c) can be written

(m+r—-v)(m+r +v)c, +cC,., =0

Since;, o, it follows thatc, =c, =c, =......0. Thus we put replace by 2m
(2m+r -v)(2m+r +v)c,, +C,, , =0



NOW r =v
(2m+ 2v)(2m)c,,, +Cyppp =0

Oc,, -——2rz__ (but v is not integer)m=12....)

22(v+mm
Assume
1
Cy =
v,r(v+1)
__ G  _ 1
C =23 T ovt2
2°(v+) 2" 1Ir(v+2)
_ S 1
C, = 2 T o2
22°(v+2) 2"2Ir(v+3)
a(_l)m

Com =~ 2m+v
2" milr (v+m+1)
Thus the solution is
IS
y mzzo 22m+vnﬂ_r(v+m)

We denote this solution by the notation

=y )
0 22" r(m+v+D)ml

Jvx) is called the Bessel Function of the first kifcbrderv.

By Ratio test we know that the series convergeslforalues ofx
Replacingv by-v, we have

1=y, — O (3)
m0 22" Ty (m-v+1=1)ml
(2) and (3) are the independent solutions.

Thusy=cJ,(x+c,J_,(x

(i) If v=othen the solutiony,(yand j_(x are identical. One can
verify from (2) and (3)
(i) If v is +ve integer, then the second solution (xis not
independent of (x)
Sayv=nthen the factor

I _ 1 in(@®)iszero
r(m—n+l m-nl

Whenm<n Hence (3) is equivalent to




Replace m byn+nin 5, we get change the index
G L (R

I,0=3 2 (6)

= mim+nl
From (2), when, =ninteger, thus

NG (R G
=Xy 2 7

LK — (7)
From (6) and (7), we get
3,00=(9"3,(9 (8)
Further properties of Bessel functions of firstcbin
From (2)
XvJV(X):i Ev_l)mX2m+2v

m=0 22" (m+v+ i

Now we use the formula
ar(a)=r(a+)
Xv—1xv - i (_1)mX2ﬂ+2V—1
= 2™r(m+v)ml
v _ N (=)™ x*"
=X lx =
Z 22m+v_1nﬂ.r(m+V)

m=0

=x"J,4(%)

Thus we obtain

13,00 1=x3,,09 9)
Similarly, we can show that

13,09 1= (93,09 (10)
(9) can also use written

w1, () + XYV (X) = XV, (X) (11)

(10) Can also be written

- 3,00+ X W () =%, (%) (12)
Multiplying (12) by x* and subtracting from (11), we have
3,409+ 3,09 = 213,09 (13)

Multiplying (12) by x* and adding with (11), we get
3,.,(9=3,,,(0 =23,(%) (14)



(i) we know that

NOW 2k +11=r(2k+2) = (2),,
2%+ (1) = (2) 5

2% i 2
2% 41 g )k
2% kir ( k+1+% )
3
r( 5 )
But ( 3)=1 } 1
()22 2 )=
2% k+1+% )
O2k+11=
In
] B ) (_1)kX2k+1\/;
Dsm=y, ——=——"

k=0 2% r (k +1+E

If we take v :%, then from (2), we have

Jv(x) = x i 7( D x*

kO 2k 2r(k+ )

From (15) and (16), we have
v(x) = ( i)sinx

In the similar manner, by considering the expansion
coszz (D27 1)2 ,, we obtain

The formula
31220 =( = )cosx
T

Problems

(15)

(16)



) I.x=-1,(
(i) J,';v:%(Jn_2 —23 +J, +2)

(i) 3,00= 3,9 =309

) 3,00= -2 -2 (%)
X X

W [ X"I,(0dx=x"3,, () = (m=n=D x™J,_,dx(x)
Solution
j X" (X)dx = x™ "X (x)]dx

m-n- d n+
X DX 00X

Integrating by parts, we have
=X"3,, () = (m=n=-Df x™J,_,(x)dx
This proves the result

Prove that
(vi) [ 3a(0dx==x"=3_, +(m+n-Df x™J_, (x)dx
(vii) [ 3pa09dx =] 3,,09dx=23,(x)
It immediately follows from the identity 2J!(x) =J,_,(X) = J,.,(X)
(viii) [ 3a(9dx=-x"3,,(x) +c
(ix) .[ X3, ()dx =-x"J,_,(X) +C
(x) J' x*Jo(X)dx = =x>J, (X) = 2°xJ,(X) +¢

Problem: Defining the Bessel function(x) by means of the general
function
Exampleexp{%x(t—t‘l)} =i J.(x) show that,

n—oo

If nis an integer

@) 3,00=Ex"Y (_Xi)r
) 27 & rin+r)

(b) 3.0 = (D3, (%

(©) 31400+ 3009 =20 3,9

(d) 30200+ 3, (%) = 23,09



Solution
(@) Replacetby —% in the definition

P XD =Y, (173,09

I
M

(=D"t"3..(¥)

n=co

M8

t"J.(x)

n

]
8

Thus we get
Jn(x) + (_1)” ‘]n+1 = ‘]—n(X)

(a) The exponential on the left can be expressed amdu@t of two

exponential
- - 1 X
expE(t-t™) =) —(5)"t
p[—( zonlz
= ___tm—m
zml( 2)

m=0
Every product of a term of the first series by amteof the second
contains a factaf™. Let use associate with each term of the second
series the term of the first series corresponding+ p+m(p>0). The
product contains the factors® Therefore the series expansions of the
coefficient j (x) with +ve p follows.

By associating with each term of the first series term of the second
series which correspondsnia: p+n(p >0, the product contains now the

factort™ Thus j (x) is obtained.

Problem: Prove that

(@ =2 s6)do
jo(Z)—EJ.O cos(zcosb)



Proof : We know that

exp[—(t—t )= Z jn(2)t"

n- oo

Put
t=ie™?, take real parts of both
sides and integrate betweenOand 2 ...........

exp[—le"9+|e*'9)] Z j, (2)i"(cosd +tand)

n=oo

jo(2) + Z j,(2)i" (cosg + tand)

+> j,(2)i"(cosd +tand)
n=1

explzcosd) + J, (2 +'+"

Problem prove that

[z Jo(zc0s8) cosaie = ?

