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CIT 342 Formal Languages and Automata Theory

Introduction

CIT 342 — Formal Languages and Automata Theorys a two (2) credit unit course
of 16 units. The course will cover the importanifial languages in the Chomsky
hierarchy -- the regular sets, the context-fregl@ages, and the recursively
enumerable sets -- as well as the formalisms tha¢ate these languages and the
machines that recognize them. The course will misoduce the basic concepts of
computability and complexity theory by focusingtbe question, "What are the
fundamental capabilities and limitations of comps®8

The concepts covered in this course will be amllgtrated by applications to
current programming languages, algorithms, nataregjuage processing, and
hardware and software design.

Also, in this course we shall investigate whethersipossible at all for a given
language to find out if a given word belongs torinot, and if it is possible how hard
it will be. These constitute the fields decidability theoryand complexity theory
respectively.

What we really want to do is to find out whiploblems can be solved in general, and
for those problems that can be solved, how haigltd solve them. In order to make
these questions more precise, we encode probletasg@sages.

Although the idea o&utomatonis quite old (for example a simple pendulum), #&sw
Post's work, contemporary with Turing, that madssgae a general characterization
of machines that has been so helpful in the dewedop of ideas ranging from
combinational circuits to finite-state languagedthdugh not as powerful as the
machines associated with Chomsky and Turing au@mneghain a very important tool
in the elucidation of the inner workings of maclsrend provide an excellent starting
point in understanding the basic ideas underlymgemporary science.

It is a course for B. Sc. Computer science mdjodents, and is normally taken in a
student's third year. It should appeal to anyone vshinterested in the design and
implementation of programming languages. Anyone abes a substantial amount of
programming should find the material valuable.

This course is divided into four modules. The finsbdule deals with the general
concepts of formal languages

The second module treats, extensively, regulardaggs and the class of automata,
finite state automata, that recognises strings rgéee@ by regular grammar.

The third module deals with context-free languaayes$ pushdown automata

The fourth module which is the concluding moduletlod course discusses Turing
machines and the rest of the language classes
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This Course Guide gives you a brief overview of ¢barse contents, course duration,
and course materials.

What you will learn in this course

The main purpose of this course is to acquaintestiedwith the fact that languages
fall into various classes, according to their coemply. Some languages can be
parsed, i.e. interpreted, by a very simple statehina. Others require the human
brain, or something comparable.

Languages also have many representations: madhiaxecognize them, expressions
that describe them and grammars that generate them.

Thus, we intend to achieve this through the follayvi

Course Aims

First, students will learn the key techniques indexm compiler construction, getting
prepared for industry demands for compiler engimeer

Second, students will understand the rationaleanious computational methods and
analysis.

The third goal is to build the foundation for statieto pursue the research in the areas
of automata theory, formal languages, and compmurtakipower of machines

Course Objectives

Certain objectives have been set out to ensurdtibatourse achieves its aims. Apart
from the course objectives, every unit of this seuhas set objectives. In the course
of the study, you will need to confirm, at the esfdeach unit, if you have met the
objectives set at the beginning of each unit. Upompleting this course you should
be able to:

- Discovering computational thinking

- Understanding the fundamental models of computdahahunderlie modern
computer hardware, software, and programming laggsia

- Discovering that there are problems no computerscére.

- Discovering that there are limits as to how fasbaputer can solve a problem.

- Learning the foundations of automata theory, cowmplity theory, and
complexity theory.

- Learning about applications of theory to other ar@acomputer science such
as algorithms, programming languages, compiletsirablanguage translation,
operating systems, and software verification.

Related Courses
Prerequisites: CIT 331; Computer Science studerlis o

Working through This Course
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In order to have a thorough understanding of thasm units, you will need to read
and understand the contents, practise the steplesigning a compiler of your own
for a known language, and be committed to learnamgl implementing your
knowledge.

This course is designed to cover approximately rs#ees weeks, and it will require
your devoted attention. You should do the exerdis¢lse Tutor-Marked Assignments
and submit to your tutors.

Course Materials
These include:

1. Course Guide

2. Study Units

3. Recommended Texts

4 A file for your assignments and for recordsnonitor your progress.

Study Units
There are 16 study units in this course:
Module 1: General Concepts
Unit 1: Alphabets, Strings, and Representations
Unit 2: Formal Grammars
Unit 3: Formal Languages
Unit 4: Automata Theory

Module 2: Regular Languages
Unit 1: Finite State Automata
Unit 2: Regular Expressions
Unit 3: Regular Grammars
Unit 4: Closure Properties of Regular Languages
Unit 5: The Pumping Lemma

Module 3: Context-Free Languages
Unit 1. Context-Free Grammars
Unit 2: Properties of Context-Free Languages
Unit 3: Pushdown Automata
Unit 4. CFGs and PDAs

Module 4: Turing Machines
Unit 1: Turing Machines and the rest
Unit 2: Turing Machines and Context-Sensitive Graarsn
Unit 3: Unrestricted Grammars

Make use of the course materials, do the exertaseshance your learning.

Textbooks and References
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Assignments File

These are of two types: the self-assessment egercasd the Tutor-Marked
Assignments. The self-assessment exercises willblenayou monitor your
performance by yourself, while the Tutor-Marked ssnent is a supervised
assignment. The assignments take a certain pegeemfyour total score in this
course. The Tutor-Marked Assignments will be asskdsy your tutor within a
specified period. The examination at the end of tlmurse will aim at determining the
level of mastery of the subject matter. This coursdudes sixteen Tutor-Marked
Assignments and each must be done and submittextdiiwgly. Your best scores
however, will be recorded for you. Be sure to sémese assignments to your tutor
before the deadline to avoid loss of marks.

Presentation Schedule

The Presentation Schedule included in your coursemals gives you the important
dates for the completion of tutor marked assignsieamd attending tutorials.
Remember, you are required to submit all your assents by the due date. You
should guard against lagging behind in your work.

Assessment

There are two aspects to the assessment of theecouUfirst are the tutor marked
assignments; second, is a written examination.

In tackling the assignments, you are expected myajformation and knowledge
acquired during this course. The assignments messuibmitted to your tutor for
formal assessment in accordance with the deaditagsd in the Assignment File. The
work you submit to your tutor for assessment wallict for 30% of your total course
mark.

At the end of the course, you will need to sit &ofinal three-hour examination. This
will also count for 70% of your total course mark.

Tutor Marked Assignments (TMAS)

There are twenty-two tutor marked assignmentsigidburse. You need to submit all

the assignments. The total marks for the best tfBgassignments will be 30% of

your total course mark.

Assignment questions for the units in this coursecantained in the Assignment File.
You should be able to complete your assignments fiee information and materials

contained in your set textbooks, reading and studis. However, you may wish to

use other references to broaden your viewpointpaadide a deeper understanding of
the subject.



CIT 342 Formal Languages and Automata Theory

When you have completed each assignment, sendether with form to your tutor.
Make sure that each assignment reaches your tator before the deadline given. If,
however, you cannot complete your work on time,tacinyour tutor before the
assignment is done to discuss the possibility aédansion.

Examination and Grading

The final examination for the course will carry 7Q8rcentage of the total marks
available for this course. The examination will epevery aspect of the course, so
you are advised to revise all your corrected assagris before the examination.

This course endows you with the status of a teaahdrthat of a learner. This means
that you teach yourself and that you learn, as {eanning capabilities would allow. It
also means that you are in a better position terdehe and to ascertain the what, the
how, and the when of your language learning. Neaheaimposes any method of
learning on you.

The course units are similarly designed with thieootuction following the table of
contents, then a set of objectives and then tHegiia and so on.

The objectives guide you as you go through thesunitascertain your knowledge of
the required terms and expressions.

Course Marking Scheme

This table shows how the actual course markingakdn down.

Assessment Marks

Assignment 1- 4 Four assignments, best three mairkke four
count at 30% of course marks

Final Examination 70% of overall course marks

Total 100% of course marks

Table 1. Course Marking Scheme

Course Overview

Unit | Title of Work Weeks Assessment
Activity (End of Unit)
Course Guide Week 1

Module 1: General Concepts

Unit 1: Alphabets, Strings, and Representationseek\1 Assignment 1
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Unit 2: Formal Grammars Week 2 Assignment 2
Unit 3: Formal Languages Week 2 Assignment 3
4 Unit 4: Automata Theory
Module 2: Regular Languages
1 Unit 1: Finite State Automata Week 3 Assignment 5
2 Unit 2: Regular Expressions Week 3 Assignment 6
3 Unit 3: Regular Grammars Week 4 Assignment 7
4 Unit 4: Closure Properties of RegulaiNeek 4
Languages
5 Unit 5: The Pumping Lemma
Module 3: Context-Free Languages
1 Unit 1. Context-Free Grammars Week 5 AssignrBent
2 Unit 2: Properties of Context-Free Languages Week | Assignment 9
3 Unit 3: Pushdown Automata Week 7 {8 Assignmént 1
4 Unit 4: CFGs and PDAs Week 8 -|9 Assignment 11
Module 4: Turing Machines
Unit 1: Turing Machines and the rest Week 12 gesient 13
2 Unit 2: Turing Machines and Context-SensitiwWeek 13 Assignment 14
Grammars
3 Unit 3: Unrestricted Grammars Week 14 Assignment 15
Revision Week 16
Examination Week 17
Total 17 weeks

How to get the best from this course

In distance learning the study units replace theeusity lecturer. This is one of the

great advantages of distance learning; you can esat work through specially

designed study materials at your own pace, andiateaand place that suit you best.
Think of it as reading the lecture instead of hatg to a lecturer. In the same way
that a lecturer might set you some reading to hi® study units tell you when to read
your set books or other material. Just as a lectarght give you an in-class exercise,
your study units provide exercises for you to dagiropriate points.

Each of the study units follows a common formaheTirst item is an introduction to
the subject matter of the unit and how a particulait is integrated with the other

10
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units and the course as a whole. Next is a sketaohing objectives. These objectives
enable you know what you should be able to do kytiine you have completed the
unit. You should use these objectives to guider wdudy. When you have finished
the units you must go back and check whether yoe laghieved the objectives. If
you make a habit of doing this you will significgnimprove your chances of passing
the course.

Remember that your tutor’s job is to assist youheWyou need help, don’t hesitate to
call and ask your tutor to provide it.

1.

2.

Read this Course Guide thoroughly.

Organize a study schedule. Refer to the ‘Courser@sw’ for more details.
Note the time you are expected to spend on eadtandihow the assignments
relate to the units. Whatever method you choses& you should decide on it
and write in your own dates for working on eacht.uni

Once you have created your own study scheduleyeliything you can to stick
to it. The major reason that students fail is thaty lag behind in their course
work.

Turn to Unit 1 and read the introduction and thgzcives for the unit.

Assemble the study materials. Information abouatwfou need for a unit is
given in the ‘Overview’ at the beginning of eachturiYou will almost always
need both the study unit you are working on and afngour set of books on
your desk at the same time.

Work through the unit. The content of the unieltshas been arranged to
provide a sequence for you to follow. As you wtrkough the unit you will be
instructed to read sections from your set bookstloer articles. Use the unit to
guide your reading.

Review the objectives for each study unit to confihat you have achieved
them. If you feel unsure about any of the objedjveview the study material
or consult your tutor.

When you are confident that you have achieved #suobjectives, you can
then start on the next unit. Proceed unit by umough the course and try to
pace your study so that you keep yourself on sdeedu

When you have submitted an assignment to your fotamarking, do not wait

for its return before starting on the next unitee to your schedule. When
the assignment is returned, pay particular attantmoyour tutor’'s comments,
both on the tutor-marked assignment form and alsttew on the assignment.
Consult your tutor as soon as possible if you lawequestions or problems.

11
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10. After completing the last unit, review the coursel grepare yourself for the
final examination. Check that you have achieveduhi objectives (listed at
the beginning of each unit) and the course objestiflisted in this Course
Guide).

Tutors and Tutorials

There are 8 hours of tutorials provided in suppérhis course. You will be notified
of the dates, times and location of these tutqriaigether with the name and phone
number of your tutor, as soon as you are allocatedorial group.

Your tutor will mark and comment on your assignnsekieep a close watch on your
progress and on any difficulties you might encoumted provide assistance to you
during the course. You must mail or submit youotumarked assignments to your
tutor well before the due date (at least two wagkalays are required). They will be
marked by your tutor and returned to you as sogroasible.

Do not hesitate to contact your tutor by telepharee-mail if you need help. The
following might be circumstances in which you wodidd help necessary. Contact
your tutor if:

. you do not understand any part of the study umith@assigned readings,

. you have difficulty with the self-tests or exer@se

. you have a question or problem with an assignmeunit your tutor’s
comments on an assignment or with the grading afssignment.

You should try your best to attend the tutorialis is the only chance to have face
to face contact with your tutor and to ask questiwhich are answered instantly. You
can raise any problem encountered in the courgewfstudy. To gain the maximum
benefit from course tutorials, prepare a questisinblefore attending them. You will
learn a lot from participating in discussions aelyv

Summary

Formal Languages and Automata Theory introducestgoilne concepts associated
languages, computation and machines. The conteaheafourse material was planned
and written to ensure that you acquire the propemkedge and skills, which you will

find useful in a later course (CIT 445: Principésl Techniques of Compilers) in you
fourth year and also for the appropriate situaitater in life. Real-life situations

have been created to enable you identify with amdte some of your own. The
essence is to help you in acquiring the necessaowledge and competence by
equipping you with the necessary tools to accornhss.

We hope that by the end of this course you wouldehacquired the required

knowledge to view computation, machines, and prognang languages in a new
way.

12
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We wish you success with the course and hope thatwll find it both interesting
and useful.

13
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Module 1: General Concepts
Unit 1: Alphabets, Strings, and Representations
CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 Alphabets
3.2 String
3.2.1 Formal Theory
3.2.2 Strings and Sets of Strings
3.2.3 Alphabet of a string
3.2.4 String substitution
3.2.5 Concatenation and Substrings
3.2.6 String length
3.2.7 Character String Functions
3.3 Representations
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0References/Further Reading

1.0 INTRODUCTION

The ability to represent information is crucial eommunicating and processing
information. Human societies created spoken langsidg communicate on a basic
level, and developed writing to reach a more salaied level.

The English language, for instance, in its spokamfrelies on some finite set of

basic sounds as a set of primitives. The wordslafimed in term of finite sequences
of such sounds. Sentences are derived from fieifgiences of words. Conversations
are achieved from finite sequences of sentencessaiforth.

Written English uses some finite set of symbols &t of primitives. The words are
defined by finite sequences of symbols. Sentenceslarived from finite sequences
of words. Paragraphs are obtained from finite sege® of sentences, and so forth.

Similar approaches have been developed also foesepting elements of other sets.
For instance, the natural number can be represdntdthite sequences of decimal
digits.

Computations, like natural languages, are expetdedeal with information in its
most general form. Consequently, computations fancs manipulators of integers,

14
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graphs, programs, and many other kinds of entikesvever, in reality computations
only manipulate strings of symbols that represdm@ bbjects. The subsequent
discussions in this course necessitate the follgwlefinitions.

In this introductory unit of this course, you wile taken through some of these
definitions.

Now let us go through your study objectives fos thnit.
2.0 OBJECTIVES

At the end of this unit, you should be able to:
o define alphabet, words and strings
0 state the basic relation relationship among theseds
o state and describe the various operations thatbeanarried out on this
structures
o describe how they can be represented

3.0 MAIN CONTENT
3.1 Alphabets

In computer sciencand formal language, aiphabet or vocabulary is a finite set of
symbolsor letters e.g. characters or digits. The most common alghisb{0,1}, the
binary alphabet. A finite string is a finite sequence of letters from an alphafuet;
instance a binary string is a string drawn from #iphabet {0,1}. An infinite
sequencef letters may be constructed from elements adlphabet as well.

Given an alphabek, we write X" to denote the set of all finite strings over the
alphabet. Here, the denotes th&leene staoperator. We writé&“(or occasionally,

Eﬁorz(”) to denote the set of all infinite sequences olveralphabek.

