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Chapter Three: Digital Modulation Schemes

symbols are transmitted. Parameter R, is called the signaling rate or symbol rate. Since
each signal carries k bits of information, the bit interval T, i.¢., the interval in which
[ bit of information is transmitted, is given by

Ty L = i (3.1-4)
ko logy M
and the bit rate R is given by
R =kR, = Rilogy M (3.1-5)

If the energy content of 5, (1) 18 denoted by &, then the average signal energy 18
given by

M
gavg = Z ngm (3-1_6)
m=1

where p,, indicates the probability of the mth signal (message probability). In the case
of equiprobable messages, Pm = 1/M, and therefore,

| M
=1 ) B.1)
m=1

Obviously, if all signals have the same energy, then £, = € and €y, = €. The average
energy for transmission of 1 bit of information, or average energy per bit, when the

signals are equiprobable is given by

Evarg = ——gavg = __favg (3.1-8)
ko loggM
If all signals have equal energy of £, then
¢ €
e ol (3.1-9)

If a communication system is transmitting an average encrgy of Eyag per bit, and
it takes T, seconds to transmit this average energy, then the average power sent by the

fransmitter 1

B i 2110
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ko logyM
and the bi rate R is given by

R = kR, = R, log, M (3.1-5)

If the energy content of ,,(¢) 18 denoted by €, then the average signal energy 1s
given by

M
gavg = Z ngm (31_6)
m=1

where p,, indicates the probability of the mth signal (message probability). In the case
of equiprobable messages, Pm = 1/M, and therefore,

1 M
b= Y G (3.1-7)
m=]

Obviously, if all signals have the same encrgy, then &, = & and €y, = & The average
energy for transmission of 1 bit of information, or average energy per bit, when the

signals are equiprobable 1s given by

& £
= 2 = = 318
A 3.19)
If all signals have equal energy of £, then
£E £
§=—x (3.1-9)
ko logy M

If 2 communication system is transmitting an average encrgy of &y per bit, and
it takes T, seconds to transmit this average eDergy, then the average power sent by the

fransmitter 18

Cvay
g — el = Rgbavg (31_10)
b

e e of anmal eneroy sionals becomes
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3.2—-1 Pulse Amplitude Modulation (PAM)

In digital PAM, the signal waveforms may be represented as
Sm(t) = Amp(®), l<=m=<M (3.2-1)

where p(t) is a pulse of duration 7' and {A,,, 1 < m < M} denotes the set of M possible
amplitudes corresponding to M = 2* possible k-bit blocks of symbols. Usually, the
signal amplitudes A,, take the discrete values

Apn=2m—1—M, m=1,2. 0., M (3.2-2)

i.e., the amplitudes are +1, +£3, £5, ..., £(M — 1). The waveform p(#) is a real-valued
signal pulse whose shape influences the spectrum of the transmitted signal, as we shall
observe later.

The energy in signal s,,(?) is given by

Em = f A2 p*(t)dt (3.2-3)

= AZE, (3.2-4)

where £, is the energy in p(¢). From this,

gavg = —M— Z Am

2
=%(12+32+52+-~+(M—1)2)
2, . MM? —1)

M 6
(M2 —-1E,
o 3

(3.2-5)

Chapter Three: Digital Modulation Schemes

where f, is the carrier frequency. Comparing Equations 3.2-1 and 3.2-8, we note that
if in the generic form of PAM signaling we substitute

p(t) = g(t) cos(2m f.t) (3.2-9)
then we obtain the bandpass PAM. Using Equation 2.1-21, for bandpass PAM we have
A2
En = 7’"55. (3.2-10)
and from Equations 3.2-5 and 3.2-6 we conclude
M? - 1E
Eag = W~ Do (3.2-11)

6



FIGURE 3.2-1
I = = Constellation for PAM signaling.
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signal amplitudes differ by one binary digit as illustrated in Figure 3.2-1. This mapping
is called Gray coding. It is important in the demodulation of the signal because the most
likely errors caused by noise involve the erroneous selection of an adjacent amplitude
to the transmitted signal amplitude. In such a case, only a single bit error occurs in the
k-bit sequence.