Solution

c ( n" sz
(2= ) nZ; mim+ pl 2
Putp=0

W= Sy

Replace 2 byzcose multiply both sides of integrate between O to
7l

2

k

© Ny

jo(zcosf) cosdd



o 2m w
Z (=12 [2 Jo(cosB)"de

22m
U 2m 2
Now jz (cosd)dd = 2" ()
0 (2m+11
3 Z ( 1)m 2m
m=1 (2m+1)1
Now we know that
3 5
sin@d = 9—9—+9— .............
13 15
sing _, 6* 6*
—— =1t — .
17, 13 15
_sing

Zz

3.1.1 Bessel Functions of the first Kind

In the definition of Bessel functiof, (z) putz =iy, then (pinteger)
o i
jo(iy)y=e 2 (y)
=i, lyl 1 Yy2m
j(iy)=e )" mZO o Iol(2)

(2) Bessel functlon of the second kind
Solution

[} 13,(at)3, (botyct

Zal, (bZ)Jn’ (az) -bJ,(az)J, (b2)}
b -al

Solution

d’y _dy

22 +z2-2+(z2>-n%)y=0
dz? Zdz (z )y
yl = 'Jn(at)’yz = ‘]n(bt)

2.,

(i) t°y +ty1+(a2t2_n2)y1:
tzy; +ty1 +(b2t2 _nz)y2 =0

byy, and (2) byy,, and subtracts, we find



find

AR AR A DI SA
or

Sy = Yay2) + sy - yay) = (07 -2ty
or
S~y = 07 -y,
Integrating with subtract to fromo to zyield
(02 -a%)[ t(y,y,dt =t(y,y, - V1y5)

4.0 Conclusion: We have considered Bessel funatiois general setting
in this unit . You are required to read this uratefully before going to
the next unit.

5.0 Summary: Recall that Bessel functions are llysaasociated with a
class of equations called Bessel equations. Theyswally denoted by
the notation:
3,09=xy, — A
m=0 2°" r(m+v+1)ni

We gave some examples in this unit to enable yalerstand the content
of this unit .In this unit we have also examineubther type of Bessel
function usually refer to as Bessel Function of fingt Kind. However

you are to master this unit properly before attemgpto read the next
unit.

om*

6.0 Tutor Marked Assignment:
1. Given that

X0 _ &,
ez " =>r"J (X
Deduce that(n+1)J_.,(x) = g[Jn(x) +3_,(X]

2. Obtain the general solution of each of the feitey equations in terms
of Bessel functions, or if possible in terms ofnedmtary functions

d? d d’y d d?
(a)xagl—Bd—i+xy:O (b) xﬁ—d—z+4x3yzo (©) X4E¥+a2yzo
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4.0. Conclusion
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1.0 Introduction: We shall consider another claspmecial functions
which have wide application in physical problemsie3e class of
functions have Orthogonality properties. The fumtsi are legendry
functions.

2.0 Objectives: At the end this unit you shouldedtol
- identify legendry functions and legendry polynami



- solve problems relating to legendry functions
- learn about the properties of legendry functiand legendry polynomia

3.0 MAIN CONTENT

3.1. Legendry Functions

The Legends differential equation of order n isegiby

d? dy  d
=) -2 L L p(p+)y=0
2

The solution of this equation is known as Legerfdngction
a- xz)i c,n(n-)x"? - 2xi c,nx"* + p(p —1)2 c,x"=0
n=2 n=1 n=0

S {(n+2)(n+1)c,, -, [n(1+1) - p(p+L)} X" =0

n=2

Recurrence relation
(n+2)(n+1)c,,, =c,(n* +n-p’ - p) (2)

Thus
¢ (P=m(p+n+y
(n+2)(n+1)

Therefore
Cz_p(p+1)cocz_p(p+1)co Cg_p(p+1)co
21 21 31

o, - PP=2(P+3)
21

2

(P=2)(P)(P+H(P+3) .
4.1

0



o (P3P
5.4

2

(P=3(p-D(p+2)(P+4) . .
4.1 0

2 4

y, =1- p(p+1)%+(p—2)p(p+1)(p+3)%

3 5

Y, =x=(p=D(p+2) 7 +(P-3(P-D(p+2(P+ )¢

S (-D*@n-2kn
P9=2, 2"k1n - kn — 2k1

Wherem is the largest integer and run greater-ghe

In particular
P, (x) =1 p(x) = % 3x2 -1)
P4(X) :% (35x* -30x* -3
P (X) = x
fl Pn(2)p,(2)dz=0 if m#n
Solution:

@-2°)p, P = PrPm] —9Z P, Py, = Py P,
=[b(n+1)-m+1)P, P, =0

and subtracting, we have

d n n I 1
(1—22)5 P P = PPl =22 P, P — P Py
=[n(n+1) -m(m+1p, p,

d n I 1 I
@- 22)5 P, Pm = P Prl = 2Z P, P, = P Pr

Integrate from-1 to 1 we have

1
[n(n+1)—m(m+1)]jO p..p.d,
(L= 2*)(P, P — Py PRI, =0



i | dz=—2—,if m=
[ Pn(AP,(Ddz = " if m=w

Solution:

1 0
T " L(t"
o & @
Square is

1 had o 0
= nZtn = (z ntm+n
zaen & POV 2 L PP

In'[egrating from-1to 1

L, m mzo % {j P (2) P, (2)dBt™"

> ([ p@p, (23t

1

L.H.S iIog(l 27t +t ﬂl—%'ntlL:
t2n
; {2n +1}
Equating the Coefficients, we have
(iii) (n+1p,,(@-@n+1)zp, +np,,(2) =0

Solution: Differentiating with respect to t botlles of the identity
1 o

—_— = n(z)t"

V1-2zt +12 n=0 g ( )

Multlply by1-2z+t*, we have

(z- t)z pn()t" = (L-2z+t )Z npn(z)t"™*

Or

i zpn(2)t" —i = npn(2)t"* —i 2nzp, (2)t" +i mp, (2)t™*

n=0

n=0 r e



Equating the Coefficient problem: Show that

@A-2xz+2°)™% = p,(X) + p,(X) 2+ P,(X)Z° + ... i pn(x)z"

Proof:-

1
(1-2xz+ z%)? =1+%(2xz—zz)+

13 13,5

oo @xz-2%)? )E)E)--[(2p-112]

22 +(2XZ_22)+ 222 (2)(2_22)8
21+...... P1

The power ofz” can only occur in the term going from theh term
(2xz-2z*)? [=z°(2x-2zdown. Thus expanding the various powers
(2x-z), we find that the Coefficient of® is

2 P
ol (2x)
Prove that
A
— 2 _1 n
P, (2 ol 4" (z° -1

— $ (_1)r (2n B 2r) n-2r
Pa(2) = rZ::; 2"ri(n—-r)(n- 2r)1Z

Where p isp %nor %(n—l).