For example, if we use the binary alphabet {0,hE strings £, 0, 1, 00, 01, 10, 11,
000, etc.) would all be in the Kleene closure & #iphabet (where represents the

empty string

Please note that alphabets are important in thefukemal languages, automata and
semi-automata. In most cases, for defining instanoé automata, such as
deterministic finite automata (DFAS), it is require specify an alphabet from which
the input strings for the automaton are built.

3.2  String

In formal languages, which are used in mathemategit and theoretical computer
science, &tring is a finite sequence of symbols that are chosan fx set or alphabet.

15
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In computer programming, a string is, essentialgequence of characters. A string is
generally understood as a data type storing a seguef data values, usually bytes, in
which elements usually stand for characters acogrth a character encoding, which
differentiates it from the more general array dbfae. In this context, the terms

binary string andbyte string are used to suggest strings in which the storéd da
does not (necessarily) represent text.

A variabledeclared to have a string data type usually casteeage to be allocated in
memory that is capable of holding some predeterdhmeémber of symbols. When a
string appears literally irsource codeit is known as astring literal and has a
representation that denotes it as such.

3.2.1 Formal Theory

Let ¥ be analphabet a non-emptyfinite set Elements ofz are calledsymbolsor
characters A string (orword) overX is any finitesequencef characters frori. For
example, iz = {0, 1}, then0101is a string ovekE.

The length of a string is the number of characters in thengt({the length of the
sequence) and can be amyn-negative integeiTheempty stringis the unique string
overX of length 0, and is denotecbr 4.

The set of all strings oveér of lengthn is denotet". For example, it = {0, 1}, then
¥? = {00, 01, 10, 11}. Note tha&’ = {¢} for any alphabek.

The set of all strings ovér of any length is th&leene closuref X and is denotedl*.
In terms ofz",

=

el

For example, i = {0, 1}, £* = {¢, O, 1, 00, 01, 10, 11, 000, 001, 010, 011, ...}.
AlthoughZX* itself is countably infinite all elements oE* have finite length.

A set of strings oveE (i.e. anysubsetof *) is called aformal languageverX. For
example, if¥ = {0, 1}, the set of strings with an even numbéreros (g, 1, 00, 11,
001, 010, 100, 111, 0000, 0011, 0101, 0110, 1001011100, 1111, ...}) is a formal
language ovek.

3.2.2 Strings and Sets of Strings
If V is a set, then V* denotes the set of all #nistrings of elements of V

including the empty string which will be denotedéhe.g.  {0,1}* ={¢, 0, 1, 00, 01,
10, 11, 000, 001,... }

16
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The set of all non empty strings of elements o§dénoted by V.

Usually, VF = V*\ { &}, but whene € V, VT = V*, e.g.
} {0,13* ={0, 1, 00, 01, 10, 11, 000, 001,...

but {e,0, 1}* ={0,1}* ={ ¢, 0, 1, 00, 01, 10, 11, 000, 001,... }

If x € V* and y € V* then xy will denote their concatenation, that iee string
consisting of x followed by y.

Ifx € V*then X' = xxx...X n>0

n-times

We assume9<: ethe empty string.

e.g. {a}* ={¢, a, g a3, ;LA }={ a’n> 0}

(a*t=fa & o .4 1={a"n>1

Similarly, if X, Y are sets of strings, then thewmncatenation is also denoted

by XY. Of course XY={xy: x=X and y=Y}.
Also, X"= XXX...X ~n0.Of course)@ = {e}.
n-times

e.qg. {0, 1}{a, b, c}={0a, 0b, Oc, 1a,1b, 1c}
{0, 1}~ ={000, 001, 010, 011, 100, 101, 110, 111}

If x is a string, then |x| denotes the length pfard this is the number of
indivisible symbols in x. Of coursg| F O.

Self assessment Exercise

1) Determine the following sets.
(@) {0,1}{e, a, ba} (b) {b, aa}*

2) Let V be a set of strings. Doeg ¥ V V* ?
3.2.3 Alphabet of a string

Thealphabet of a stringis a list of all of the letters that occur in atpaular string. If
Sis a string, its alphabet is denoted by

Alph(s)

3.2.4 String substitution

17
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Let L be a language, and I&t be its alphabet. Atring substitution or simply a
substitution is a mapping that maps letters iB to languages (possibly in a different

alphabet). Thus, for example, given a letter X , one ha$(a) = L, whereL, C A*
Is some language whose alphabeX.ig his mapping may be extended to strings as

f(e) =¢
for the empty string, and
f(sa) =f(9f(a)
for stringa € L. String substitution may be extended to the efdinguage as

f(L) = User F(5)

An example of string substitution occurs in regudarguages, which are closed under
string substitution. That is, if the letters ofegular language are substituted by other
regular languages, the result is still a regulaglage.

Another example is the conversion of an EBCDIC-elecbstring to ASCII.
3.2.5 Concatenation and Substrings

Concatenations an importanbinary operatioron £*. For any two strings andt in
>* their concatenation is defined as the sequemiaharacters irs followed by the
sequence of characterstinand is denotedt For example, i = {a, b, ..., z},s =
bear, and = hug, therst= bearhug ants = hugbear.

String concatenation is asmssociative but noneommutativeoperation. The empty
string serves as thdentity elementfor any strings, s = s =s. Therefore, the sé*
and the concatenation operation forrmanoid the free monoidgenerated by. In
addition, the length function definesnaonoid homomorphisnfirom £* to the non-
negative integers.

A string s is said to be gubstringor factor of t if there exist (possibly empty) strings
u andv such that = usv. Therelation"is a substring of* defines@artial orderon *,
theleast elemendf which is the empty string.

3.2.6 String length

Although formal strings can have an arbitrary (bwite) length, the length of strings
in real languages is often constrained to an aifimaximum. In general, there are
two types of string datatypefsxed length stringsvhich have a fixed maximum length
and which use the same amount of memory whethemthximum is reached or not,
andvariable length stringsvhose length is not arbitrarily fixed and whiclewsarying
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amounts of memory depending on their actual sizestMstrings in modern
programming languages are variable length stribgspite the name, even variable
length strings are limited in length; although, gely, the limit depends only on the
amount of memory available.

3.2.7 Character String Functions

String functions are used to manipulate a stringl@ange or edit the contents of a
string. They also are used to query informationutzostring. They are usually used
within the context of a computer programming larggpia

The most basic example of a string function is lgregth(string) function,
which returns the length of a string (not countary terminator characters or any of
the string's internal structural information) anded not modify the string. For
examplejJength("hello world")  returns 11.

There are many string functions which exist in ofeguages with similar or exactly

the same syntax or parameters. For example in aggyages the length function is

usually represented aen(string) . Even though string functions are very useful
to a computer programmer, a computer programmagusiese functions should be

mindful that a string function in one language cbut another language behave
differently or have a similar or completely diffatefunction name, parameters,

syntax, and results.

3.3  Representations

Given the preceding definitions of alphabets andng$, representations of
information can be viewed as the mapping of objetts strings in accordance with
some rules. That is, formally speaking:epresentatioror encodingover an alphabet
¥ of a set D is a function f from D td 2that satisfies the following condition: ffe
and f(e) are disjoint nonempty sets for each pair of didtelementseand g in D.

If £ is a unary alphabet, then the representationdstgde aunary representatiaonf
Y is a binary alphabet, then the representationitste be dinary representation

In what follows each element in f(e) will be refsdlrto as a representation, or
encoding, of e.

Example 1

f, Is a binary representation over {0, 1} of the matutnumbers if {0) = {0, 00, 000,
0000, ...} {(1) = {1, 01, 001, 0001, . .. }3f2) = {10, 010, 0010, 00010, . . . 1(8)
= {11, 011, 0011, 00011, . ..}, and4) = {100, 0100, 00100, 000100, . . . }, etc.

Similarly, f, is a binary representation over {0, 1} of the matunumbers if it assigns
to theith natural number the set consisting of ttte canonically smallest binary
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string. In such a casey(®) = {¢}, fo(1) = {0}, f2(2) = {1}, »(3) = {00}, f,(4) = {01},
fo(5) = {10}, f(6) = {11}, f»(7) = {000}, f»(8) = {1000}, f(9) = {1001}, . ..

On the other handgzis a unary representation over {1} of the naturambers if it
assigns to theth natural number the set consisting of ilie alphabetically (=
canonically) smallest unary string. In such a c&ge) = {s}, f3(1) = {1}, f3(2) = {11},
f3(3) = {111}, f3(4) = {1111}, ..., §0() ={1, ...

The three representationsf, and § are illustrated in Figure 1

The set of natural
numbers

— P f

.\

I | 0N, 000,. |

/ N e [1,01,001,...]
£ b ——— ) — 10,000,000,
|0 :J ...... L-- i-"*:ﬁ_‘ - "z 11,011,001,
[ [l 225
II [ End | +_T..-.———.4-.-.— :f\"‘
N e s St ' “.._F .
[ TED | o o o
|41 i‘-"'r———— —_—
| T | e e s - SRS

Figure 1.Representations for the naturd numbers.

4.0 CONCLUSION

In this unit you have been taken through some foreddal concepts in formal
language. It is advised you master this concepta aolid knowledge of these
foundational concepts will aid your mastery andemsthnding of this course.

5.0 SUMMARY
In this unit, you learnt that:

» analphabetorvocabulary is a finite set oymbolsor letters

» astring is a finite sequence of symbols that are chosan & set or alphabet

» String functions are used to manipulate a stringh@nge or edit the contents
of a string

» For any two strings andt in X*, their concatenation is defined as the sequence
of characters is followed by the sequence of characters snd is denotesit

» String concatenation is @ssociativebut noneommutativeoperation

* A stringsis said to be aubstringor factor of t if there exist (possibly empty)
stringsu andv such that = usv
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» arepresentatioror encodingover an alphabel of a set D is a function f from
D to 2 that satisfies the following condition: fjeand f(g) are disjoint
nonempty sets for each pair of distinct elemeptne g in D.

6.0 TUTOR-MARKED ASSIGNMENT

1) Define the following terms:
e Strings
* Alphabets
* Vocabulary
2) Ifx={a, b, ..., z},s= bear, and = hug, then find
) st i) ts

3) Briefly describe the following:
I) unary representation
ii) binary representation
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1.0 INTRODUCTION

Having learnt about strings and alphabets in thevipus unit, you will be taken
through another important concept in formal languagd automata theory, which is
grammar. This is because it is often conveniensgecify languages in terms of
grammars. The advantage in doing so arises maioiy the usage of a small number
of rules for describing a language with a large benof sentences.

For instance, the possibility that an English secgeconsists of a subject phrase
followed by a predicate phrase can be expressedgogmmatical rule of the form:

<sentence>:<subject><predicate>. (The names in angular brac&et assumed to
belong to the grammar metalanguage.)

Similarly, the possibility that the subject phrasensists of a noun phrase can be
expressed by a grammatical rule of the form:

<subject>-<noun>.

You may, therefore, think of a grammar as a setutds for your native language.

Subject, predicate, prepositional phrase, pasticgag, and so on. This is a
reasonably accurate, or at least helpful, desonpdf a human language, but it is not
entirely rigorous. Chomski formalized the concepa grammar, and made important
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observations regarding the complexity of the gramm#ich in turn establishes the
complexity of the language.

In this unit, you will be taken through some basacepts of formal grammar

Now let us go through your study objectives fos thinit.
2.0 OBJECTIVES

At the end of this unit, you should be able to:

o0 define formal grammar

o0 define alphabet, words and strings

o state the types of formal grammars we have in thkl fof Computer
Science

o describe the class of automata that can recogtiisgs generated by each
grammar

o identify strings that are generated by a particgtammar

0 describe the Chomsky hierarchy

o explain the relevance of formal grammar and langu&gy computer
programming

3.0 MAIN CONTENT
3.1 Formal Grammar

A formal grammar (sometimes simply called grammar) is a set of rules for
forming strings in a formal language. The rulescdég how to form strings from the
language's alphabet that are valid according tdathguage's syntax. A grammar does
not describe the meaning of the strings or whatlmamone with them in whatever
context — only their form.

Formal language theory, the discipline which stsd@mal grammars and languages,
is a branch of applied mathematics. Its applicatiare found in theoretical computer
science, theoretical linguistics, formal semanticathematical logic, and other areas.

A formal grammar is a set of rules for rewritingirsgs, along with a "start symbol"
from which rewriting must start. Therefore, a graanns usually thought of as a
language generator. However, it can also sometibeesised as the basis for a
“recognizer"—a function in computing that deternsinghether a given string belongs
to the language or is grammatically incorrect. Bsatibe such recognizers, formal
language theory uses separate formalisms, knowautsnata theory. One of the
interesting results of automata theory is thas ihot possible to design a recognizer
for certain formal languages.
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Parsing is the process of recognizing an utterdacgring in natural languages) by
breaking it down to a set of symbols and analyaagh one against the grammar of
the language. Most languages have the meaningsheif titterances structured

according to their syntax—a practice known as caitjpmal semantics. As a result,

the first step to describing the meaning of anrattee in language is to break it down
part by part and look at its analyzed form (knowntsa parse tree in computer science,
and as its deep structure in generative grammar).

3.1.1 Introductory Example

A grammar mainly consists of a set of rules foms$farming strings. (If itonly
consisted of these rules, it would be a semi-Ttyséesn.) To generate a string in the
language, one begins with a string consisting diy @ single start symbal The
production rulesare then applied in any order, until a string thaitains neither the
start symbol nor designatewnterminal symbolss produced. The language formed
by the grammar consists of all distinct stringst tb@n be generated in this manner.
Any particular sequence of production rules ondfaet symbol yields a distinct string
in the language. If there are multiple ways of gatieg the same single string, the
grammar is said to be ambiguous.

For example, assume the alphabet consises afdb, the start symbol i§, and we
have the following production rules:

1.5 — aSh
2.5 — ba

then we start witt5 and can choose a rule to apply to it. If we cleonde 1, we
obtain the strin@Sh If we choose rule 1 again, we repl&with aSband obtain the
string aaSbb If we now choose rule 2, we replaSewith ba and obtain the string
aababh and are done. We can write this series of chommese briefly, using
symbols:S = aSh = aaShb = aababb. The language of the grammar is then the
infinite set{a’ bab"|[n > 0} = {ba, abab, aababb, aaababbb, ...} whered* is a
repeated times (andh in particular represents the number of times pctdao rule 1
has been applied).

3.2  Formal Definition
3.2.1 The Syntax of Grammars

In the classic formalization of generative gramnfast proposed by Noam Chomsky
in the 1950s, a gramm@r consists of the following components:

A finite setN of nonterminal symboJsnone of which appear in strings formed
from G.

A finite setX of terminal symbolshat is disjoint from\.

A finite setP of production ruleseach rule of the form

24



CIT 342 Formal Languages and Automata Theory

(EUN)'N(EUN)* = (ZUN)"

where * is the Kleene star operator ddddenotes set union. That is, each
production rule maps from one string of symbolsatmther, where the first
string (the "head") contains an arbitrary numbesyrhbols provided at least
one of them is a nonterminal. In the case thatséwond string (the "body")
consists solely of the empty string — i.e., thatahtains no symbols at all — it
may be denoted with a special notation (offene or €) in order to avoid
confusion.

A distinguished symbcS € Nthat is thestart symbal

A grammar is formally defined as the tupeX,P,S). Such a formal grammar is often
called a rewriting system or a phrase structurengrar in the literature.

3.2.2 The Semantics of Grammars
The operation of a grammar can be defined in t&xfmslations on strings:

Given a grammat = (N,X,P,S), the binary relatior=(pronounced as "G
derives in one step”) on strings@ U N)’is defined by:

T =gy iff Ju,v.p,ge (EUN)" : (z=upv)N\(p—q € P) N (y=uqu)

the relation=>f;*(pronounced a& derives in zero or more stgps defined as
the reflexive transitive closure &%«

Th#

a sentential formis a member o{EU N) that can be derived in a finite

number of steps from the start symi$pthat is, a sentential form is a member
T ¥ * . .

of {w € (EUN)"|S=c"w} A sentential form that contains no

nonterminal symbols (i.e. is a membeof is called asentence

the languageof G, denoted a&(G), is defined as all those sentences that can

be derived in a finite number of steps from thetstgmbol S that is, the set
{fwe X" | S=c"w}

Note that the grammaG = (NX,P,S is effectively the semi-Thue system

(VUX, P ) rewriting strings in exactly the same way; théyatifference is in that
we distinguish specifiaonterminalsymbols which must be rewritten in rewrite rules,
and are only interested in rewritings from the deated start symbdb to strings
without nonterminal symbols.