We note that the Euclidean distance between any pair of signal points is

tmn =\ [|Sm — $n |2 (3.2-18)

= |dm — Ault/E; (3.2-19)
&
= |An — Ayl 7“"" (3.2-20)

where the last relation corresponds to a bandpass PAM. For adjacent signal points
|An — A,| = 2, and hence the minimum distance of the constellation is given by

din = 21/E, = /26, (3.2-21)

We can express the minimum distance of an M -ary PAM system in terms of its S
by solving Equations 3.2-6 and 3.2-12 for £ p and &, respectively, and substituting the
result in Equation 3.2-21. The resulting expression is

121og, M
dmin == \/__1(5_2_1 gbavg (32_22)

Aq2



Chapter Three: Digital Modulation Schemes

Signal
amplitude
A
0 | I L t
0 T 2T 3T 4T 57 6T
Data: 11 10 00 01 11 00

(a) Baseband PAM signal

A\ _L-L_ i

(b) Bandpass PAM signal

FIGURE 3.2-2
Example of (a) baseband and (b) carrier-modulated PAM signals.

where g(t) is the Hilbert transform of g(¢). Thus, the bandwidth of the SSB signal is
one-half that of the DSB signal.

A four-amplitude level baseband PAM signal is illustrated in Figure 3.2-2(a). The
carrier-modulated version of the signal is shown in Figure 3.2-2(b).

In the special case of M = 2, or binary signals, the PAM waveforms have the
special property that s;(f) = —s,(¢). Hence, these two signals have the same energy
and a cross-correlation coefficient of —1. Such signals are called antipodal. This case
is sometimes called binary antipodal signaling.

3.2-2 Phase Modulation

In digital phase modulation, the M signal waveforms are represented as

sn(t) = Re [g(t)ef =B efz”f'-‘f} , m=12,...,M
2
= g(t)cos {237]‘6.{ - ﬁ(m — l)}

(3.2 '24)



Digital Communications

where g(¢) is the signal pulse shape and 6,, = 2n(m — 1)/M, m = 1,2,..., M, is
the M possible phases of the carrier that convey the transmitted information. Digital
phase modulation is usually called phase-shift keying (PSK). We note that these signal
waveforms have equal energy. From Equation 2.1-21,

1
and therefore,
&
B = 3.2-26
bavg 210g2 M ( )

For this case, instead of &,y and &y, We use the notation £ and &.
Using the result of Example 2.1-1, we note that g(¢) cos 2 f.T and g(t) sin 2n ft
are orthogonal, and therefore ¢;(¢) and ¢, (¢) given as

di(t) = ig(t)cosanct (3.2-27)
Sg
2 .
9t) = — | 5g(W)sin2r it (3.2-28)
g

can be used for expansion of 5,,(¢), 1 <m < M, as

Sml1) = \/%COS (%(m — 1)) é1(2) + \/%jsin (%(m = 1)) d(t)  (3.2-29)

therefore the signal space dimensionality is N = 2 and the resulting vector representa-
tions are

B &y 2 & . (2 B
By = \/;cos(ﬁ(m—l)),\/;sm(ﬁ(m—l))), =12 .. M

(3.2-30)

Signal space diagrams for BPSK (binary PSK, M = 2), QPSK (quaternary PSK,
M = 4), and 8-PSK are shown in Figure 3.2-3. We note that BPSK corresponds to
one-dimensional signals, which are identical to binary PAM signals. These signaling
schemes are special cases of binary antipodal signaling discussed earlier.