— 1 d" i (_1)2n:|-22n—2r
2'nldz" =5 rin-rl

- 1 dn c (_1)2anZn—2r
2"mMdz" = rin-rl
1 dn (22 _1)n
2"nl dz"

of



3.1.1 Legendry Polynomial

2
The equationi- xz)% - 2x% +n(n+1)y=0
X X

is called Legendry equation

() x=+1 are the regular singular points of the equatioe solve the
equation what the singular poi1, we put x=1=uand obtain the
transformed equation

2
(i) u(u+2)g Z+n—(n +1)y =0is the regular singular point.
u
We assume the solution point
yzz akuk+c
k=0

dy i k+c, k+cl
— = au “u
du i3 “
d2
du

Y =3 (k+0o)(k+c-Dau*eute?
k=0

The roots of the indicial equations ate- 000. Hence one solution is

logarithmic. We are only interested here in the-rlogarithmic solution.
Hence

y= i akuk
k=0

We assume, is non-zero arbitrary constant, and

ak—(k—n—l)(k+n) ak—l
2k?

Solving the recurrence solution, we have

a = (_1)k(_n)k @+n), a,
X 2" (k1)?
Thus the solution is
_ - (_1)k(_n)k(n+1)k(x_1)k
yl _1+kZ:j:_ 2k (kl)Z

Wherea, =1



— S (_1)k(n+1)k 1-k,i
y1_1+z (1)k(k1) ( 2 )

k=1

Y, = 2F,(-n,n+ m;(lézx)
= P, (%).

P.(x) ,is called the Legendry Polynomials

It is customary to take
2nl

C, e n= 012...
But from (3)
c_ =-—n0n-d c., ,Or

" @E@n-y’ e

__(n)(2n-1) @n-2)!

n n(n-1) ' “  2mn-1m-2
o = (2n-4)

"t 2n2l(n-2)(n-4)
or
c —ok = (2n - 2k)! (-D)*

" 2nk! (n - K)(n —2Kk)!

Then the legendry Polynomials of degree n is glwen
_N (-2" (2n-2k)! -2
R0=2 2kin—Kin—kin—2k |

K=0

integer not greater tha521 :

g -1)* d 2n-2k-1
DRM=2, 5 k(!(n)— ol )

Since

d 2n-2k d 2n—-2k-1
—(x =(2n-2kK)——
o ( )= ( ) o ( )
(2n-2k)@2n-2k -1).......0— 2k +1)x" %
2n—-2k!
—X

n-2k!



Hence
L1 d" (D )
()= Z 2”n1dx”z ki(n-k)1

K=0 K=0

We may now extend the range of thus sum by tekingnge from 0 ton
this extension will not affect the result, sincee thdded terms are a
polynomial of degree less thanand the nth derivative will vanish.
1 dn M (_1)nnl(x2)n—k
P =
n(%) 2"nl dx" ;, kn—Kk1

and by binomial theories, we have

P()=—r O

x> =)™ n=012,.........
2"n1dx”( ) &

this is known as Rodrigues formula

Example Show that
P,(9 = (3¢* -1

Solution: By Rodrigues’ formula

1 d? 1d? )
P ( )_Ed_( )—gd—z(x -2n° +1)
=%(3x2—1)
Problem: Show that
0] P/ +1(x) = 2n+)P,(X) + P, (X). n=12,........ (1)
(“) I:)n +1(X) - XPn(X) +(n+1)Pn (X) (2)
Solution
1 dn 2_ n+l
(i) Pra(X) = [dxzmm( n". ]
1 dn 2 _1\n 2 _1q\n
_&[Z“nld SIX(x*-D"]]  (n+1)(n" -1)"2x
_i: dn+l 2 _q\n
- 2nn1 dxn+1 [X(X 1) ]
1

= ol T gt n+l[ X(x*-)"]



— 1 — d "
2nn1 dxn
=[(2n+D)P, (9 -+ PL(¥)

[(2n+1)(x2 -1)" +2n(x2 -1)"]

Solution (ii)
Now we have that
d ,
d—[f(X)(X)+f (x)
X

d—22[><f(X)] =f"() +2f'(x)
dx

and in general
d p+1 d p+l
X

D001 = 09 [X0¢ -1

Now

p' (X)£+L+1L+l
n+l 2 dX p+l dxn+1
1 am d" d"
X X*=-D"+(n+1 +(n+1

2”n1[ dx"*l( )+ )dx" ( dx"

=Xp:1+1+(n=+1) pn(x)

[x(x* -1)"

(x*-1)"]

Eliminatingp;,,, we havenp(x) = p, - p'(x) = p,..n=12,........ (3)

Finally
(n +1) pn+l(x) - (2n+1) Xpn (X) + pn—l(x)
= 2P0 () = Pa () _ X(Phia (X) = P (X)

&) @
Thus
—(N+1) P (X) +np,,(X) = (2n +L)xp, (X)
py'+6y'+Ry=0 (A)
pu+@2p -0 +(p" -6 +Ru=0 (B)

pu'+(@2p -2p' =O) ' +(p'-2p"-6)+p"-6+Ru=0
4.0. Conclusion: You have learnt about legendrympamial and legendry
functions in this unit. Read this unit properly &&f going to the next unit
5.0Summary: You will recall that the legendry palymal is defined as

_N (-2" (2n-2k)! n-2K
P”(X)_é 2'kin—Kin—kin—2k |
This polynomial has Orthogonality property which Wwave mentioned in
this unit. Read this unit properly before procegdimthe next unit.