Example 1

Please note that for these examples, formal langsiage specified using set-builder
notation.
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Consider the grammads wherelN = {5, B}, ¥ ={a,b, ’—"-}, Sis the start symbol,
andP consists of the following production rules:

1.5 — aBSc
2.5 — abe
3.Ba — abB
4. Bb — bb

This grammar defines the language
L(G) = {a"b"c"[n> 1}

wherea" denotes a string of consecutivex's. Thus, the language is the set of strings
that consist of 1 or mora's, followed by the same number @8, followed by the
same number afs.

Some examples of the derivation of string& () are:

S =5 abe

S =,aBSc =, aBabce = aaBbee =4 aabbee

S =,aBSc =, aBaBScc =, aBaBabecee =5 aaB Babecee =3 aaBaBbee
=2 aaa B Bbcee =4 aaaBbbeee =4 aaabbbece

(Note on notation ¥ =i Qreads "StringP generates strin@ by means of
productioni”, and the generated part is each time indicatdxbid type.)

3.3  The Chomsky Hierarchy

When Noam Chomsky first formalized generative grarsmin 1956he classified
them into types now known as the Chomsky hierar@img difference between these
types is that they have increasingly strict promurctrules and can express fewer
formal languages. Two important types amentext-free grammargType 2) and
regular grammargType 3). The languages that can be describedsuith a grammar
are calleccontext-free languagesndregular languagesrespectively. Although much
less powerful than unrestricted grammars (Typewdjich can in fact express any
language that can be accepted by a Turing machiese two restricted types of
grammars are most often used because parsers é&n tan be efficiently
implementedFor example, all regular languages can be recodriigea finite state
machine, and for useful subsets of context-freemgrars there are well-known
algorithms to generate efficient LL parsers and pRrsers to recognize the
corresponding languages those grammars generate.

3.4  Context-Free Grammars
A context-free grammais a grammar in which the left-hand side of eaddpction

rule consists of only a single nonterminal sym@diis restriction is non-trivial; not
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all languages can be generated by context-free geas Those that can are called
context-free languages

The language defined above is not a context-fraguage, and this can be strictly
proven using the pumping lemma for context-freeglages, but for example the
languagel (G) = {a"b"|n > 1} (at least 1a followed by the same number bk) is
context-free, as it can be defined by the gram@pawith N = {S}, X = {a, b}, Sthe
start symbol, and the following production rules:

1.5 — aSb
2.5 — ab

A context-free language can be recognize®{n®) time (seeBig O notation) by an
algorithm such as Earley's algorithm. That is, éwery context-free language, a
machine can be built that takes a string as inpdtdetermines i®(n°) time whether
the string is a member of the language, wheis the length of the strindgrurther,
some important subsets of the context-free langiage be recognized in linear time
using other algorithms.

3.5 Regular Grammars

In regular grammars, the left hand side is agalg arsingle nonterminal symbol, but
now the right-hand side is also restricted. Thatrgjde may be the empty string, or a
single terminal symbol, or a single terminal symibollowed by a nonterminal
symbol, but nothing else. (Sometimes a broademiliein is used: one can allow
longer strings of terminals or single nonterminalghout anything else, making
languages easier to denote while still definingsme class of languages.)

The language defined above is not regular, butathguage &0™| m, n> 1} (at least
1 a followed by at least b, where the numbers may be different) is, as it lsan
defined by the grammas; with N = {S A, B}, X = {a, b}, Sthe start symbol, and the
following production rules:

1. § —aAd
2. A —aA
3. A—=bb
4. B — bEB
5. B — ¢

All languages generated by a regular grammar cared@gnized in linear time by a
finite state machine. Although, in practice, reg@eammars are commonly expressed
using regular expressions, some forms of regulpression used in practice do not
strictly generate the regular languages and do stawiw linear recognitional
performance due to those deviations.

3.6 Other Forms of Generative Grammars
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Many extensions and variations on Chomsky's origuexrarchy of formal grammars
have been developed, both by linguists and by ctenmcientists, usually either in
order to increase their expressive power or in orolenake them easier to analyze or
parse. Some forms of grammars developed include:

. Tree-adjoining grammars increase the expressivenassconventional
generative grammars by allowing rewrite rules terape on parse trees instead
of just strings.

- Affix grammarsand attribute grammars allow rewrite rules to bgnaented
with semantic attributes and operations, usefuh ot increasing grammar
expressiveness and for constructing practical lagguranslation tools.

3.7  Analytic Grammars

Though there is a tremendous body of literaturgpansing algorithms, most of these
algorithms assume that the language to be parsedi@ly describedby means of a
generativeformal grammar, and that the goal is to transftnis generative grammar
into a working parser. Strictly speaking, a geneeagrammar does not in any way
correspond to the algorithm used to parse a lareguaigd various algorithms have
different restrictions on the form of productionesithat are considered well-formed.

An alternative approach is to formalize the languagterms of an analytic grammar
in the first place, which more directly correspomashe structure and semantics of a
parser for the language. Examples of analytic gramfermalisms include the
following:

- The Language Machine directly implements unresttichnalytic grammars.
Substitution rules are used to transform an inputptoduce outputs and
behaviour. The system can also produce the Im-a@imgwhich shows what
happens when the rules of an unrestricted anajygimmar are being applied.

- Top-down parsing language (TDPL): a highly minirslanalytic grammar
formalism developed in the early 1970s to study ledavior of top-down
parsers.

- Link grammars: a form of analytic grammar desigried linguistics, which
derives syntactic structure by examining the pos#l relationships between
pairs of words.

- Parsing expression grammars (PEGs): a more reegdrglization of TDPL
designed around the practical expressiveness rdga®gramming language
and compiler writers.

4.0 CONCLUSION

In this unit you have been introduced to the cohoégormal grammars. Grammars
are very important in the field of automata thesince they are the building blocks of
languages. In the next unit we will be discussmgrial languages.

5.0 SUMMARY
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In this unit, you learnt that formal grammar is a set of rules of a specific kind, for
forming strings in a formal language. It has foamponents that form its syntax and a
set of operations that can be performed on it, lwfacm its semantic.

Each type of grammars is recognised by a partidylae of automata. For example,
type-2 grammars are recognised by pushdown autowmlaita type-3 grammars are
recognised by finite state automata.

According to Chomsky hierarchy, there are four s/pé grammars. The difference
between these types is that they have increasisigigt production rules and can
express fewer formal languages.

6.0 TUTOR-MARKED ASSIGNMENT
1. What you understand by grammars.
2. Briefly describe the following:

e oOperations on a grammar
* semantics of a grammar

3. Distinguish among the following grammar types:

* Regular grammars
» Context-free grammars
* Analytical grammars

4. Briefly discuss the Chomsky hierarchy. Whathie telationship among the
various types of grammars described in the Chorhgkarchy?
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1.0 INTRODUCTION

You may think of a language as English or Frenclpeshaps perl or java, but there is
a formal definition that is much more general.eficompasses these languages, and
other, abstract languages such as the prime numbeithe valid proofs of the 4
colour theorem.

Start with a finite set, which is called the alpaabConsider all finite ordered strings,
l.e. finite tuples, drawn from this alphabet. Adaage is any well defined subset of
these strings. Each finite string in the languiagealled a word.

Since you have learnt about strings, alphabetsdwand grammars in the
preceding units, it will be easier for you to urstand the topic of discussion in
this unit, which is formal language.

You will see that languages fall into various cisssaccording to their complexity.
Some languages can be parsed, i.e. interpreted gry simple state machine.
Others require the human brain, or something coatyer

Languages also have many representations: madhiaexecognize them, expressions
that describe them and grammars that generate them.

Now let us go through your study objectives fos thnit.
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2.0 OBJECTIVES

At the end of this unit, you should be able to:
o define formal languages
state the rules that define a formal language
define word over an alphabet
give examples of formal languages
perform basic operations on languages
explain the relevance of formal language to comportegramming

©O O O0OO0Oo

3.0 MAIN CONTENT
3.1 Formal Language

A formal language is a set ofwords i.e. finite strings ofletters or symbols The
inventory from which these letters are taken idechthealphabetover which the
language is defined. A formal language is oftenindef by means of a formal
grammar. Formal languages are a purely syntagctimi@dn, so there is not necessarily
any meaning associated with them. To distinguishmtbrds that belong to a language
from arbitrary words over its alphabet, the forraee sometimes calledell-formed
words(or, in their application in logic, well-formedroulas).

Formal languages are studied in the fields of logmmputer science and linguistics.
Their most important practical application is fbetprecise definition of syntactically
correct programs for a programming language. Thendir of mathematics and
computer science that is concerned only with theelgusyntactical aspects of such
languages, i.e. their internal structural patteisy&nown agormal language theory.

Although it is not formally part of the languagketwords of a formal language often
have a semantical dimension as well. In practiceishalways tied very closely to the
structure of the language, and a formal grammasdi of formation rules that
recursively defines the language) can help to déhl the meaning of (well-formed)
words. Well-known examples for this are "Tarskediition of truth” in terms of a T-
schema for first-order logic, and compiler genematiike lex and yacc.

3.2  Words over an Alphabet

An alphabet, in the context of formal languages can be any aéiough it often
makes sense to use an alphabet in the usual sttise word, or more generally a
character set such as ASCII. Alphabets can alsmfoete; e.g. first-order logic is
often expressed using an alphabet which, besidetoag such as\, -, v and
parentheses, contains infinitely many elemexis<, x,, ... that play the role of
variables. The elements of an alphabet are cdbdetters.

A word over an alphabet can be any finite sequenceriagsbf letters. The set of all
words over an alphabét is usually denoted b¥ (using the Kleene star). For any
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alphabet there is only one word of length 0,ahegty worgdwhich is often denoted by
e, € or A. By concatenation one can combine two words tmfarnew word, whose
length is the sum of the lengths of the originakd®o The result of concatenating a
word with the empty word is the original word.

As you learnt in the first unit of this course,some applications, especially in logic,
the alphabet is also known as thecabularyand words are known dermulas or
sentencesthis breaks the letter/word metaphor and replacéy a word/sentence
metaphor.

3.2.1 Formal Definition

A formal languageL over an alphabél is just a subset & , that is, a set of words
over that alphabet.

In computer science and mathematics, which do eat @ith natural languages, the
adjective "formal" is usually omitted as redundant.

While formal language theory usually concerns fitgath formal languages that are
defined by some syntactical rules, the actual d@edmof a formal language is only as
above: a (possibly infinite) set of finite-lengttriisgs, no more nor less. In practice,
there are many languages that can be defined bg,ralich as regular languages or
context-free languages. The notion of a formal gnammay be closer to the intuitive
concept of a "language,” one defined by syntaciies: By an abuse of the definition,
a particular formal language is often thought ofb&tng equipped with a formal
grammar that defines it.

Example 1

The following rules define a formal langualg®ver the alphabet = {0, 1, 2, 3, 4, 5,
61 71 81 91 +l %

Every nonempty string that does not contaior = and does not start withis
inL.

The string0is inL.

A string containing= is in L if and only if there is exactly one, and it
separates two strings in

A string containingt+ is in L if and only if every+ in the string separates two
valid strings inL.

No string is inL other than those implied by the previous rules.

Under these rules, the string3+4=555'"is in L, but the string=234=+" is not. This
formal language expresses natural numbers, weltddr addition statements, and
well-formed addition equalities, but it expressadyowhat they look like (their
syntax), not what they mean (semantics). For itganowhere in these rules is there
any indication tha® means the number zero, or thhatneans addition.
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For finite languages one can simply enumerate all-fwrmed words. Foexample
we can define a languageas just. = {"a", "b", "ab", "cba"}.

However, even over a finite (non-empty) alphabethsas X = {a, b} there are
infinitely many words: "a", "abb", "ababba", "aadbabaab", .... Therefore formal
languages are typically infinite, and defining avfinite formal language is not as
simple as writingL = {"a", "b", "ab", "cba"}. Here are some example§ formal
languages:

L =%, the set ofll words ovel;

L = {a}’ = {a"}, where n ranges over the natural numbers afidnaans "a"
repeated times (this is the set of words consisting onlyhef symbol "a");

the set of syntactically correct programs in a gipeogramming language (the
syntax of which is usually defined by a contexefgrammar;

the set of inputs upon which a certain Turing maehalts; or

the set of maximal strings of alphanumeric ASClargcters on this line, (i.e.,
the set {"the", "set", "of", "maximal”, "strings",alphanumeric”, "ASCII",

"characters", "on", "this", "line", "i", "e"}).
3.2.2 Vocabulary and Language

A vocabulary (or alphabet or character set or wt)l is a finite nonempty set of
indivisible symbols (letters, digits, punctuatioanks, operators, etc.).

A language over a vocabulary V is any subset L d¢f Which has a finite
description. There are two approaches for makinig tmathematically precise.
One is to use a grammar — a form of inductive dkdm of L. The other is to

describe a method for recognizing whether an elémxeh is in the language L and
automata theory is based on this approach.

3.3 Language-Specification Formalisms

Formal language theory rarely concerns itself vg#rticular languages (except as
examples), but is mainly concerned with the stuflyasious types of formalisms to
describe languages. For instance, a language cgivdre as

those strings generated by some formal grammarQkeensky hierarchy);
those strings described or matched by a particatpular expression;

those strings accepted by some automaton, suchlrasreg machine or finite
state automaton;

those strings for which some decision procedure gdlgorithm that asks a
sequence of related YES/NO questions) produceartbeer YES.

Typical questions asked about such formalisms delu
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- What is their expressive power? (Can formalisihescribe every language that
formalismY can describe? Can it describe other languages?)

- What is their recognizability? (How difficult is tb decide whether a given
word belongs to a language described by formaK&in

- What is their comparability? (How difficult is itotdecide whether two
languages, one described in formaliXmand one in formalisny, or in X again,
are actually the same language?).

Surprisingly often, the answer to these decisimbl@ms is "it cannot be done at all",
or "it is extremely expensive" (with a precise @uerization of how expensive
exactly). Therefore, formal language theory is ajomaapplication area of
computability theory and complexity theory.

3.4  Operations on Languages

Certain operations on languages are common. Thitudas the standard set
operations, such as union, intersection, and camgiation. Another class of
operation is the element-wise application of stopgrations.

Example 2:
Supposd_; andL, are languages over some common alphabet.

- Theconcatenatiori,L, consists of all strings of the formwv wherev is a string
from L, andw is a string fromi,.

- TheintersectionL,; N L, of L; andL, consists of all strings which are contained
in both languages

- ThecomplementL of a language with respect to a given alphabesistsof
all strings over the alphabet that are not in #mglage.

Such operations are used to investigate closungepties of classes of languages. A
class of languages is closed under a particularatipa when the operation, applied to
languages in the class, always produces a langumdglee same class again. For
instance, the context-free languages are known ¢o clbsed under union,

concatenation, and intersection with regular laggsa but not closed under
intersection or complementation.

3.5 Other Operations on Languages

Some other operations frequently used in the stoidyormal languages are the
following:

- The Kleene star: the language consisting of alldsdhat are concatenations of
0 or more words in the original language,;
- Reversal
o Letebe the empty word, thest = e, and
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o for each non-empty wordw=Xx;...X, over some alphabet, let
WR = XX,
o then for a formal languade L = {w" |w € L}.
String homomorphism.

3.6 Derivations and Language of a Grammar

Let G=(N,T,P,S) be any phrase structure grammar lahdi, ve(NUT)*. We

write u=Vv and say v is derived in one step from u by the x>y, providing that
u = pxgq and v = pyq. (Here the rulesy is used to replace x by y In u to

produce v. Note that pa(NUT)*.)