As is the case with PAM, the mapping or assignment of k information bits to the
M = 2F possible phases may be done in a number of ways. The preferred assignment
is Gray encoding, so that the most likely errors caused by noise will result in a single
bit error in the k-bit symbol.
"~ The Euclidean distance between signal points is



Chapter Three: Digital Modulation Schemes

FIGURE 3.2-3
Signal space diagrams for BPSK; QPSK,
and 8-PSK.
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or QAM, and the corresponding signal waveforms may be expressed as
Sm(t) = Re [(Api + j Amg)g(1)e’*™ ]

(3.2-35)
= Apig(t)cos2m fot — Apyg(t)sin2nfet, m=1,2,...,. M

where A,; and A,y are the information-bearing signal amplitudes of the quadrature

carriers and g(#) is the signal pulse. Alternatively, the QAM signal waveforms may be
expressed as

snlt) = Re [/ e ]
(3.2-36)
= Fopy COS G2 [t + )

where r,, = (/A2. + A%q and 6,, = tan '(A,,;/Ay;). From this expression, it is
apparent that the QAM signal waveforms may be viewed as combined amplitude (r,,)
and phase (6,,) modulation. In fact, we may select any combination of M -level PAM and
M;-phase PSK to construct an M = M; M, combined PAM-PSK signal constellation.
If My = 2" and M, = 2™, the combined PAM-PSK signal constellation results in the
simultaneous transmission of /n + n = log, M| M, binary digits occurring at a symbol
rate R/(m + n).

From Equation 3.2-35, it can be seen that, similar to the PSK case, ¢(¢) and ¢,(¢)
given in Equations 3.2-27 and 3.2-28 can be used as an orthonormal basis for expansion
of QAM signals. The dimensionality of the signal space for QAM is N = 2. Using this

basis, we have
& &
$m(t) = A —zﬁ 1O + Ang | ~2§¢2(r) (3.2-37)

which results in vector representations of the form

Sm = (Smla 5m2) |
£ &
\/ g \/ 2

£
En = lIsnll® = 2 (A2, + A2,) (3.2-39)

(3.2-38)

and



Several signal space diagrams for rectangular
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Multidimensional Signaling



It is apparent from the discussion above that thggtal modulation of the carrier
amplitude and phase allows us to construct sigrealefiorms that correspond to two-
dimensional vectors and signal space diagrams.elfimsh to construct signal wave-
forms corresponding to higher-dimensional vectars,may use either the time domain
or the frequency domain or both to increase the brmof dimensions. Suppose we
have N-dimensional signal vectors. For any N, wey mabdivide a time interval of
length TI = NT into N subintervals of length T =/NL In each subinterval of length T,
we may use binary PAM (a one-dimensional signaljramsmit an element of the N-
dimensional signal vector. Thus, the N time slote aised to transmit the N-
dimensional signal vector. If N is even, a timetstd length T may be used to
simultaneously transmit two components of the N-&hsional vector by modulating
the amplitude of quadrature carriers independenylyhe corresponding components.
In this manner, the N-dimensional signal vectotrimsmitted in ¥NT seconds’(, N
time slots). Alternatively, a frequency band of tidND may be subdivided into
frequency slots each of width An N-dimensional signal vector can be transmitted
over the channel by simultaneously modulating thepléude of N carriers, one in
each of the N frequency slots. Care must be takeprovide sufficient frequency
separationD between successive carriers so that there is nesdedk interference
among the signals on the N carriers. If quadratamiers are used in each frequency
slot, the N-dimensional vector (even N) may be $raitted in 1N frequency slots, thus
reducing the channel bandwidth utilization by atéacf 2. More generally, we may
use both the time and frequency domains jointlyramsmit an N-dimensional signal
vector. For example, Figure 3.2-7 illustrates adsubion of the time and frequency
axes into 12 slots. Thus, an N = 12-dimensionahaigyector may be transmitted by
PAM or an N = 24-dimensional signal vector may lbansmitted by use of two

guadrature carriers (QAM) in each slot.
Orthogonal Signaling

Orthogonal signals are defined as a set of equariggrsignals s,, (f), 1 <m <
such that

(S. (1), =0, m and |l <m, (3.2-46)
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