6.0 Tutor Marked Assignment
(1) Show that the substitution=1- xtransform Legendre’s equation to the
form:

te-9S Y +20-9 Y + p(p+2y =0

(2) Problem: Show that

(1) P () =@n+DP,(X) + P (X). n=12,........
(i) Pri +(X) =xB(x) +(n+1)P, (x).
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UNIT2: Some Examples of Partial Differential Eqoats

1.0 Introduction

2.0 Objectives

3.0 Main Content

3.1. Some Examples of Partial Differential Equagion
4.0 Conclusion

5.0 Summary

6.0 Tutor Marked Assignment

7.0 References/Further Readings

1.0 Introduction: A partial differential equatias an equation that
contains one or more partial derivatives. Suchaggns occur frequently
in application of mathematics. We shall only dssicertain partial
differential equations which are used frequenthapplied mathematics.
In fact we are going to discuss a kind of boundeayie problems which
enters modern applied mathematics at every turn.

2.0 At the end of this unit you should be able

- recognize partial differential equationstipye and character
- learn about methods of solving partial defaial equations
- apply the knowledge in some other relatetdlfi



3.0 MAIN CONTENT

3.1. Some Examples of Partial Differential Eqoasi in Applied
Mathematics:

Many linear problems in applied mathematics invotkie solution of an
equation obtained by specializing the form.

(i)

d?6 dé
F-'_'UE (1)
Where f is a specified function of position andand x are certain
specified physical constant. Heré is the Laplacian operator in
one, two or dimension under consideration and th®form.

,_d? d? d?
A= dx? * dy? * dz® 2)
In rectangular co-coordinator of three space. Uitenown function
¢ is the function of the position co-ordinates (xzyand the tine t.

NO+f =)

Laplace equation
N6=0 (3)

It is satisfied, by the velocity potential in anea incompressible fluid
without vertical or continuously distributed souwscand by gravitational
potential in free space, electrostatic potentiath@ steady flow of electric
currents in solid conductors, and by the steadystamperature distribution
in solids.

(i) Poisson’s equation

NO+f =0 (4)
Is satisfied, for example by the velocity potentiaf an
incompressible. Irrotational, ideal fluid with dowously

distributed sources or by steady temperature, iloigion due to
distributed heat sources, and by a “sheds functiondlved in the
elastic torsion of prismatic bars, with a suitaphgscribed function
f.

(i) Wave equation

10%0
Ne=="—" 5
c ot? ()



arises in the study of propagation of waves witloaigy c, independent of
the wave length. In particular, it is satisfied the components of the
electric or magnetic vector in electromagnetic tiiedy suitably chosen
component of displacement, in the theory of elaglications, and by the
velocity potential in the theory of sound (acoustior a perfect gas.

(iv) The equation of heat conduction

1 060
Ne=—— "~ 6
a’ ot 6)

Is satisfied, for example, by the temperature @bt of a homogeneous
body and by the concentration of a diffused sulegtam the theory of
diffusion, with a suitably prescribed constant

(V) The telegraphic equation

%6, 06, a6
— (7)

Which is one dimensional specialization of (1)sa&isfied by the potential
in a telegraph cable, where Lc and x = Re, if the Leakage is neglected (L
Is inductance, c capacity and R resistance Petamgth).

(vi) Differential equation of higher order, involvingetioperator A?,, also
are rather frequently encountered, in particuléwe bi-Laplacian
equation in two dimensions.

LT

0X ox“oy° oy

Is involved in many two dimensional problem of theory of Elasticity.

A= NNG =

The solution of a given problem must satisfy theper differential
equation, together with similarly prescribed bouwgdeondition or initial
conditions (2 f time is involved).

The above equation can be changed to cylindricairdmatesr &, related to
X, y and z by the equations

x=rCosf,y=rSnf,z=1z



2 2 2
A23:6_5+1%+l%+i2a€+6_f:0 (9)
or 20r 20r r°06° o0z
In spherical co-ordinates,g,6 related tox, y,zby the equations
x = PSnéCosh,y = PSnd,z=PCosd Laplace’ equation is
2 2 2 2
6_\2/+3@+6v+c029ﬂ+C03296\2/:0_ (10)
dp® poe 068 p° 08 p- 06
In what now follows we shall solution methods ofrt@d Differential
Equations:

Method of Separation of variables
Consider the equation
, 0% _du

a’—=—"0<x<It>0 (a
dx? dt (@)

This is called the heat conduction equation
Straight bar

x50 XF

This is a straight bar of uniform cross section IC)alim:m‘nogenous material.
The temperature v can be considered constant ogigey cross section.

v=U (xt).

a’ is a constant knownvas U (x,t).s the thermal diffusively. In addition, we
shall assume that the ends U (x,t).of the bar are held at temperature zero:
thusv=0when andx =e.

Ou(o,t) =0, u(l,t)=0, t>0, (1)

Finally, the initial distribution of temperature iine liar us assumed to given,
thus U (x,0) = h(x) o<x<l  (2)

(1) and (2) are called boundary conditions

We assume that

u(x,t) = f(x)g(t) 3

Substituting equation (3) far(x,t)in (1) yields

a?f"(x)g(t) = f(x)g'(t) (4)



or
2 F'(¥) _ g'(t) (5)

f9 ()

a

Now equation (5) is said to have its variable safeal; that is, the left
member of equation (5) is a function of x alone &mel right member of
equation (5) is a function ef(5) alone.

Since x andtare independent variables, the only way in whi¢hination of
x alone can equal t function of t alone is for efsiction to be constant.

(%) _ o
= (6)

2&:[) 7
T %

In which bis arbitrary

The partial differential equation (1) has now beeplaced by two ordinary
differential equations. This is the essence ofniethod of separation of
variables.