If up=u2=u3.....= un we say u is derived from u in G and write a=" un.

Also if ui=un or u1+:>+ un we write Lﬂ_:>* un
L(G) the language of G is defined by:

L(G) = {teT*: z:>* t for some Z£S} = {teT*teSor Z=" t for some ZS}.

So, the elements of L(G) are those elements of Thickvare elements of S or
which are derivable from elements of S.

4.0 CONCLUSION

In this unit you have been introduced to the cohoégormal languages. Languages
are very important in the field of automata thesince automata recognize languages,
which is very important in computer programming. the next unit we will be
introducing you to automata.

5.0 SUMMARY

In this unit, you learnt that:

» aformal languageis a set ofvords i.e. finite strings ofetters or symbolsand
the inventory from which these letters are takemaBed thealphabetover
which the language is defined.

» aformal language is often defined by means ofa&bgrammar.

* avocabulary (or alphabet or character set or wetgdis a finite nonempty set
of indivisible symbols

e common operations on languages are the standaropseations, such as
union, intersection, and complementation.

» another class of operation that can be performethroguages is the element-
wise application of string operations
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6.0

7.0

=

TUTOR-MARKED ASSIGNMENT

1. What you understand by formal languages.
2. Is formal language finite or infinite? Discuss
3. Give any three examples of languages
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1.0 INTRODUCTION

After learning about formal grammars and languagesyou have done in the
previous units, it is now time to introduce youhe concept of automata theory.

Now let us go through your study objectives fos thinit.

2.0 OBJECTIVES

38



CIT 342 Formal Languages and Automata Theory

At the end of this unit, you should be able to:
» define an automaton
» explain automata theory
» state and describe types/classes of automata
» describe the operation of an automaton

3.0 MAIN CONTENT
3.1 Automata Theory

In theoretical computer sciencaytomata theory is the study of abstract machines
(or more appropriately, abstract 'mathematical' hives or systems) and the
computational problems that can be solved usingethmachines. These abstract
machines are called automata.

1 1

L)

A —~.)
-G8

0

Figure 1. An Example of Automata

Figure 1 above illustrates a finite state machwieich is one well-known variety of
automata. This automaton consists of states (repted in the figure by circles), and
transitions (represented by arrows). As the automages a symbol of input, it makes
atransition (or jump) to another state, according totitansition function(which takes
the current state and the recent symbol as itgshpu

Automata theory is also closely related to forna@guage theory, as the automata are
often classified by the class of formal languagesytare able to recognize. An
automaton can be a finite representation of a fbfamguage that may be an infinite
set.

In other words, automata theory is a subject mattech studies properties of various
types of automata. For example, following questiaresstudied about a given type of
automata.

- Which class of formal languages is recognizablesbme type of automata?
(Recognizable languages)
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- Is certain automatalosedunder union, intersection, or complementation of
formal languages? (Closure properties)

- How much is a type of automata expressive in tesimgecognizing class of
formal languages? And, their relative expressivegr@ (Language Hierarchy)

Automata theory also studies if there exist angdiVe algorithm or not to solve
problems similar to the following list:

- Does an automaton accept any input word? (emptotessking)

« Is it possible to transform a given non-determinisautomaton into
deterministic automaton without changing the re@gg language?
(Determinization)

- For a given formal language, what is the smallegiraaton that recognizes it?
(Minimization).

Automata play a major role in compiler design aatsmg.
3.2 Automata

In the following sections you will be presentediatmoductory definition of one type
of automata, which attempts to help one grasp #s®rdgial concepts involved in
automata theory.

3.2.1 Informal Description of Automaton

An automaton is supposed tan on some given sequence or stringimbuts in
discrete time steps. At each time step, an autamgéds one input that is picked up
from a set osymbolsor letters which is called amalphabet At any time, the symbols
so far fed to the automaton as input form a fisgguence of symbols, which is called
aword. An automaton contains a finite set of statese#th instance in time of some
run, automaton i one of its states. At each time step when thenaaton reads a
symbol, itjumpsor transits to next state depending on its current state anthe
symbol currently read. This function in terms oé tturrent state and input symbol is
called transition function The automatomreads the input word one symbol after
another in the sequence and transits from statat® according to the transition
function, until the word is read completely. Onbe input word has been read, the
automaton is said to have besnppedand the state at which automaton has stopped
is calledfinal state Depending on the final state, it is said that dlnéomaton either
acceptsor rejectsan input word. There is a subset of states oatliematon, which is
defined as the set @afccepting statedf the final state is an accepting state, then th
automatoracceptghe word. Otherwise, the wordnsjected

The set of all the words accepted by an automaaalied thdanguage recognized
by the automatan

3.2.2 Formal Definitions
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3.2.2.1 Automaton
An automatonis represented formally by the 5-tug@, X, 6, qo, F), where:

Q is a finite set o$tates

¥ is a finite set obymbols called thealphabetof the automaton.

o is thetransition function, that is,6: Q xX — Q.

(o is thestart state that is, the state which the automatomisvhen no
input has been processed yet, where Q.

F is a set of states of Q (i.ecR) calledaccept states

3.2.2.2 Input Word
An automaton reads a finite string of symbals a,,...., a, , whereag, € X,
which is called anput word Set of all words is denoted BY.

3.2.2.3 Run
A run of the automaton on an input wond= a,, a,,...., a, € *, iS a sequence
of states g i, O,...., ¢, Where g€ Q such that gis a start state and g4(q.
1,&) for 0 <i<n. In words, at first the automaton is at thetsttate g and then
automaton reads symbols of the input word in secglielVhen automaton
reads symbod; then it jumps to state g 6(g.1,a). ¢, said to be thénal state
of the run.

3.2.2.4 Accepting Word
A wordw € X* is accepted by the automaton e F.

3.2.25 Recognized Language
An automaton can recognize a formal language. Ho®gnized language
L c £* by an automaton is the set of all the words twa accepted by the
automaton.

3.2.2.6 Recognizable languages
The recognizable languages is the set of languhgésre recognized by some
automaton. For above definition of automata, theogeizable languages are
regular languages. For different definitions of camiéta, the recognizable
languages are different.

3.2.3 Variations in Definition of Automata

Automata are defined to study useful machines undghematical formalism. So, the
definition of an automaton is open to variationsarding to the "real world machine",
which we want to model using the automaton. Pebale studied many variations of
automata. Above, the most standard variant is destrwhich is called deterministic
finite automaton. The following are some populariatoons in the definition of
different components of automata.

3.23.1 Input
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- Finite input An automaton that accepts only finite sequencevofds. The
above introductory definition only accepts finitends.

- Infinite input An automaton that accepts infinite words-words). Such
automata are callad-automata

- Tree word input The input may be &ee of symbolsnstead of sequence of
symbols. In this case after reading each symbel,ailtomatorreadsall the
successor symbols in the input tree. It is said tha automatormakes one
copy of itself for each successor and each such capysstunning on one of
the successor symbol from the state accordingeddrtnsition relation of the
automaton. Such an automaton is called tree automat

3.2.3.2 States

- Finite states An automaton that contains only a finite humbéstates. The
above introductory definition describes automatth\irnite numbers of states.

- Infinite states An automaton that may not have a finite numbestates, or
even a countable number of states. For exampleguhetum finite automaton
or topological automaton has uncountable infinitgtates.

- Stack memoryAn automaton may also contain some extra menotlge form
of a stack in which symbols can be pushed and mbpidas kind of automaton
Is called gpushdown automaton

3.2.3.3 Transition Function

- Deterministic For a given current state and an input symbahnifautomaton
can only jump to one and only one state thenatdseterministic automaton

- NondeterministicAn automaton that, after reading an input symbway jump
into any of a number of states, as licensed biratssition relation. Notice that
the term transition function is replaced by traositrelation: The automaton
non-deterministicallydecides to jump into one of the allowed choicaschS
automaton are calleabndeterministic automaton

- Alternation This idea is quite similar to tree automaton, buhogonal. The
automaton may run itmultiple copieson thesamenext read symbol. Such
automata are callealternating automatonAcceptance condition must satisfy
all runs of sucltopiesto accept the input.

3.2.34 Acceptance Condition

- Acceptance of finite wordSame as described in the informal definition abov

- Acceptance of infinite wordein omega automatonannot have final states, as
infinite words never terminate. Rather, acceptasicéhe word is decided by
looking at the infinite sequence of visited statasng the run.

- Probabilistic acceptanceAn automaton need not strictly accept or rejett a
input. It may accept the input with some probapitietween zero and one. For
example, quantum finite automaton, geometric automaand metric
automatorhas probabilistic acceptance.
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Different combinations of the above variations progl many varieties of automata.
3.3 Classes of automata
In the following table is an incomplete list of senypes of automata.

Table 1: Types of Automata

/Automata IRecognizable language |
IDeterministic finite automata (DFA) | regular langaag |
INondeterministic finite automata (NFA) | regular langes |

Nondeterministic finite automata with transitiony

(FND-¢ or e-NFA) regular languages

IPushdown automata (PDA) | context-free languages |
LLinear bounded automata (LBA) | context-sensitivglage |
Turing machines IRecursively enumerak
anguages
Timed automata [ |
IDeterministic Biichi automata lomega limit languages |
INondeterministic Biichi automata | omegaregular laggs |
INondeterministic/Deterministic Rabin automata | omemilar languages |
INondeterministic/Deterministic Streett automata |  geeegular languages |
INondeterministic/Deterministic parity automata || omeggular languages |
INondeterministic/Deterministic Muller automata | oraeggular languages |

3.3.1 Discrete, Continuous, and Hybrid Automata

Normally automata theory describes the states sfradt machines but there are
analog automata or continuous automata or hybrstréie-continuous automata,
using analog data, continuous time, or both. Ammatton that computes a Boolean
(yes-no) function is called amcceptor Acceptors may be used as the membership
criterion of a language. An automaton that produnese general output (typically a
string) is called @aransducer

3.4  Applications of Automata Theory

Each model in automata theory play varied roleseneral applied areas. Finite
automata are used in text processing, compilers,hamdware design. Context-free
grammar (CFG) is used in programming languages aridicial intelligence.

Originally, CFG were used in the study of the hurtsarguages. Cellular automata are
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used in the field of biology, the most common exkEnfgeing John Conway's Game of
Life. Some other examples which could be explaimsthg automata theory in
biology include mollusk and pine cones growth angihpentation patterns. Going
further, Stephen Wolfram claims that the entirevarse could be explained by
machines with a finite set of states and rules witiingle initial condition. Other areas
of interest which he has related to automata thewyde: fluid flow, snowflake and
crystal formation, chaos theory, cosmology, andriial analysis.

4.0 CONCLUSION

In this unit you have been taken through the conoéputomata theory. In the next
unit you will be learning more specifically abouach type of automata, their
operations and the class of language they recagnise

5.0 SUMMARY

In this unit, you learnt that:
* anautomatons a simple model of a computer.
e there is no formal definition for "automaton"--ieat, there are various kinds
of automata, each with its own formal definition.
* generally, an automaton

has some form ahput,

has some form ajutput,

has internaktates

may or may not have some formstbrage
is hard-wired rather than programmable.

O O O o o

e an automaton can recognize a formal language
» the recognizable languages is the set of languthgésre recognized by some
automaton.

6.0 TUTOR-MARKED ASSIGNMENT
1. What do you understand by automata theory?
2. State any four classes of automata
3. In the context of automata theory, briefly désethe following terms:

* Recognised language

* Recognizable languages
* Run

» Transducer

e acceptor
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1.0 INTRODUCTION

You have learnt the general concepts of automaaryhin the previous module.
In this introductory unit of this module, you wile learning about the most basic
of all automata, which is the finite state auton{&3aA).

The finite-state automata (FSA) or finite statecmae (FSM) enjoy a special place in
computer science. The FSA has proven to be a wwfuumodel for many practical
tasks and deserves to be among the tools of evacyigghg computer scientist. Many
simple tasks, such as interpreting the commandsdtypto a keyboard or running a
calculator, can be modelled by finite-state aut@mnat

In this unit we examine the language recognitiopatdity of FSA. We show that

FSA recognize exactly the regular languages, laggmadefined by regular
expressions and generated by regular grammars.Idvgwrovide an algorithm to find

a FSA that is equivalent to a given FSA but hasféweest states. The two different
types of FSA, deterministic and nondeterministre, @so discussed in this unit.
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Now let us go through your study objectives fos thinit.
2.0 OBJECTIVES

At the end of this unit, you should be able to:
» describe FSA
» formally define DFA and NFA
e give an algorithm for the operations of a DFA
» describe ways of implementing DFAs and NFAs

3.0 MAIN CONTENT
3.1 Finite State Automata

Like grammars, finite state automata define langgagThe finite state automata is
often abbreviated FSA or FA (for finite automatadwever, some texts use the term
finite state machine, or FSM to correlate with figrmachines that will be discussed
in module 4 of this course.

An FSA is a virtual device that manipulates a cdat# string, one character at a time,
and determines whether that string is in the lagguanplemented by the machine.
The simplest state machine reads the string exacitg, and has no memory, only
registers. It is therefore a finite state automato

An FSA is defined by a set of states and a tramsitunction that maps state/input
pairs into states. In this state, reading thigattar, move to that state and advance to
the next character.

Some states are designated "final" states, andigstthat leave the FSA in one of
these final states are, by definition, in the |zamggi

One state is designated the start state. Whesté#nestate is also a final stateis
necessarily in the language.

Example 1:

The following 4-state machine defines binary stsingth an even number of 1's and
O's. States are a, b, ¢, d, and input character8 4. State a is both the start state and
the final state

01
a—>bc
b—ad
c—da
d—cb
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3.2  Deterministic Finite Acceptors/Automata (DFA)
DFAs are:
- Deterministic i.e. there is no element of choice
- Finite i.e. only a finite number of states and arcs
- Acceptors i.e. produce only a yes/no answer

A DFA is drawn as a graph, with eachtate represented by a circle.

O

Start =tate
One designated state IS the start state

O

Final state

Some states (possibly including the start state) loa designated a#nal states

e

State transition arc

Arcs between states represeatdte transitions Each such arc is labelled with the
symbol that triggers the transition.

Figure 1. Example of DFA

3.2.1 Algorithm for the Operation of a DFA

48



CIT 342 Formal Languages and Automata Theory

Start with the "current state" set to the startesand a "read head" at the
beginning of the input string;
while there are still characters in the string:

o Read the next character and advance the read head;

o From the current state, follow the arc that is ligoewith the character

just read; the state that the arc points to becdh®esext current state;

When all characters have been reacteptthe string if the current state is a
final state, otherwiseejectthe string.

Example 2

Consider the following input string: 1 0 0 1 1 0.0Using the DFA in Figure 1 above,
a sample trace will be as follows:

g0 1 g1 0 g3 0 g1 1 g0 1 g1 1 g0 O g2 O qO

Since g0 is a final state, the string is accepted.

3.2.2 Implementing a DFA

T T —
Qs a, )
4 A
W] 0
C 0
_ -
0, 0z |
1 ey
3.2.2.1 Using a GO TO Statement

If you do not object to thgo to statement, below is an easy way to implement a:DFA

g0 : read char;
if eof then accept string;
if char = 0 then go to g2;
if char = 1 then go to q1;

gl : read char;
if eof then reject string;
if char = 0 then go to g3;
if char = 1 then go to qO;

g2 : read char;
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if eof then reject string;
if char = 0 then go to qO;
if char = 1 then go to g3;

g3 : read char;
if eof then reject string;
if char = 0 then go to q1;
if char = 1 then go to g2;

3.2.2.2 Using a CASE Statement
If you are not allowed to usega to statement, you can fake it with a combination of a
loop and a case statement:

state := 0;
loop
case state of
g0 : read char;
If eof then accept string;
if char = 0 then state := g2;
if char = 1 then state := q1;

gl : read char;
if eof then reject string;
if char = 0 then state := g3;
if char = 1 then state := qO;

g2 : read char,
if eof then reject string;
if char = 0 then state := qO;
if char = 1 then state := g3;

g3 : read char;
if eof then reject string;
if char = 0 then state := q1;
if char = 1 then state := g2;

end case;
end loop;

3.2.3 Formal Definition of a DFA

A deterministic finite acceptor/automataor DFA is a quintuple:
M=(Q,Z, 9,q0,F)

where
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Q is a finite set o$tates,

Yis a finite set of symbols, thieput alphabet,
¥ Q X2—Q is atransition function,

g0 =Q is theinitial state,

F <Q is a set ofinal states.

Note: The fact thad) is a function implies that every vertex has argoing arc for
each member at..

We can also define aaxtended transition functioﬁ*as
O Q xT*—=0Q.

If a DFA M = (Q, 2, 5, go, F) is used as a membership criterion, thens#t of
strings accepted by M is a language. That is,

L(M) = {w ex*: 8*(q0,w) eF}.

Languages that can be defined by DFAs are cadigdlar languages.

3.3  Acceptor for Ada identifiers

In Ada, an identifier consists of a letter followky any number of letters, digits, and
underlines. However, the identifier may not end an underline or have two

underlines in a row.

Here is an automaton to recognize Ada identifiers.

letter

letter £ underline
digit

Figure 2 Formal acceptor for Ada identifiers.
M=(Q,Z, 9, q0, F), where

Qis{q0, a1, 92, g3},
> is {letter, digit, underline},

dis given by
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ﬁ(qo, letter) =ql S(ql, letter) =ql
A(qo, digit) = g3 d(ql, digit)y =q1
5(q0, underline) = g3 5(q1, underline) = g2
5(q2, letter) =ql 5(q3, letter) =03
A(g2, digit) =ql 9(g3, digit) =q3
5(q2, underline) = q3 5(q3, underline) = q3

g0 =Q is theinitial state,
{q1} <Q is a set ofinal states.

3.3.1 Abbreviated Acceptor for Ada ldentifiers

The following is anabbreviated automaton (my terminology) to recognize Ada
identifiers. You might use something like this is@rse on compiler construction.

Ietter

letter
underhne
mgm
Figure 3: Informal acceptor for &da identifiars.

The difference is that, in this automatandoes not appear to be a function. It looks
like apartial function that is, it is not defined for all values of<}..

We can complete the definition ﬁfby assuming the existence of an "invisible" state
and some "invisible" arcs. Specifically,

There is exactly one implicérror state

If there is no path shown from a state for a giggmbol in Z, there is an
implicit path for that symbol to the error state;

The error state is@ap state once you get into it, all arcs (one for each sgimb
in ) lead back to it; and

The error state is not a final state.

The automaton represented in Figure 3 above idyrexiactly the same as the
automaton in Figure 2; we just have not botheredraos one state and a whole bunch
of arcs that we know must be there.

| do not think you will find abbreviated automatethe textbook. They are not usually

allowed in a formal course. However, if you evee as automaton to design a lexical
scanner, putting in an explicit error state justtelrs up the diagram.
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3.4  Nondeterministic Finite Automata/Acceptors (NFA

An FSA is nondeterministic if it is confronted witleveral choices when processing
each character. Thus the transition function ohandeterministic FSA maps
state/input pairs into sets of states. The mackomeehow traverses all possible paths
in parallel. In addition, E transitions are petsut allowing the machine to change
states without reading an input character. A gtrsnaccepted by an NFA if one of its
parallel transition sequences leads to a finaéstat

This seems to add a great deal of power, but ihifadoes not. Any NFA can be
emulated by an FSA with more states. Start wittN&A containing n states; X, X3
etc, and construct a deterministic FSA witrsfates as follows. Each state in the new
FSA corresponds to a unique combination of stateke original NFA. The initial
state y corresponds to the union of the initial stageard all other xstates that are
accessible fromxvia E transitions. The statgeip the FSA is a final state if any of
the corresponding;states, represented by i a final state in the original NFA. To
determine the transition function f(x), apply c to each correspondingstate, and
bring in any new states that are accessible vimgsitions. The combination of all
these states determines a particular Vhus state ;y reading character ¢, moves to
state y.

By induction on string length, any string that leavthe constructed FSA in state y
also leaves the original FSA in any of the corresipag states;x One machine says
yes to the input word if and only if the other ci@es. Therefore nondeterministic
FSAs are no more powerful than their deterministionterparts.

A finite-state automaton can bendeterministién either or both of two ways:

Figure 4: Nondeterministic Finite Acceptor

A state may have two or more arcs emanating fraabelled with the same symbol.
When the symbol occurs in the input, either arc mag followed.
A state may have one or more arcs emanating frolabélled with A (the empty
string) . These arcs may optionally be followedhwiit looking at the input or
consuming an input symbol.

Due to nondeterminism, the same string may causel@h to end up in one of
several different states, some of which may bd fifale others are not. The string is
accepted iainy possible ending state is a final state.
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* digit
‘ digit @
.. -

Integer with optional sigh.

digitQ

digit

digit

Integer or real number,

Figure 5: Examples of NFAs

3.4.1 Implementing an NFA

If you think of an automaton as a computer, howsdblandle nondeterminism?

There are two ways that this could, in theory, beed

1. When the automaton is faced with a choice, it abvéayagically) chooses
correctly. We sometimes think of the automatonassulting amoracle which
advises it as to the correct choice.

2. When the automaton is faced with a choice, it sgaavnew process, so that all
possible paths are followed simultaneously.

The first of these alternatives, using an orageometimes attractive mathematically.
But if we want to write a program to implement aRA\ that is not feasible.

There are three ways, two feasible and one nofeasible, to simulate the second
alternative:

1. Use a recursive backtracking algorithm. Wheneveratitomaton has to make
a choice, cycle through all the alternatives andkena recursive call to
determine whether any of the alternatives leadsdolution (final state).

2. Maintain a state set or a state vector, keepingktdd all the states that the
NFA could be in at any given point in the string.

3. Use aquantum computeiQuantum computers explore literally all possilag
simultaneously. They are theoretically possibld, dne at the cutting edge of
physics. It may (or may not) be feasible to buiudisa device.

34.1.1 Recursive Implementation of NFAs
An NFA can be implemented by means of a recursaaech from the start state for a

path (directed by the symbols of the input stritoga final state.
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Here is a rough outline of such an implementation:

function NFA (state A) returns Boolean:
local state B, symbol x;

for each A transition from state A to some state B do
if NFA (B) then return True;
if there is a next symbol then
{ read next symbol (x);
for each x transition from state A to
some state B do
if NFA (B) then
return True;
return False;
}
else
{if Ais a final state then return True;
else return False;

}

One problem with this implementation is that it lkbget into an infinite loop if there
is a cycle ofAtransitions. This could be prevented by maintairdrggmple counter.

3.4.1.2 State-Set Implementation of NFAs

Another way to implement an NFA is to keep eithstade sebr abit vectorof all the
states that the NFA could be in at any given tiglementation is easier if you use
a bit-vector approach (M[is True iff state is a possible state), since most languages
provide vectors, but not sets, as a built-in da@atyHowever, it is a bit easier to
describe the algorithm if you use a state-set amroso that is what we will do. The
logic is the same in either case.

function NFA (state set A) returns Boolean:
local state set B, state a, state b, state c, sy mbol
X,

foreach ain A do

for each A transition from a
to some state b do
add b to B;

while there is a next symbol do
{ read next symbol (x);
B:= &
for each ain A do
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{ for each A transition from a to some state b
do
add b to B;
for each x transition from a to some st ate b
do
add b to B;
}
for each A. transition from
some state b in B to some state ¢ not in B do
add c to B;
A =B;
}

if any element of A is a final state then
return True;

else
return False;

3.4.1.3 Formal Definition of NFAS
The extension of our notation to NFASs is somewlrairsed.

A nondeterministic finite acceptor/automatonNFA is defined by the quintuple

M=(Q,Z, 0, qo, F)

where

Q is a finite set o$tates,

2is a finite set of symbols, theput alphabet,

&: Q X( =\ 4 A}) —22 s atransition function,
g0 =Q is theinitial state,

F £Q is a set ofinal states.

These are all the same as for a DFA except fodéfi@ition of ¥:

Transitions onlare allowed in addition to transitions on eIemerit§, and

The range ois 29 rather than Q. This means that the valuedafe not
elements of Q, but rather are sets of elements of Q

The language defined by NFA M is defined as
L(M) = {w €2*; *(q0,w) MF =2}

3.5 Equivalence of FAs

Two acceptors arequivalentf they accept the same language.
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A DFA is just a special case of an NFA that happaoisto have any null transitions
or multiple transitions on the same symbol. So DR#s not more powerful than
NFAs.

For any NFA, we can construct an equivalent DFAe (below). So NFAs are not
more powerful than DFAs. DFAs and NFAs define thms class of languages — the
regular languages.

To translate an NFA into a DFA, the trick is todaleach state in the DFA withsgt
of statedfrom the NFA. Each state in the DFA summarizeshad|states that the NFA
might be in. If the NFA contains |Q| states, theulant DFA could contain as many
as |2 states. (Usually far fewer states will be needed.

40 CONCLUSION

In this unit you have been taken through a classutdmata called finite automata, its
various types and ways of implementing each type.

5.0 SUMMARY

In this unit you learnt that:

» finite state automata define languages

* An FSA is nondeterministic if it is confronted wisleveral choices when
processing each character

* A finite-state automaton can bendeterministién either or both of two ways

* Two acceptors arequivalentf they accept the same language

» A DFA s just a special case of an NFA that happeido have any null
transitions or multiple transitions on the same lsgim

* For any NFA, we can construct an equivalent DFA

* In Ada, an identifier consists of a letter followleg any number of letters,
digits, and underlines

6.0 TUTOR-MARKED ASSIGNMENT

1) Give the formal definition of the following:
e FSA
« DFA
* NFA
2) How is a DFA different from an NFA? How are thegndar?
3) Is an NFA more powerful than a DFA? Discuss.
4) Briefly describe the various ways that an NFA carnrbplemented.
5) Describe an algorithm for the Operation of a DFA

7.0 REFERENCES/FURTHER READING
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Module 2: Regular Languages

Unit 2: Regular Expressions

CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1  Primitive Regular Expressions
3.2 Regular Expressions
3.3 Languages Defined by Regular Expressions
3.4  Building Regular Expressions
3.4.1 Example Regular Expressions
3.5 Regular Expressions and Automata
3.5.1 From Primitive Regular Expressions to NFAs
3.5.2 From Regular Expressions to NFAs
3.5.3 From NFAs to Regular Expressions
3.6  Three Ways of Defining a Language
3.6.1 Definition by Grammar
3.6.2 Definition by NFA
3.6.3 Definition by Regular Expression
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References/Further Reading

1.0 INTRODUCTION

In the previous unit, you learnt about finite stat#omata (which is a way of
characterising regular languages), the differepesyand the various ways of
implementing them. In this unit we will be discugsgiregular expressions, which

Is another way characterising regular languages.
Now let us go through your study objectives fos thinit.
2.0 OBJECTIVES

At the end of this unit, you should be able to:
» define regular expressions

» state the rules that can be applied to primitigular expressions to create

more regular expressions
» state the precedence of the rules
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» describe the three ways of defining a language
» demonstrate how to convert regular expressions Bd<Dand NFAs and
vice versa

3.0 MAIN CONTENT
3.1  Primitive Regular Expressions

A regular expressioncan be used to define a language. A regular esiores
represents a "pattern;” strings that match theepathat are in the language, strings
that do not match the pattern are not in the laggua

As usual, the strings are over some alphabet
The following areprimitive regular expressions:

. x, for each €2,
. l, the empty string, and
- {7, indicating no strings at all.

Thus, if | = n, then there are n+2 primitive regular expoessdefined over:.
Here are the languages defined by the primitiveleegexpressions:

. For each g2, the primitive regular expression x denotes theglmge {x}.
That is, the only string in the language is thangtr'x".

« The primitive regular expressic;h denotes the Ianguagét.}. The only string
in this language is the empty string.

- The primitive regular expressiod denotes the language {}. There ame
strings in this language.

3.2 Regular Expressions
Every primitive regular expression is a regularreggion.

We can compose additional regular expressions Ipyyiag the following rules a
finite number of times:

If ry is a regular expression, then so i$.(r
If ry is a regular expression, then soqis r
If r, and g are regular expressions, then sqrig(Concatenation)
If ry and p are regular expressions, then sgis,r or r/r, (Union)

Here is what the above notation means:

- Parentheses are just used for grouping.
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The postfix star (Kleene closure) indicates zeronmre repetitions of the
preceding regular expression. Thus, iEX., then the regular expression x*
denotes the Ianguag&{ X, XX, XXX, ...}.

Juxtaposition/concatenation of and p indicates any string described by r
immediately followed by any string described byFor example, if x, \E2,
then the regular expression xy describes the layey{ray}.

The plus (+) or | sign, read as "or," denotes Hmgliage containing strings
described by either of the component regular esmras i.e. the union of the
component regular expressions. For example, if &¢,ythen the regular
expression x+y or x|y describes the language {x, y}

Precedence

1) The unary operator * (kleene closure) has the lsgipeecedence and is left
associative. For example, atbc* or a|bc* denoteslahguage {a, b, bc, bcc,
bccce, beccg, ...}

2) Concatenation has a second highest precedences kaftassociative.

3) Union has lowest precedence and is left associative

4) Parentheses override operator precedence as Usoraexample, (0|1)* stands
for all possible binary strings, 0|1* stands father a O or an arbitrarily long
string of 1's, and 01* stands for O followed byaathitrarily long string of 1's.

The symbole represents the null string, and can be used like aiher alphabetic
character. Thus, (8)(1(0]¢))* stands for all binary strings without adjaceetos.

Computer languages such as ed, sed, grep, an@émpptby regular expressions, but
there are many more features for your conveniek@eg.instance, s+ = ss*, s? ={}|
s{7,} = sssssss+, and so on. Check out ‘'man péuirenore details.

3.3 Languages Defined by Regular Expressions

There is a simple correspondence between regupaessions and the languages they
denote:

Regular expressionL(regular expression)
x, foreach>e2  |{x}

A {A)

% {}

(r) L(ry)

r* (L(ro))*

o L(ry) L(r2)

r+rn L(ry) LL(ro)
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3.4  Building Regular Expressions

Here are some hints on building regular expressifeswill assumex= {a, b, c}.

Zero or more.
a* means "zero or more a's.”" To say "zero or mbrg, ‘athat is, {1 ab, abab,
ababab, ...}, you need to say (ab)*. Don't say di®cause that denotes the
language {a, ab, abb, abbb, abbbb, ...}.

One or more.
Since a* means "zero or more a's", you can use(@a&quivalently, a*a) to
mean “one or more a's." Similarly, to describe "onenore ab's," that is, {ab,
abab, ababab, ...}, you can use ab(ab)*.

Zero or one.
You can describe an optional a with Ea)i—

Any string at all.
To describe any string at all (with= {a, b, c}), you can use (a+b+c)*.

Any nonempty string.
This can be written as any character framfollowed by any string at all:
(atb+c)(at+b+c)*.

Any string not containing....
To describe any string at all that does not coraaim (with>= {a, b, c}), you
can use (b+c)*.

Any string containing exactly one...
To describe any string that contains exactly onepwa, "any string not
containing an a," on either side of the a, liks:tkib+c)*a(b+c)*.

3.4.1 Example Regular Expressions

Give regular expressions for the following language>= {a, b, c}.

All strings containing exactly one a.
(b+c)*a(b+c)*

All strings containing no more than three a's.
We can describe the string containing zero, one, tw three a's (and nothing
else) as

(A+a)A+a)A+a)

Now' we want to allow arbitrary strings not contampia’'s at the places marked
k)J()(/;n.(+Sall)X(3.+a)X(l+a)X

so we put in (b+c)* for each X:

(b+c)*(A+a)(b+c)*(A+a)(b+c)*(A+a)(b+c)*
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All strings which contain at least one occurrencefeach symbol in2.