Boundary Conditions:

xv(o,t) = f(0)g(t) =0 (8)

by (1), if gt)= 0 thenux,twill be identically zero, it is not acceptable
because it does not satisfy the equation (2). Thusust satisfy the
condition

f(0)=0 9)

Similarly, the boundary condition atl) U (l,t) =0requires
f(1)=0 (10)
There are two possible values of the conskané. k =0o0r k # 0.
Values of the constakt

(1) k =0, then the general solution of equation (6) is

f(X)=c, +c, (11)
(11) Must satisfy the boundary value conditions (9) 4a€). In
order to satisfy (9)
f(o)=c,+c,==¢c, =0 (12)
It is also satisfies the equation (10)
O f()=cl=c =0 Sincel #o.
Oc, =0 (13)



Hence f (x) is identically zero, and therefore(x,t0 is also identical zero
(i)  k=zo0,we takek=-4*> , where is a new parameters. Thus the
equation (6) become
f(x)+A2f(x)=0 (14)
and its general solution is
frblei)lx +b2eMx (15)
Applying the boundary condition (9) and (10), werda
b +b,=0 (16)

f :bleiAx + bzeiAx - 0

The system (16) has a non-trivial solutin=0 and k, =0always, but it is
not acceptablai(x,t)is identically zero. Non-trivial solution existé and
only the determinant.

| iguige [=0 (17)

If we write, A = u+ivthen
e—vieeve _ ei,uee—ve =0 or
e (cospe—1sine) —e " (cosu +sinue) =0
cospe(e”® -e™) =0
sinue(e” -e™*) =0 (18)
Nowcosie(e® -e™ >0 forvand |, thussinge=0 =v=0 (19) must be so
chosen that

i, (20)
where n is a non-zero integer. From (k63 -k, (21)
From (15), we have

f (X) — bl(e—,uieeve _ eipe) - Ezl(e _:u'ezel//e)
Thus f(x)is proportional to  sinux  (23)
’r
|<:—/12:—”|2 (24)
Where n is an integer
From (7), we have
(25)

Hence the function



u, (x,t) =c, exp[- n 7|722a t]sin nlnx (26)

n=123,...wherec, is an arbitrary constant, satisfy the boundaryd@mns
2910as well as the differential equation (1). The tuts u, are some

times called fundamental solution of the Heat Catidn problem (a) (1)
and (2).
By the boundary condition (2) we get from (26).

u,(x,0) =c, sin# (27)

Each solution given by (27) satisfy the differehtequation and the
boundary condition. Since partial differentialsuation involved is linear
and homogeneous in and its derivatives, a sum of solution are also a
solution. From the known solutions,u,........u . We may thus

construct other with sufficiently strong convergergondition it is true that
even the infinite series.

u=3 u,or
n=1
o 2 2

u(xt) =Y c,expl - n Tza t]sin nlnx (28)
n=1

iIs a solution of the differential equation. In erdto satisfy the initial
condition (2) we must have

u(x,0) = i . sin# h(x) (29)

Now let us suppose that it is possible to exprg€ss by means of an infinite
series forms

h(x) = i b, sin”l—”" (30)

We know how to compute, i.e
We can satisfy the equation (29) by choostpg b,. For eachn. With the

coefficient selected in this manner, equation (@8gs the solution of the

boundary value problem (a) (1) and (2)

Thus we have solved the problem consisting of #a bondition equation.
,0%U _du

Q°f—=— , 0<x<I, t>o0 1
ox*> ot (1)



The boundary condition

u(o,t) =0, u(l,t) =0, t>o (2)
and the initial condition
u(x,0) = h(x), O<x<| (3)

we found the solution to be

Ta* n7x

u(x,t):i C, exp[n E Jsin I (4)
n=1

With the coefficients, are the same as in the series

h(x =3 b, sin”l—”" ) (5)
n=1
Where
2 .
b, =I—I;h(x)smnl—mdx (6)

The series in equation (5) is just the Fourier

Example 2. Now we consider the problem of the keatluction equation
of boundary conditions and the initial conditior thoundary conditions are
known as non-homogeneous boundary condition.

Solution: we shall reduce the present problemn® lbaving homogeneous
boundary condition we use the physical argumentterfa long time, i.e.
............... , Wwe anticipate a steady state temperaturetriloigion
.................... will be reached, and must satisfy diffiites (1), then
(which is independent of time t and initial conaiit).

............. (4)
and it satisfied the boundary condition

............. (5)
Which apply even as ................. The solution (4) wetimdition (5)



Hence the steady state temperature is a lineatidumnaf x.

We shall expresaJ(x,t)as the sum of the steady state temperature and

another distribution w(x, t).

OU(xt) =U(x) +(xt)
(7) satisfies (1), we have

a’(U+w)xx = (U+w),
It follows that

a’W, =W,
Now boundary condition
w(o,t) =u(o,t) —u(o) =T, -T, =0
w(,t) =u(,t)-u()=T,-T,=0
The initial condition
W(X,0) = (u(x,0) —u(x) = f(x) —u(x)

Where u(x) is given by (6)

(7)

(8)

9)

(10)
(11)

(12)

The problem now becomes precisely the previous ame we have the

solution
W(xt) = i b,exd - nznlzazt ]an nlm
Where "
= Igj; W(x,O)Sn?dx
Where

Ut =(T, —T1)|—X+Tl+i b.exd -
n=1
Where

b, =|3j(') [ f(x)—(Tz—Tl)I—X—Tl ]snnl—”‘dx

nrra’t
—

(13)
(14)
n ”I”" (15)
(16)

Example 3 Now we consider the problem of the heataction equation

with the boundary condition
alU, =U,

(1)



V.0ot)=0, V.(,t)=0 t>0 (2)
and the initial condition

v(x,0) = f(x) 3)
Solution:  We solve the equation by the methgohssion of variables.

[when the ends of the bar are insulated so thaetlseno passage of heat
through them].