The problem here is that we cannot assume the dgnalbe in any particular
order. We have no way of saying "in any order"wsohave to list the possible
orders:

abc+acb+bac+bca+cab+cba

To make it easier to see what's happening, let'apX in every place we want
to allow an arbitrary string:
XaXbXcX + XaXcXbX + XbXaXcX + XbXcXaX + XcXaXbX + XXbXaX

Finally, replacing the X's with (a+b+c)* gives tfieal (unwieldy) answer:
(atb+c)*a(atb+c)*b(a+b+c)*c(a+b+c)* +
(atb+c)*a(atb+c)*c(atb+c)*b(atb+c)* +
(atb+c)*b(atb+c)*a(a+b+c)*c(atb+c)* +
(atb+c)*b(atb+c)*c(atb+c)*a(a+b+c)* +
(atb+c)*c(at+b+c)*a(atb+c)*b(atb+c)* +
(atb+c)*c(at+b+c)*b(at+b+c)*a(atb+c)*

All strings which contain no runs of a's of lengthgreater than two.

We can fairly easily build an expression contaimiaga, one a, or one aa:
(b+c)*(A+a+aa)(b+c)*

but if we want to repeat this, we need to be sarééave at least one non-a
between repetitions:

(b+c)*(A+a+aa)(b+c)*((b+c)(b+c)4+a+aa)(b+c)*)*

All strings in which all runs of a's have lengths lhat are multiples of three.

3.5

(aaatb+c)*

Regular Expressions and Automata

Languages described by deterministic finite acasp{®FAs) are calledegular
languages

For any nondeterministic finite acceptor (NFA) vandind an equivalent DFA. Thus
NFAs also describe regular languages.

Regular expressions also describe regular languades will show that regular
expressions are equivalent to NFAs by doing twogsi

1.

2.

For any given regular expression, we will show hmwbuild an NFA that
accepts the same language. (This is the easy part.)

For any given NFA, we will show how to constructegular expression that
describes the same language. (This is the hard part
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3.5.1 From Primitive Regular Expressions to NFAs

Every NFA we construct will have a single startestand a single final state. We will
build more complex NFAs out of simpler NFAs, eacithva single start state and a
single final state. The simplest NFAs will be thok® the primitive regular
expressions.

For any x in2, the regular expression x denotes the language Tklis NFA
represents exactly that language.

00

Figure 1: nfafor =

Note that if this were a NFA, we would have to udg arcs for all the other elements

of >.
OO

Figure 2: nfafor A

The regular expressiofh denotes the Ianguagé{}, that is, the language containing
only the empty string.

O 0

Figure 3: nfa for @
The regular expressiof denotes the language no strings belong to this language,
not even the empty string.
Since the final state is unreachable, why bothdraiee it at all? The answer is that it
simplifies the construction if every NFA has exgaihe start state and one final state.
We could do without this final state, but we wouldve more special cases to
consider, and it does not hurt anything to inclitde

3.5.2 From Regular Expressions to NFAs

We will build more complex NFAs out of simpler NFAsach with a single start state
and a single final state. Since we have NFAs famitive regular expressions, we
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need to compose them for the operations of groypmumgaposition, union, and
Kleene star (*).

For grouping (parentheses), we don't really needldoanything. The NFA that
represents the regular expressiaghi§ the same as the NFA that represents r

For juxtaposition (strings in L{y followed by strings in L@, we simply chain the
NFAs together, as shown. The initial and final esadf the original NFAs (boxed)
stop being initial and final states; we include niesial and final states. (We could
make do with fewer states and fewktransitions here, but we aren't trying for the
best construction; we're just trying to show thabastruction is possible.)

Figure 4:nfafor ryrs

The + denotes "or" in a regular expression, soakes sense that we would use an
NFA with a choice of paths. (This is one of thes@ss that it's easier to build an NFA
than a NFA.)

The star denotes zero or more applications of@galar expression, so we need to set

up a loop in the NFA. We can do this with a bacld/vpointinglarc. Since we might
want to traverse the regular expression zero tiftiress matching the null string), we

also need a forward-pointir@arc to bypass the NFA entirely.

Figure 6: nfafor r#
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3.5.3 From NFAs to Regular Expressions

Creating a regular expression to recognize the sanmgs as an NFA is trickier than
you might expect, because the NFA may have argil@ps and cycles. Here's the
basic approach (details supplied later):

1. If the NFA has more than one final state, convietd ian NFA with only one
final state. Make the original final states nonfjrend add altransition from
each to the new (single) final state.

2. Consider the NFA to be generalized transition graphwhich is just like an
NFA except that the edges may be labeled with raryitregular expressions.
Since the labels on the edges of an NFA may berithor members ot
each of these can be considered to be a regulaessipn.

3. Remove states one by one from the NFA, relabeldtgs as you go, until only
the initial and the final state remain.

4. Read the final regular expression from the twoesgattomaton that results.

The regular expression derived in the final stepepts the same language as the
original NFA.

Since we can convert an NFA to a regular expressiod we can convert a regular
expression to an NFA, the two are equivalent foisna--that is, they both describe
the same class of languages, the regular languages.

There are two complicated parts to extracting ailleegexpression from an NFA:
removing states, and reading the regular expresesibnthe resultant two-state
generalized transition graph.
Here ishow to delete a state:

To delete state Q, where Q is neither the inititdtes nor the final state,

replace with ce*d

Figure 7: Deleting a State
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You should convince yourself that this transformiatis "correct”, in the sense that
paths which leave you in;@ the original will leave you in Qn the replacement, and
similarly for Q.

What if state Q has connections to more than twerostates, say,;QQ, and
Q«? Then you have to consider these states pain@seith Q, Q with Q,
and Q with Q..

What if some of the arcs in the original state rmrssing? There are too many
cases to work this out in detail, but you shouldab& to figure it out for any
specific case, using the above as a model.

You will end up with an NFA that looks like thishere g, r,, 13, and j are (probably
very complex) regular expressions. The resultank MHigure 8 below represents the
regular expression™r,(ry + rary«rp)*

Figure 8: NFA for r]_*r 2(r4 + Iar 1*r2)*

(you should verify that this is indeed the cornegular expression). All you have to
do is plug in the correct values far r, r3, and .

3.6  Three Ways of Defining a Language

The following presents an example solved threteiht ways. No new information
is presented.

Problem: Define a language containing all strings oxer {a, b, ¢} where no symbol
ever follows itself; that is, no string containsg/a the substrings aa, bb, or cc.

3.6.1 Definition by Grammar

Define the grammar G = (V, T, S, P) where
V={S, ...sone other variables...}
T=2={a, b, c}.

The start symbol iS.
P is given below.
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These should be pretty obvious except for the sevhich we generally make up as
we construct P.

Since the empty string belongs to the languagejeeel the production
S —A

Some strings belonging to the language begin whith gymbola. The a can be
followed by any other string in the language, soglas this other string does not
begin witha. So we make up a variable, caINOTA to produce these other strings,
and add the production

S —a NOTA
By similar logic, we add the variabl&kDTBandNOTCand the productions
S —b NOTB
S —c NOTc

Now, NOTAIs either the empty string, or some string thagim® with b, or some
string that begins witle. If it begins withb, then it must be followed by a (possibly
empty) string that does not begin with-and we already have a variable for that case,
NOTB Similarly, if NOTAis some string beginning with, thec must be followed by
NOTC This gives the productions

NOTA —>A.

NOTA —b NOTB

NOTA —c NOTC

Similar logic gives the following productions folN B and NOTC:
NOTB —A

NOTB —a NOTA

NOTB —c NOTC

NOTC —>A
NOTC —a NOTA
NOTC —b NOTB

We addNOTA, NOTB, andNOTCto set V, and we're done.

Example derivation:

S —a NOTA —ab NOTB —abaNOTA —abacNOTC —ab
ac.

3.6.2 Definition by NFA

Defining the language by an NFA follows almost dkathe same logic as defining
the language by a grammar. Whenever an input symlyeld, go to a state that will
accept any symbol other than the one read. To esigghdhe similarity with the
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preceding grammar, we will name our states to spord to variables in the
grammar.
Z

Figure 9: Definition of Language by NFA

3.6.3 Definition by Regular Expression

As usual, it is more difficult to find a suitablegular expression to define this
language, and the regular expression we do findsbbétile resemblance to the
grammar or to the NFA.

The key insight is that strings of the language loarviewed as consisting of zero or
more repetitions of the symbal, and between them must be strings of the form
bcbcbe...  orcbcbcb... . So we can start with

XaYaYaYa..YaZz

where we have to find suitable expressionsXply, andZ. But first, let's get the
above expression in a proper form, by getting fithe "...". This gives

Xa(YarZ

and, since we might not have amy at all,

Xa(vra)*2)+X

Now X can be empty, a singke a singlec, or can consist of an alternating sequence
of bs andcs. This gives

X=( A+Db+c+(bo)*+ (ch¥

This isn't quite right, because it does not alle)*b  or (cb)*c . When we
include these, we get

X =( A+b+c+ (bc)* + (cb)* + (bc)*b + (cb)*c)

This is now correct, but could be simplified. Tlaestl four terms include thé-+b+c
cases, so we can drop those three terms. Thenmaaoabine the last four terms into
X = (bc)*(b + A) + (ch)*(c + A)

Now, what abouZ? As it happens, there isn't any difference betwekat we need
for Z and what we need fof, so we can also use the above expressioa.for
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Finally, what aboutY? This is just like the others, except thacannot be empty.
Luckily, it's easy to adjust the above expressmrXfandZ so that it can't be empty:

Y = ((bc)*b + (cb)*c)
Substituting intqX a (Y a)* Z) + X , We get

(bcyb +  A) + (cb)*(c + A) a ((be)*b + (cb)*c) a)*
(bc)*(b +  A) + (cb)*(c + A)) + (bo)*(b + A) + (ch)*(c +
A)

40 CONCLUSION

In this unit you have been taken through regul@ressions and the important role it
plays in the definition of languages. In the nexit you will be learning about regular
grammars

5.0 SUMMARY

In this unit, you learnt that:

* Aregular expression can be used to define a lagggua

* Aregular expression represents a "pattern;" strthgt match the pattern that
are in the language, strings that do not matcip#tirn are not in the language

* There is a simple correspondence between regyteiessions and the
languages they denote

» Languages described by deterministic finite acaspiidFAS) are called
regular languages

* Regular expressions also describe regular languages

6.0 TUTOR-MARKED ASSIGNMENT

=

Define primitive regular expressions

2. State the rules for creating addition regular eggigns from any given regular
expression(s)

How do regular expressions relate to automata?

Describe how to convert regular expressions to OBAhe reverse possible?
Explain

5. With the aid of illustrative examples, briefly debe the three ways of
defining a language

B w
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1.0 INTRODUCTION

In the preceding unit you learnt about regular egpions and how they can be
used to define a language. In this unit, you wid learning about regular
grammars, which is another way of defining langsage

Now let us go through your study objectives fos thinit.
2.0 OBJECTIVES

At the end of this unit, you should be able to:
» Define regular grammars
» Classify grammars
» Show the connection between right-linear grammadsNFAs
» Construct a right-linear grammar from a left-lingaammar
» Distinguish between right-linear grammars from-lafear grammars
» With the aid of illustrative examples, state thiatienship between regular
grammars and each of the following:
o DFAs
o NFAs
0 Regular expressions

3.0 MAIN CONTENT
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3.1 Grammars for Regular Languages
From the previous unit, you already know that:

A language defined by a DFA is a regular language.

Any DFA can be regarded as a special case of an NFA

Any NFA can be converted to an equivalent DFA; tflaufanguage defined by
an NFA is a regular language.

A regular expression can be converted to an eqnvalFA; thus, a language
defined by a regular expression is a regular laggua

An NFA can (with some effort!) be converted to gukar expression.

So DFAs, NFAs, and regular expressions are all iVadgnt," in the sense that any
language you define with one of these could bendefby the others as well.

We also know that languages can be defined by gemsinNow we will begin to
classify grammars; and the first kinds of grammaeswill look at are theegular
grammars.As you might expect, regular grammars will turrt tam be equivalent to
DFAs, NFAs, and regular expressions.

3.2  Classifying Grammars

Recall that a grammar G is a quadruple G = (V, T, S, P)
where:

V is a finite set of (meta)symbols, wariables

T is a finite set oferminal symbols

S eV is a distinguished element of V called start symbal
P is a finite set oproductions

The above is true foall grammars. We will distinguish among different lsndf
grammars based on th@em of the productiondf the productions of a grammar all
follow a certain pattern, we have one kind of graannif the productions all fit a
different pattern, we have a different kind of graar.

Productions have the form:

vV UDT > UD*

Different types of grammars can be defined by pgttdditional restrictions on the
left-hand side of productions, the right-hand ssfleroductions, or both.

3.2.1 Right-Linear Grammars
In general, productions have the form:

vV UT) T —=(v UTD*
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In aright-linear grammar all productions have one of the two forms:

V —T*V
or
vV T

That is, the left-hand side must consist of a gingdriable, and the right-hand side
consists of any number of terminals (membersphoptionally followed by a single
variable. (The "right" in "right-linear grammar"fegs to the fact that, following the
arrow, a variable can occur only as the rightmgstt®l of the production.)

3.2.1.1 Right-Linear Grammars and NFAs

There is a simple connection between right-lineangnars and NFAs, as suggested
by the following diagrams:

A —XxB
A—B () (e)
A—x | ()0

Figure 1. Connection between right-linear grammaesd NFAs

As an example of the correspondence between an &tf€éiAa right-linear grammarr,
the following automaton and grammar both recogtieeset of strings consisting of
an even number of O's and an even number of 1's.

S —A
S—08B
S—1A

A—>0C
A—1S

B—0S
B—1C

C—0A
C—1B
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Figure 2: automaton and grammar for the set of sigs consisting of an even
number of O's and an even number of 1's

3.2.2 Left-Linear Grammars

In aleft-linear grammarall productions have one of the two forms:
V —VT*

or

V —>T*

That is, the left-hand side must consist of a €ingdriable, and the right-hand side
consists of an optional single variable followeddwy number of terminals. This is
just like a right-linear grammar except that, fallng the arrow, a variable can occur
only on the left of the terminals, rather than ooiythe right.

We will not pay much attention to left-linear gramuws, because they turn out to be
equivalent to right-linear grammars. Given a lefear grammar for languade we
can construct a right-linear grammar for the saanguliage, as follows:

Table 1: Construction of right-linear grammar for any given left-linear grammar

Step Method
Construct a rightinear| Replace each production A>x of L with a production A
grammar for th —)xH, and replace each production A*Bx with a

(different) language”. | production A—x" B.

Construct an NEFA fO"_F: We talked about deriving an NFA from a ridimear
from the rightlinear|grammar in section 3.2.1.1. If the NFA has morentbiag
grammar. This  NF4 final state, we can make those states nonfinal,caddw
should have just one fin|final state, and pu&transitions from each previoug
state. final state to the new final state.

1. Construct an NFA to recognize languade
Reverse the NFA deE to|2. Ensure the NFA has only a single final state.
obtain an NFA fol.. 3. Reverse the direction of the arcs.
4. Make the initial state final and the finaltstaitial.

Construct a rightinear
grammar forL from the
NFA for L.

This is the technique we just talked about on ictisa
3.2.1.1

3.3 Regular Grammars
You have learned three ways of characterising eedahguages: regular expressions,

finite automata and construction from simple larggs using simple operations.
There is yet another way of characterizing therat ih by something called grammar.
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A grammar is a set of rewrite rules which are usegenerate strings by successively
rewriting symbols. For example consider the languapresented by awhich is {a,
aa, aaa,. . . }. One can generate the strings of this legg by the following
procedure: LetS be a symbol to start the process with. Rew@tesing one of the
following two rules:S— a, andS — aS. These rules mean thais rewritten as or
asaS To generate the strirgp for example, start witls and apply the second rule to
replaceS with the right hand side of the rule, ia&5 to obtainaS Then apply the first
rule toaSto rewriteS asa. That gives uaa. We writeS = aSto express thaSis
obtained fromS by applying a single production. Thus the procefssbtainingaa
from Sis written asS= aS—= aa. If we are not interested in the intermediatpste
the fact that aa is obtained from S is writtenSas aa, In general if a string is
obtained from a string by applying productions of a grammar G, we waite> g
and say thaB is derived frono. If there is no ambiguity about the grammar G that
referred to, then we simply write= .

Formally, a grammar consists of a set of nontertsirfar variables) V, a set of
terminals 2 (the alphabet of the language), a start synshalhich is a nonterminal,
and a set of rewrite rules (productions) P. A patidun has in general the forya- a,
wherey is a string of terminals and nonterminals withegtst one nonterminal in it
anda is a string of terminals and nonterminals. A graamis regular if and only i
Is a single nonterminal amgl is a single terminal or a single terminal followey a
single nonterminal, that is a production is of then X — a or X — aY, whereX and
Y are nonterminals aralis a terminal.

For example,X={a, b}, V={S and P ={S— aS S— bS S— A} is a regular
grammar and it generates all the strings consisifregs andb's including the empty
string.

The following theorem holds for regular grammars.

Theorem 1: A languagel is accepted by an FSA i.e. regularLif- { A} can be
generated by a regular grammar.

This can be proven by constructing an FSA for therg grammar as follows: For
each nonterminal create a stédeorresponds to the initial state. Add anotherestest

the accepting state Z. Then for every producKom aY, add the transitiord ( X, a)
=Y and for every productioX — a add the transitiord ( X, a) = Z.

For example¥.={a, b}, V={S}and P ={S— aS, S—» bS, S—» a, S—> b} forma
regular grammar which generates the language 0 )*. An NFA that recognizes this
language can be obtained by creating two statesdl<aand adding transition$(S,
a)={S Z}and d(S b) ={S Z}, whereSis the initial state and Z is the accepting
state of the NFA.
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The NFA thus obtained is shown below.

a.b
a.b
J g
S Zz

ThusL - { A} is regular. IfL contains A as its member, then sinceX} is regular ,L
=(L-{ A}) U{ A}is also regular.

Conversely, from any NFA < Q%, 4, o, A > a regular grammar < @3, P, @ > is
obtained as follows:
for anyain ¥, and nonterminalX andY, X— aYis in P if and only ifd (X, & =Y,

and for anya in ¥ and any nontermina{, X— ais in P if and only ifd (X, @ =Y for
some accepting state Y.

Thus the following converse of Theorem 1 is obtdine

Theorem 2: If L is regular i.e. accepted by an NFA, tHen{ A} is generated by a
regular grammar.

For example, a regular grammar corresponding toNf& given below is < Q, &, b
LP,S>,whereQ={S,X,Y},P=%->aS, S» aX, X— bS, X—> aY, Y- bS, S
— al.

NFA

As you have learnt in the previous module, in addito regular languages there are
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three other types of languages in Chomsky hierarctiytext-free languages, context-
sensitive languages and phrase structure langualgeg.are characterized by context-
free grammars, context-sensitive grammars and ehragsucture grammars,
respectively.

These grammars are distinguished by the kind odiymtions they have but they also
form a hierarchy, that is the set of regular lamppsais a subset of the set of context-
free languages which is in turn a subset of theobebntext-sensitive languages and
the set of context-sensitive languages is a subbkdhe set of phrase structure
languages.

A regular grammatris either a right-linear grammar or a left-linggammar.

To be a right-linear grammagyeryproduction of the grammar must have one of the
two forms V—T*V orV —T*,

To be a left-linear grammaeyvery production of the grammar must have one of the
two forms V—VT*orV —T*.

You donot get to mix the two. For example, consider a gramwith the following
productions:

S—A

S—aX

X—=>Sb

This grammar is neither right-linear nor left-limehence it is not a regular grammar.

We have no reason to suppose that the languageeragtes is a regular language (one
that is generated by a DFA).

In fact, the grammar generates a language whosgstare of the form " This
language cannot be recognized by a DFA.

4.0 CONCLUSION

In this unit you have been taken through regulamgnars, which is another way of
defining regular languages. You have also learat #ny regular grammar can be
classified as either a right-linear or left-lingmammar.

In the next unit you will be learning about somelad properties of regular languages.

5.0 SUMMARY
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In this unit, you learnt that:

6.0

7.0

You can distinguish among different kinds of gramsraased on thierm of

the productions

In aright-linear grammar,all productions have one of the two forms viz: V
—T*V or

V —T*

In a left-linear grammar,all productions have one of the two forms viz: V
—VT*orV —T*

A grammar is a set of rewrite rules which are usedyjenerate strings by
successively rewriting symbols

A languagel is accepted by an FSA can be generated by a regpalanmar

If L is regular theih - { A} is generated by a regular grammar.

A regular grammaris either a right-linear grammar or a left-linggammar

TUTOR-MARKED ASSIGNMENT
1. Define regular grammars

2. With an illustrative example, show thatlifis regular therL - { A} is
generated by a regular grammar

3. Distinguish between right-linear grammar anttlieear grammar

4. Outline the steps involved in constructing dtibnear grammar from a left-
linear grammar. Hence or otherwise, given the lietar grammar below,
construct an equivalent right-linear grammar:

S— Xab
X—cC

5. Construct an NFA for the right-linear grammariwkd from the grammar in
guestion (3) above
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INTRODUCTION

In the last three units you started learning alegtlar languages and how they
can be defined. In this unit, you will learn absoime of the useful properties of
regular languages and how each of these properdiesbe used to show that a
language is regular.

Now let us go through your study objectives fos thinit.
2.0 OBJECTIVES

At the end of this unit, you should be able to:
* Enumerate the closure properties of regular langsiag
» Describe the steps to follow in applying each efsthproperties
» State the standard ways in which regular languegese represented
* Prove the finiteness or otherwise of a language L
» Prove that a string belong to a language
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* Prove the equivalence of two languages
3.0 MAIN CONTENT
3.1 Closurel

A set isclosedunder an operation if, whenever the operatiorp@iad to members of
the set, the result is also a member of the set.

For example, the set of integers is closed undditiad, because x+y is an integer
whenever x and y are integers. However, integegsnat closed under division: if x
and y are integers, x/y may or may not be an imtege

We have defined several operations on languages:

L, \JL, Strings in either Lor L,
L, L, Strings in both Land L,
L,L,  Strings composed of one string fromfbllowed by one string from 4L
-Lq All strings (over the same alphabet) not in L
Lq* Zero or more strings fromiLconcatenated together
L,-L, Stringsin Ly that are notin L&
|_1E Strings in Ly, reversed
In mathematical notations (especially set thedhg,above can be written as:
L ={x|xisinZ* and x is not in L}
LOL, ={x|xisin L or Ly}
LnL, ={x|xisinLl and Ly}
L -L, ={x|xisin L but notin L}
Lil, ={xy|xisinL andyisin L}
L° = L=L°ULtuL?U...
L" = L=L'UL?U...
LlE ={x| x is reversed}

We will show that the set of regular languages lssed under each of these
operations. We will also define the operations @brfiomorphism” and "right
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guotient” and show that the set of regular langsagealso closed under these

operations.
3.2  Closure II: Union, Concatenation, Negation, Klene Star, Reverse
3.2.1 General Approach
1) Build automata (DFAs or NFAs) for each of the laages involved.
2) Show how to combine the automata to create a nésnaion that recognizes
the desired language.
3) Since the language is represented by an NFA or Déohclude that the
language is regular.
3.2.2 Union of j and L,
1) Create a new start state.
2) Make aAtransition from the new start state to each ofathginal start states.
3.2.3 Concatenation of L.and L,
1) Put aAtransition from each final state of to the initial state of L
2) Make the original final states of L1 nonfinal
3.2.4 Negation of L1
1) Start with a (complete) DFA, not with an NFA.
2) Make every final state nonfinal and every nonfistalte final.
3.2.5 Kleene Star of L1
1) Make a new start state; connect it to the origataitt state with d.transition.
2) Make a new final state; connect the original firséhtes (which become
nonfinal) to it with Atransitions.
3) Connect the new start state and new final state avgair ofAtransitions.
3.2.6 Reverse of L1
1) Start with an automaton with just one final state.
2) Make the initial state final and the final stateial.
3) Reverse the direction of every arc.

3.3 Closure lll: Intersection and Set Difference

Just as with the other operations, you prove tbgtlar languages are closed under
intersection and set difference by starting witloenata for the initial languages, and
constructing a new automaton that represents tleatbpn applied to the initial
languages. However, the constructions are somewblaer.
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In these constructions you form a completely newchiree, whose states are each
labelled with an ordered pair of state names: itst €lement of each pair is a state
from L,, and the second element of each pair is a state lfs. (Usually you will not
need a state for every such pair, just some of them

1. Begin by creating a start state whose label ist(state of L, start state of ).

2. Repeat the following until no new arcs can be added
i. Find a state (A, B) that lacks a transition for goxrin 2.

ii. Add a transition on x from state (A, B) to stafam, X), 5(B, x)). (If
this state doesn't already exist, create it.)

The same construction is used for both intersecmhset difference. The distinction
is in how the final states are selected.

3.3.1 Intersection
Mark a state (A, B) as final Hoth

0] Ais a final state in |, and
(i) (i) Bis afinal state in L

3.3.2 Set difference
Mark a state (A, B) as final if A is a final stateL,, but B isnota final state in
3.4  Closure IV: Homomorphism

You should note that "homomorphism" is a term beed from group theory. What
we refer to as a "homomorphism” is really a specaske.

Suppose>. andl are alphabets (not necessarily distinct). Théomomorphisnh is a
function from2 to I'*.

If wis a string in2, then we define ) to be the string obtained by replacing each
symbolx €2 by the corresponding stringXEI ™.

If L is a language otx, then itshomomorphic images a language oh. Formally,
h(L) = {h(w): w €L}

Theorem. If L is a regular language ah, then its homomorphic imagel)(is a
regular language ofh. That is, if you replaced every string w linwith h{w), the
resultant set of strings would be a regular languaml .

Proof.

1) Construct a DFA representimg This is possible becaukes regular.
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2) For each arc in the DFA, replace its labe>with h(x) €I

3) If an arc is labelled with a string w of length gter than one, replace the arc
with a series of arcs and (new) states, so thdt eaecis labeled with a single
element ofl . The result is an NFA that recognizes exactlyldimguage HY().

4) Since the language Ib( can be specified by an NFA, the language is sgul
Q.E.D.

3.5 Closure V: Right Quotient

Let L; and L, be languages on the same alphabet.riffie quotientof L; with L, is
L./L, = {w: wx L, andx EL}

That is, the strings in4L, are strings from L"with their tails cut off." If some string
of L, can be broken into two parts, w and x, where x ienguage b, then w is in
language L/L,.

Theorem.If L, and L, are both regular languages, thefik is a regular language.

Proof: Again, the proof is by construction. We start wattDFA M(L,) for Ly; the
DFA we construct is exactly like the DFA for,Lexcept that (in general) different
states will be marked as final.

For each state,@ M(L,), determine if it should be final in M(LL,) as follows:

Starting in state (s if it were the initial state, determine if amfythe strings
in language L are accepted by Mgl If there are any, then state €hould be
marked as final in M(LL,). (Why?)

That is the basic algorithm. However, one of thepstin it is problematical: since
language L may have an infinite number of strings, how do determine whether
some unknown string in the language is accepteMfy,) when starting at @ We
cannottry all the strings, because we insist on a fialgorithm.

The trick is to construct a new DFA that recognittesintersectionof two languages:
(1) L, and (2) the language that would be accepted by MA ,) if Q; were its initial
state. We already know we can build this machinewNf this machine recognizes
any string whatever(we can check this easily), then the two machihase a
nonempty intersection, and §hould be a final state.

We have to go through this same process for evaty § in M(L,), so the algorithm
Is too lengthy to step through by hand. Howevesg @nough for our purposes that the
algorithm exists.

Finally, since we can construct a DFA that recogsilz/L,, this language is therefore
regular, and we have shown that the regular laregiage closed under right quotient.

3.6 Standard Representations
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A regular language is given instandard representatioif it is specified by one of:

A finite automaton (DFA or NFA).
A regular expression.
A regular grammar.

(The importance of these particular representati®issmply that they are precise and
unambiguous; thus, we can prove things about lagegiavhen they are expressed in a
standard representation.)

3.7  Membership.

If L is a language on alphabet, L is in a standard representation, ané M, then
there is an algorithm for determining whetheglw

Proof. Build the automation and use it to test w.
3.8 Finiteness.

If language L is specified by a standard represiemathere is an algorithm to
determine whether the set L is empty, finite, dmike.

Proof. Build the automaton.

If there is no path from the initial state to adlirstate, then the language is
empty (and finite).

If there is a path containing a cycle from theiatistate to some final state,
then the language is infinite.

If no path from the initial state to a final statentains a cycle, then the
language is finite.

3.9 Equivalence.

If languages kL and L, are each given in a standard representation, tthene is an
algorithm to determine whether the languages aeticial.

Proof. Construct the language

(LML) LWLy ML)
If this language is empty, then E L.

4.0 CONCLUSION

In this unit you have been taken through the clsurpperties of regular languages
and how they can be useful in generating regulaguages and also showing that a
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language is regular. In the next unit, you will lbarning about the pumping lemma
for regular languages.

5.0

SUMMARY

In this unit, you learnt that:

6.0

N

A set isclosedunder an operation if, whenever the operatiopiad to
members of the set, the result is also a membireafet

you prove that regular languages are closed uhéerdrious operations by
starting with automata for the initial languages

A regular language is given insdandard representatioii it is specified by
one of the following:

o A finite automaton (DFA or NFA).
o A regular expression.
o A regular grammar.

TUTOR-MARKED ASSIGNMENT

When is a regular language given istandard representation?

Describe an algorithm to show the equivalence oflamguages

Describe how you will show that the set of regldaaguages is closed under
each of the following operations:

o Set difference

o Union

o Negation

o Intersection

Show that the language consisting of all stringsad&nced parentheses is not
regular.

Prove that the two regular expressions (a+b)* arb*)* generate the same
language.

Consider the function on languagesprefiXL) = { w in L | no proper prefix of
w is a member of L}. Show that the regular langsagee closed under the
noprefixfunction.

Consider the function on languagesnove_middle_thifd) = { xz | for some
y, Xyz is in L where |x| = |y| = |z|}. Show tha¢ tlegular languages are not
closed under theemove_middle_third function

An equivalence relation R on a language L containett is right invariantif
XRy implies xzRyz for all z irt*. R is offinite indexif it partitions L into a
finite number of equivalence classes. Show thatdegular if and only if it is
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7.0

the union of some of the equivalence classes igfhd-invariant equivalence
relation on L of finite index.
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1.0 INTRODUCTION

In this concluding unit of module 2, you will bekémn through the pumping lemma
for regular languages. You will also learn abouvho apply the pumping lemma.

Now let us go through your study objectives fos thnit.
2.0 OBJECTIVES

At the end of this unit, you should be able to:
o Define pigeon hole
Explain the pigeon hole principle
State the pumping lemma
State the use of the pumping lemma
Apply the pumping lemma to regular languages

O O 0O

3.0 MAIN CONTENT
3.1  The Pigeonhole Principle
3.1.1 Pigeonhole

1. a hole or small recess for pigeons to nest
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2. a small open compartment (as in a desk or calioeKeeping letters or
documents
3. a neat category which usually fails to reflect atttomplexities.

3.1.2 Pigeonhole Principle

If n objects are put intm containers, where > m, then at least one container must
hold more than one object.

The pigeonhole can be used to prove that certdmtalanguages are not regular.
(Remember, any finite languageregular.)

As we have informally observed, DFAs "can't couifibis can be shown formally by
using the pigeonhole principle. As an example, n@asthat L = {aﬁbﬁ: n > 0} is not
regular. The proof is by contradiction.

Suppose L is regular. There are an infinite nunaberalues o but M(L) has only a
finite number of states. By the pigeonhole prinejphere must be distinct valuesi of
andj such that'aand dend in the same state. From this state,

b' must end in a final state, becau%ia in L; and
b' must end in a nonfinal state, becaubeiganot in L.

Since the state reached cannot be both final anfinab, we have a contradiction.
Thus our assumption, that L is regular, must benmct. Q.E.D.