V(xt) =h(x)g(t) (4)
(4) satisfies (1), we have
) _19®_, 5)

h(x) 0* g(t)

We assume thatis real, we consider three cases 0 and —ve.
(i) If ¢ =0 then equation (5) given
V(x,t) = Kx+K, (6)

Applying boundary condition (2), we get

K, =0. Hence corresponding

h'(x) =0

h(x) =C, +C,

g(t)=0- gt) =C, (7)

Solution is

(i) If a=2wherejis real and +ve
Oh'(x)=Ah(x)=0 (8)

g't) - Ah(x) =0 9)

From (8) and (9), we have
U (x,t)=, 2% (k. SnhAx + k,CoshXx). (10)

Now we apply the boundary condition (2)

U, (xt) = €"%?(kACosAx + K,SixAx)
U, (o,t) =0 andu,(,t)=0
K,ASinAl =0= K,,0



K,ASnAl =0=K,,0
-~ K,=0 andkK, =0
This is not acceptable, because it does not satieyinitial condition.

Some Examples of Partial Differential Equation lent, can not be
positive.

(i) o=-4, whereAis +ve and real. From (8) and (9), we obtain

U, (x,t) = e"?(kACosix + K,Cos/x) (11)

Now we apply boundary condition, we get (x=R)=0and (x:e))l%for

n=1,2,...... Sné=0,6=nn)
i : .
0o =—( - ), where n is +ve integer (12)
Combining the solution, we have
U, (xt) = % Co (13)
2 2
U,(xt) =C,exd - n nzza t ]Cos n:X,n =12,..... (14)

These solution functions satisfy the differentiguation (1) and bounding
conditions (2) for any value of the constantboth differential equation and
boundary values are linear and homogeneous, arte fseum of the

fundamental solutions will also satisfy them. Wal wssume that this is
also line for convergent infinite sums of fundana¢isblution also as well.

Thus
o 2 2

U (x,t) :%Co+z ¢ ex -2 I;O’t Jcos™® (15)
n=1

WherecC, are determined by the initial requirement that

U (x,0) = %Co+i CnCOS% = f(x) (16)

n=1

Thus the unknown coefficients in equation (15) masstcoefficients in the
Fourier Cosine series of period 2e for f. Hence



|
U, o[ t()Cos"Zexn=0, 1,2, .cccceeee.
el e

With this choice of the coefficients, (15) providdse solution of the
equation.

Example: Elastic string with non-zero initial dsgement

First suppose that string is displaced from itsilégyium position, and then
released with zero velocity at time t = O to vilkrfiteely. Then in vertical
displacement U(x,t) must satisfy the wave equation.

XU, =U, O<x<l, t>0 (1)
The boundary conditions are
U(o,t) =0, u(,t) =0, t>0 (2)

and the initial conditions

U(x0)=f(x),U (x0=0 0<x<I (3)

Where f is given function describing the configuwratof the string att =0
Solution: We use the equation (1) by the methoskpfration of variables.

Assuming that

Uxt) =X T(t) 3)
Substituting u in (1), we get

LA L (4)
X a T

We assume thatis real(we shall prone it some where else. We consider
these cases =0, -ve and +ve.

(i) o =0, thenx"=0, andX(x) = Kx+K, (5)
(i) If o>0, thenX"-#x=0 andX(x) = K,SnhAx+K,CoshAx  (6)
Wherea = o

Consider the solution given by (5)
U (x,t) = (Kx+ K)T(t)



By boundary conditionsl (o,t) =0

U(ot)=(0+K,)T() =0 T()can not be zero, because U(x,t) will be
identically zero. ThusK, =0. Next consider the second boundary condition
U(l,t)=0 thenu(,t) = (KNT{)=0=K, =0

Thus X(x) =0, it is not acceptable.

(i)  Similarly, we can show that for (6) under boundagndition
K, =0=K,.

Thus o =0and o = +vereal number are not acceptable. We now consiger th
last cast

(i) o=-Ax=0 (7)
X"+AX =0 (8)
T"+Xa’T =0
0 X(x) = K,SnA + K, CosAx 9

T(t) = K,SnAat + K ,Coslat (10)

Thus

U (x.t) = (K,Snix+K Coslat)(K,Sinat + K,Cosiat) (11)

Satisfies (1) for all values &€ ,K,,K,,K, and for and1 > 0.

Now we impose the boundary conditions
U(o,t)=0, Thus
U (o,t) = K,(K,SnJat + K,Coslat) = K, =0 (12)

Secondly boundary conditian(,t) =0,
U (,t) = (K, Snl)(K,Snlat + K ,Coslat) =0 (13)

If K,=0, then U (x ,t) is zero identically, thus for nonal solution.

Sin/1|=0:>/1=n|—n,n=12 ........ (14)

Hence the functions which satisfy the equationaddl boundary condition
(2) are of the form.

U, (xt) = Sinnl—m(CnSinnm

+ KnCos@) (15)

Where n=1,2,........ C, and K_are arbitrary constants. Now we apply the
principle of super position of solution and assuha



U0 =3 U,

nrat

3 Sin#(CnS'n

n=1

+ KnCos@) (16)

Further we assume that (16) can be differentiaten by term with respect
tot
U,(x,0) =0 yields

Un(x,o)=i CnESnE=O (17)

e I I

= C, =0 for all values of n
= The other conditionw (x,0) = f(x)
Given

U, (x,0) = i Knsm@ - £(%) (18)

Consequentlyk must be line coefficients in the Fourier Seriepefiod 2 |
for f and are given by

|
Kl—zj f(x)S'n@dx,n =12,... (19)
0

Thus the formal solution of the problem (1) witmddion (2) and (3) is
U,(xt) = Z’o: Kﬁn?Cosnm’X (20)

= |

Where the coefficient&  are given by (19).

For a fixed value of n the function

Sn@Cos@is periodic in time t with the periodr%; it therefore
represents a vibratory motion of the string hawimg period or having the
frequency@. The quantitiesAa:?for n=1, 2,...... are the natural

frequencies of the string. The factmpSng represents the displacement

pattern occurring in the string, when it is exetgtvibrations of the given
frequency.



In the case of heat conduction problem, it is gptamy to try to show this by
directly substituting equation (20) for U(x ,t) (h), (2) and (3), we compute.

U, (xt) = —i K,K%T)ZS'n#Cosn—mt (21)

=1 |

Due to the presence of the factaiin the numerator, this series may not
converge. It is not possible to justify by diregth respect to either variable
in 0,1 and t>0, provided h is twice continuousl¥felientials on ¢ «,«). This
require f' and f"are continuous on [o,l]]. Furthermore, sintewe must

have
f"(0)=f"()=0

Example: General Problem for inelastic string.
Consider the equation

aU,-U, =0, 0,<x,l, t>0; (1)
The boundary condition

U (o,t) =0, Ud,t)=0 (2)
and the initial conditions

U (x,0) = f(X),Ut(x,0) =g(x)0<x<0 (3)

Solution: As we have done in the previous case oWtain the solution

U (x)=Y U=y Snnl—mcn9n”m°‘+|<nc:os@ (4)
n=1 n=1

Applying the initial condition U(x ,0) = f(x) yiels
U(x0) ==Y K,ﬁn% = (%) (5)

n=1

Where the coefficientx,are given in the Fourier Sine Series of period 2|
for f and are given

|
Kl—zj f(x)S‘n?dx,n =12,.... (6)
0

Differentiate (4) with respect to t and putting stitntion. We establish the
validity in a different way. We show

U (xt) :%[ h(x-at) + h(x +at) ] (22)

Where h is function obtained by extending the ahitlata f(x) into (-1,0) as
an odd function, and other values of x as a peritudiction on period 2I.



That is
h(x+21) = h(x).

Now
h) =3 K,an%
n=1

Then
h(x-at)=Y KH(Sn”I—”"cOs@ —COSﬂSn@)

n=1

UG =D U x)=) S n”lixqg nnT—a(+K1CosW|7—w

Equation h is the function (20) follows on addihg two equation.

Note: [If f(x)has a Fourier series, then it must be periodiccamtinuous].

1. If U(xt)is continuous foro<x<land t>o0provided that h is
requires that f is continuous on line intervaby( ). This requires
that f is continuous on the interval (o,l) andcsith is odd periodic
extension of f, that f be zero at x=0 and x=p.

2. U is twice continuously differentiable t=0, we get

U0 =Y, “2c,sn™E = g(x) (7)

n=1

Hence the coeffic:iem%‘(@)cn are the coefficients in the Fourier Sine Series

of period 2l for g; Thus

?:cnlgﬂ [ g(x)sjn?dx, n=1,2.......... (8)

Thus the equation (4) with the equation (6) ando@)stitutes the formal
solution of the equation (1).

Example: Laplace’s equation: One of the most irtgyarof all the partial
differential equation occurring in Applied Mathemeatis associated with
the name of Laplace. Laplace equation in two dsiaaTs.

Uy,+U, =0 (1)

and in dimension



U,+U, =0 (2)

Now solve (1) under the boundary condition. Thebpem of finding a
solution of Laplace’s equation which takes on gimundary values is
known as Dirichilet problem.

Problem I. Solve the Laplace equation

U,+U, =0 (1)

In the rectangl® < x<a, 0<y<b, and which satisfies the boundary
condition

U (x,0) =0, U (x,b) =0, O<x<a, (2

U(o,y) =0, U@@y)=1f(y), Os<ys<b

Where f is given function on<y<b

Solution:

U (xy) = X(x)Y(y) (3)
Substitutingu (x,y)in (1), we get

X=X =k (4)
X Y

We assume that k is real.
(i) If K=0thenx"=0 andy"=0, andu(xy) = (K, +K,)(C,y+C,) (5)

The homogeneous boundary conditions y=0 and y=b bmarsatisfied y
C,=C,=0=U(x,y),is identically zero. Hence K=0 is acceptable.

(i) K=4,4>0then

X"=FX=0

Y'=XY=0
and thus
U (% y) = (K, SnhAx + K,CosAx)(C,Sinly + C,CosAy) (6)
In order to satisfy the boundary conditions0oandy=0= K, =0=C,
The condition at y=b becomes



K,C,SinixSinib = 0 7)
= Snib=0

It follows that

Ab=nn, N=1,2,3,........... (8)
Thus the solution of the differential equation mostof the forms.

U, (x,Y) =Cn9nh%9nnb—m, n=1,2,3,.... (9)

There functions are the fundamental solution ofgghesent problems. We
assume

Uxx(x,y):i Un(x,y):i CnSnnl—anthnmx+Sn% (10)
n=1 n=1
Now the last boundary conditions
U @y=fy=3 CnSinhn:)BSinhn;RSinng (11)
n=1

Thus the coefficients:nSinh% must be the coefficients in the Fourier Sine

Series of period 2b for f(y) and are given by
b
CHthEE f(y)S'nnTnydy (12)

(o]

Thus (10) is the solution of the equation (1) $atg the boundary
condition (2) and coefficientsnth%are computed from (12).

(iv) If K =-#sthen
X"+ X =0
X"+ XY =0
and
U (x,y) = (K,SnhAx + K,CosAx)
C,(x, y)SnhAy + C,CoshAy) (13)
Again the boundary condition at y=0 and y=b leadcC{e C, =0, so again
U(x,y) is zero, everywhere. Henee= ¥ is not acceptable.

Problem: Dirichilet problem for a circle

Consider the Laplace’s equation in polar co-ordigat

1 1 1
U_+-U,—+U,—U®Ba 1
R ®



With boundary condition
U(a,6) = (f(6) (2)
fis a given function o < 6 < 62n.

Moreover, in order that U(z, o) the single valugds necessary that, as a
function of 8, U must be periodic with periogh.
Solution: Letu (z,0) = R(2)6(6) (3)

We substitute (3) in (1)

r"9+lR'9+i2R67’ =0
2 r
Or

J

r2_+25':—5_":K (4)
R R 6

Again we assume that the separation constant neustab

D) Suppose K=0
rrR'+rR6=0
6'=0
Ou(r,6) =(K +K,Log2
6(6) =C, +C,0

Ou(r,8) = (K, +K,Log2(C, +C,) (5)

Since equation is periodic #thuscC, = 0.
Further r . othe term log r is unbounded this behaviour is uaptable.

Thus we impose the condition that U (z, o) reméimge at all points of the
circle and hence we must take

K,=0
OU,(r,0) =Constant :;co say (6)
(i) If K=A2then
g -126=0 (7)
06) =C° +Ce™ (8)

The functioru (r,0) is periodic thusC, +C, = 0.
This makes (r 0) identically zero. This is not acceptable.



(i)  Finally K = 2,4 > 0,yields

PR +rR' - FR=0 ()
And

g +X0=0 (10)

OR(r) =Kr*+Kyr™
6(8) = C,SnA@ +C,CosA8 (11)

In order thatg be periodic wit period2nit is necessary thattbe a
positive integer.

Moreover the solutionr~of (a) be discarded, since it becomes
unbounded as - o. ConsequentlK, =0. Hence the solutions (1) are

U,(r,0)=r"(C,Cosnd+K Snnd), n=1,2,............
These functions, together with that of equationsgérve as fundamental
solutions of the present problem. Thus

u.8) :%CMZ ("(C.Cosn@+K_Sinn6) (13)
The boundary condition (2) then requires that

£(6) =U(a.6) =%CO+Z a"(C,Cosnf+ K_Sinné) (14)
for o< < 2n.

The function f () may be extended outside thus interval so alsopérgdic
of period 272,and has a Fourier Series of the function (14)

cmn 1 eom
a’C _Ejo f (6)Cosn&l8 (15)

aK, :ijz” f (6)Snn&o (16)
71 0

With this choice of coefficients (13) represents siolutions of the boundary
value problem of equations (1) and (2).

(1) The Heat conduction equation in two space dimensiay be
expressed in terms of polar co-ordinates as

az(uzz+éuz+2—1zuee) =U,

Assuming that
U (r,6,t) = R(r)8(&)T (). Find ordinary equation satisfied I&(r),8(&)T (t)



The integrand is an even function.

=[° (1—0052”—”")d

_[ X—LS Zn_m OC_C n:1,2,
2n71 C

Similarly we can obtain

lg = ¢ cost M ax=c forn=1,2,3.............
" c

=2C for n=0.

Similarly we can show that

I —_[ Sn znmSn—dx C ifk=n
C

I :L CosTCosdex:C if k=n

Periodic function: A function f is said to be pmtic with periodT if the
domain of f contains+T whenever it contains x, and y.

f(x+T)=f(x) for every value ok.
f(x+T) = f(X)
With fundamental period =21/m. Every such function has the period (2I)

The function SnzgandCOS%,n =12, are periodic.

3. Fourier Series
We assume that there exists a series expansionthe type

1 hd n/x, . n/x
f =—a, + Cos—b Sn— 1
(X) Z%E[aﬂoscnnc) (1)
Valid in the interval-C < x<C

( n" Z y2m
LE@=G ) mz‘i mim+ p1 2
(1) is called the Fourier Series corresponding to f§ando, .
Multiply (1) by sin( == K7 )
integrate each term from —-c to c, thus arriving  at
c brx  _1_ e -
_[_C f(x)Sianx—an_[_C TdXJ’Z [ anj' COSTSH T ix ] @

As seen earlier

dx,where k is a tve integer, and then



j Cos —Sn?dx o for allk and n

And
j Sn —Sn—dx 0if k#n
C

=c Iifk#n

Using in (2) we have
J'C cbk

f(X)Sn?dX—_ K 123 [EEREREREERERERRERERE]
or
bnlaojc F0Sn % dx, N=1,2, ..oeennnn..

c 7 C

Let us now evaluate the coefficientss, Using the multiplies

Cosk?mdxthroughout equation (1) and then integrating teyntelbom for —c to

c, we get
'[_C f(x)Cos—dx——aDJ' Cosk—dx+z [an.[ Cos?Cosk—mdx+b SnTCoskdex
(4)
Now we know that
J Cos?Cosk—mdx o fornzk
=c forzk
If k=20 (4) reduces to
J_Cc f(x)Cosl%de=eak
or
an'[_:: Cosf (x)Cosn?m dx (5)

Next we determine the coefficient Suppose =o in (4)

jc f(x)dx——aoj f(x)dx+z[[anj Cos—dx+bj Sin—dx (6)

Thus we have



jc f (x)dx =%a0(20)

or [ g, =%f(x)dx (7)

Thus we write the formal expansion as follows

_1 N n7x in /X 8
f(x)—2a0+n2=‘1 [ a,Cos c +b.Sn , dx ) (8)
With

-1 LLLC VY Y I 9
a, c-[-c f (x)Cos C dx,n=0 ( )
bﬂ:&j f(x)gnnﬂdx,nzl, 2, .. §10

cee C

Note that the formulae (9) and (10) depend onlynughe values of f(x) in
the interval -c<x<c. Since each of the terms in the Fourier seriesig8)
periodic with period 2c, the series converges fox ahenever it converges
In -c<x<c., and its sum is also a periodic function with pdr2c. Hence
f(x) is determined for all x by its values in thdarval -c< x<c..

4.0 Conclusion: You have been introduced to padiffrential equation in
this unit. The attempts here are just introductdiyu required to study this
unit properly because you will need them in youbsg&guent courses in
mathematics.

5.0. Summary: In this units various forms and typégartial differential
equations were studied: These include (1) Wave temqug?2) Laplace
Equation (3) Heat Equation. e.t.c.

We also proposed various methods of solving tkegsations which include
method of separation of variables and Fourier seggplications. You are
required to study this unit properly and attemptred exercises at the end of
the unit.

6.0 Tutor Marked Assignment:

(1) Show that the boundary-value problem

d2

dey'kzy: 0,y(0) =y()=0

Cannot have a nontrivial solution for real valuéxo



(2) Determine those values af for which the partial differential equation
9°T  0°T _

——+—— =0

ox> oy’

Possesses nontrivial solutions of the foriy, y) = f (x)sinhky which vanish
when x = 0,and, when, x = |

(3) By considering the characteristic functionshedf problem
d’y _, dy

1-x*) =2 = 2X—>+ Ay =0,

d=x )dxz de Y

Show that [ P, (x)P,(x)dx =0
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