3.2  The Pumping Lemma

Pumping Lemma relates the size of string acceptddtive number of states in a
DFA. Here is what theumping lemmaays:

If an infinite language is regular, it can be defiroy a DFA.

The DFA has some finite number of states (sy,

Since the language is infinite, some strings ofléimguage must have length >

n.

For a string of length » accepted by the DFA, the walk through the DFA must
contain a cycle.

Repeating the cycle an arbitrary number of timestrygield another string
accepted by the DFA.

Thepumping lemméor regular languages is another way of proviragg thgiven
(infinite) language is not regular. (The pumpingieacannotbe used to prove that a
given languages regular.)

The proof is always by contradiction. A brief oné#iof the technique is as follows:

Assume the language L is regular.
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By the pigeonhole principle, any sufficiently losging in L must repeat some
state in the DFA; thus, the walk contains a cycle.

Show that repeating the cycle some number of tiftpsmping" the cycle)
yields a string that is not in L.

Conclude that L is not regular.

This is hard because:

We do not know the DFA (if we did, the language Widoe regular!). Thus, we
have do the proof for an arbitrary DFA that accépts
Since we do not know the DFA, we certainly do nab\ the cycle.

But we can sometimes pull it off for the followingasons:

We get to choose the string (but it must be in L).
We get to choose the number of times to "pump.”

3.2.1 Applying the Pumping Lemma
Here is a more formal definition of the pumping fem

If L is an infinite regular language, then therésexsome positive integer m such that
any string weL whose length is m or greater can be decompogedhree parts, xyz,
where

|xy| is less than or equal to m,
lyl >0,
w; =xyzisalsoinLforalli=0,1,2,3,....

Here is what it all means:

m is a (finite) number chosen so that strings nfte m or greatemustcontain
a cycle. Hence, m must be equal to or greaterttt@number of states in the
DFA. Remember that wéo not know the DFAso we can't actually choose m;
we just know that such an m must exist.

Since string w has length greater than or equal,tee can break it into two
parts, xy and z, such that xy must contain a cytle.do not know the DFA, so
we do not know exactly where to make this breakwaiknow that |xy| can be
less than or equal to m.

We let x be the part before the cycle, y be thdegyand z the part after the
cycle. (It is possible that x and z contain cyclasg, we do not care about that.)
Again, we do not know exactly where to make thesalic

Since y is the cycle we are interested in, we rhase |y| > 0, otherwise it is
not a cycle.

By repeating y an arbitrary number of times, xyt® must get other strings in
L.
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If, despite all the above uncertainties, we camstiat the DFA has to accept
some string that we know is not in the languagen tive can conclude that the
language is not regular.

To use this lemma, we need to show:

1. Foranychoice of m,

2. for some we=L that we get to choose (and we will choose onlerrdith at least
m),

3. for anyway of decomposing w into xyz, so long as |xyjasgreater than m
andyis noth., _

4. we can choose an i such thatzig not in L.

We can view this as a game wherein our opponenesaioves 1 and 3 (choosing m
and choosing xyz) and we make moves 2 and 4 (chgegsiand choosing i). Our goal
Is to show that we caswaysbeat our opponent. If we can show this, we havequ
that L is not regular.

Example 1
Prove that L = {&" n =0} is not regular.

1. We do not know m, but assume there is one.

2. Choose a string w =’ where n > m, so that any prefix of length m cassis
entirely of a's.

3. We do not know the decomposition of w into xyz, buiice |[Xym, xy must
consist entirely of a's. Moreover, y cannot be gmpt

4. Choose i = 0. This has the effect of dropping 's/pat of the string, without
affecting the number of b's. The resultant string fewer a's than b's, hence
does not belong to L. Therefore L is not regular.

Example 2
Prove that L = {&" n > k and =0} is not regular.

1. We do not know m, but assume there is one.

2. Choose a string w =& where n > m, so that any prefix of length m cassis
entirely of a's, and k = n-1, so that there is ars¢ more a than b.

3. We do not know the decomposition of w into xyz, buiice |xXym, xy must
consist entirely of a's. Moreover, y cannot be gmpt

4. Choose i = 0. This has the effect of dropping 'g/pat of the string, without
affecting the number of b's. The resultant string fewer a's than before, so it
has either fewer a's than b's, or the same nunilesch. Either way, the string
does not belong to L, so L is not regular.

Example 3
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Prove that L = {& n is a prime number} is not regular.

1. We do not know m, but assume there is one.

2. Choose a string w ="avhere n is a prime number and |xyz| = n > m+1ig(Th
can always be done because there is no largest priimber.) Any prefix of w
consists entirely of a's.

3. We do not know the decomposition of w into xyz, buce |xyfm, it follows
that |z| > 1. As usual, |y| > 0, _

4. Since |z| > 1, |xz| > 1. Choose i = |xz|. Thelz|xy|xz| + |y||xz| = (1 + |y])|xz|.
Since (1 + |y|) and |xz| are each greater thamelprioduct must be a composite
number. Thus |Xyg| is a composite number.

Self Assessment Exercise

1. Construct a PDA that acceptsvew? |wis any string of's andb's } by final
2. Ségaitruct a PDA that acceptsvew® |wis any string ofi's andb's } by empty
3. Ségﬁziruct a PDA that accepts? | wis any string of's andb's } by final

4. Ségaitruct a PDA that accepts? | wis any string of's andb's } by empty
5. ggﬁ;ruct a PDA such that Np) = L(G) whereG is S— (S)S [e.

4.0 CONCLUSION

In this unit you have learnt about the pumping leanfor regular languages. The
pumping lemma is based on the pigeon hole prin@pkkit can be used to prove that
an infinite language is not regular. It can neverused to show that a language is
regular.

In the next module, you will be learning about &eottype of languages that is next
to regular languages in the Chomsky hierarchy.

5.0 SUMMARY

In this unit, you learnt:

» The pigeonhole can be used to prove that certimtanlanguages are not
regular

» the pigeonhole principle can be used to formallysithat DFAs "cannot
count.”

» Pumping Lemma relates the size of string acceptédtiie number of states in
a DFA
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6.0

7.0

=

how

Thepumping lemméor regular languages is another way of provirgg th
given (infinite) language is not regular
The pumping lemmaannotbe used to prove that a given languesgegular

TUTOR-MARKED ASSIGNMENT

What is a pigeon hole?

Briefly describe the pigeon hole principle. Howtigelated to the pumping
lemma for regular languages?

What does the pumping lemma say?

What do we need to do to use the pumping lemma?
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1.0 INTRODUCTION

In the previous module, you learnt about regulagiemges. In this module you
will be learning about context-free languages dmedautomata that accepts strings
generated by context-free languages. But in thi®ductory unit of the module,
let’s take you through the basic definitions of eot-free grammar.

Now let us go through your study objectives fos thinit.

2.0 OBJECTIVES

At the end of this unit, you should be able to:
» Define context-free grammars
» Distinguish between regular grammars and cont@d-irammars
* Determine strings generated by a context-free gramm

3.0 MAIN CONTENT

3.1 Context-Free Grammars (CFG)

A context-free grammar is a grammaiG= (X, T, S, P) for which all rules, or
productions, inP have the special forrh = a, for A € X - T and aeX".
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Additionally, for any two stringsi, v €X" write u =v (u directly producesv) if and
only if

(1) u = w1Aug foru, ug €X*andA €X - T and

(2) v =wviavz andA =a, aeX",
Is a production fron®.

The reductionu =v is also called direct production. Finally, writeu =v for two

stringsu, v €X* (u derivesv) if there is a sequenee=uo = U1 > U2 = =Un = V
of direct productionsui =ui+1 from R. The length of the derivation isn. The

language generated bys is {x €T*| S =>*x}.

Thus, the definition just articulates the reductir\ to a in any contexin which A
occurs. The productions for a context-free gramiga a restricted form of the
productions allowed for a general grammar. Thus;oatext-free grammar is a
grammar.

It is trivial that every regular language is comntBee. The reverse, as will be seen
presently, is not true. Before proving the centinglorem for this section two typical
examples are given.

Example 1

ConsiderG= (X, T, P, S) with T = {a, b} andX = {S, a, b, A}. The productions, or
grammar rules, aré8 =aSb |A. Then it is clear that(G) = {a”b»| n >0}. From the
previous module it is known that this languageasregular.

Example 2: A Grammar for Arithmetic Expressions

Let X={E T, F,id, +,-*/(),a b,c} andT ={a, b, c, +, - ,*,/,(,)}. The start
symbolS is E and the productions are as follows:

E =E+T |E-T|T

T =TF | TIF | F

F =(B) | id

id =a|b]|c

Then the stringla + b)*c belongs toLL(G). Indeed, it is easy to write down a
derivation of this string:

E=T=TF SFF = (E)*F = (E+ T)*F
S ((T+T*F= (F+T)*F = (id + T)*F = (a + T)*F
—(a+F)*F= (a+id )*F = (a+b)*F = (a+ b)*id = (a + b)*c
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The derivation just adduced lesftmostin the sense that the leftmost nonterminal was
always substituted. Although derivations are inegyah by no means unique, the
leftmost one is. The entire derivation can alsaigcely represented in a tree form, as
Figure. 1 suggests.

N —m

N

L
L)

NN
t — B —m—H
n —&

v

w—E—m—

R— & —m—N—

Figure 1: Derivation Tree for the Expressi¢a + b)*c

The internal nodes of the derivation, or syntagetare nonterminal symbols and the
frontier of the tree consists of terminal symbdlee start symbol is theot and the
derived symbols areodes Theorder of the tree is the maximal number of successor
nodes for any given node. In this case, the treseohder 3. Finally, th@eightof the
tree is the length of the longest path from thd to@ leaf node,e. a node that has no
successor. The stringe + b)*c obtained from the concatenation of the leaf nodes
together from left to right is called tlyeeld of the tree.

3.2 Regular Grammars are Context Free

Recall that productions of a right-linear grammausirhave one of the two forms
A—X

or A—xB
where A, BE X, and x=T*.

Since T* C(X LJT)* and T*X C(V LLIT)* it follows that every right-linear
grammar is also a context-free grammar.

Similarly, right-linear grammars and linear gramsare also context-free grammars.
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A context-free language (CFL3¥ a language that can be defined by a contegt-fre
grammar.

3.2.1 Notes on Terminology

Every regular grammar is a context-free grammath&same way that every dog is
an animal.

In normal speech we try to be as specific as plesdibwe know that, say, Fido is a
dog; we generally refer to Fido as a dog. We dorefar to Fido as an animal (unless
we are trying to be deliberately vague). But if edkvhether Fido is an animal, the
correct answer is certainly "yes."

In the same way, if languadeis a regular language, we generally refelLtas a
regular language. We do not referLi@s a context-free language unless we are being
deliberately vague. But if asked whetHeris a context-free language, the correct
answer is "yes."

The usual convention of being as specific as ptessibmetimes leads to confusion. If
| say language is a context-free language, | probably mean eiagL isnotregular,

or (b) 1do not knowwhether L is regular. If | do know that L is a wgy language, |
should call it a regular language, not a contegéfianguage.

3.3 Languages and Grammars

A regular languages a language that can be defined by a regulanmpax.

A context-free language a language that can be defined by a contegtgrammar.

If grammar G is context free but not regular, wewrthe languagé(G) is context
free. Wedo not knowthatL(G) is not regular. It might be possible to finaegular
grammar G that also definek.

Example 3

Consider the following grammar:

G =({S, A B}, {a, b}, S, {S»AB, A—aA, A—A, B—»Bb, B—A})

Is G a context-free grammar? Yes.

Is G a regular grammar? No.

Is L(G) a context-free language? Yes.

Is L(G) a regular language?es- the languagd.(G) is regular because it can be
defined by the regular grammar:
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G =({S, A B}, {a, b}, S, {SoA, AmaA, A>B, BbB, BoA))

Example 4

We have shown that L = {8 n =0} is not regular. Here is a context-free grammar
for this language.

G = ({S}, {a, b}, S, {S—aSh, S>A}
Example 5

We have shown that L = {8 k > n =0} is not regular. Here is a context-free
grammar for this language.

G =({S, B}, {a, b}, S, {S—aSh, S»B, B—hB, B—h}).
Example 6

The language L = {wit w €{a, b}*}, where each string in L is a palindromes, mot
regular. Here is a context-free grammar for thigyleage.

G = ({S}, {a, b}, S, {S—aSa, S>bSb, S>A}).
Example 7

The language L = {w: v&{a, b}*, njw) = n,(w)}, where each string in L has an equal
number of a's and b's, is not regular. Considefdth@wving grammar:

G = ({S}, {a, b}, S, {S—aSh, S»>bSa, S-SS, S-A}).
1. Does every string recognized by this grammar havecual number of a's and
b's?
2. Is every string consisting of an equal number sfaad b's recognized by this
grammar?

Example 8

The language L, consisting of balanced stringsaséptheses, is context-free but not
regular. The grammar is simple, but we have to drefal to keep our symbolg °
and )’ separate from our metasymbols ( and ).

G=(S}L{(,)}, S, {S—>( 9, S>SS, S>A)).

34 Sentential Forms
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A sentential formis the start symbol S of a grammar or any strmg@X \ JT)* that
can be derived from S.

Consider the linear grammar

({s, B}, {a, b}, S, {S —aS, S»B, B—bB, B—A}).

A derivation using this grammar might look likeghi
S=aS—=aB=abB=abbB=-abb

Each of {S, aS, aB, abB, abbB, abb} is a senteftuiah.

Because this grammar is linear, each sentential ftas at most one variable. Hence
there is never any choice about which variablexftaad next.

3.5 Leftmost and Rightmost Derivations:
Now consider the grammar
G=({S,A B, C}{a, b,c} S, P)

where
P = {S—>ABC, A—aA, A—A, B—bB, B—A, C—cC, C-A}L

With this grammar, there is a choice of variablesexpand. Here is a sample
derivation:

S=ABC =aABC =aABcC=aBcC=abBcC=abBc=abbBc=abbc

If we always expanded the leftmost variable firgte would have aleftmost
derivation:

S=ABC =aABC =aBC=abBC=abbBC=abbC=abbcC=abbc

Conversely, if we always expanded the rightmosiakde first, we would have a
rightmost derivation:

S=ABC =ABcC =ABc =AbBc =AbbBc =Abbc =aAbbc=abbc
There are two things to notice here:
1. Different derivations result in quite different sential forms, but

2. For a context-free grammar, it really does not madkeh difference in what
order we expand the variables.
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Self Assessment Exercise

1. Give a CFG for all strings @&’s andb’s with twice as mang’s asb’s. Show
leftmost derivations for the four shortest striggserated by your grammar.

3.6  Derivation Trees

Since the order in which we expand the variables sentential form does not seem to
make any difference, it would be nice to show aivaéipbn in some way that is
independent of the order. derivation treeis a way of presenting a derivation in an
order-independent fashion.

For example, for the following derivation:

S —ABC —aABC —aABcC —aBcC—abBcC—abBc—abbBc—abbc

we would have the derivation tree:

2 E o
SN NN
a A o E C C

AN
A b E A
;L

This tree represents not just the given derivatioon,all the different orders in which
the same productions could be applied to produestingabbc

A partial derivation treeis any subtree of a derivation tree such thatafor node of
the subtree, either all of its children are alsthm subtree, or none of them are.

Theyield of the tree is the final string obtained by regdihe leaves of the tree from
left to right, ignoring the\s (unlessll the leaves arg, in which case the yield ).
The yield of the above tree is the stradgpg as expected.

The yield of a partial derivation tree that consaihe root is a sentential form.
4.0 CONCLUSION

In this unit you have been taken through contexéfgrammars and their relationship
to regular grammars. You were also introduced ¢octbncept of derivations and parse
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tree. In the next unit, you will be learning moreoat context-free languages by
learning about some properties of context-free gnars.

50 SUMMARY
In this unit, you learnt that:

* every regular language is context-free but themssvis not true

* A context-free language a language that can be defined by a contegt-fre
grammar

* A sentential forms the start symbol S of a grammar or any stnm@i'_/T)*
that can be derived from S

* If we always expanded the leftmost variable ofrstesatial form first, we
would have deftmost derivatiorand if we always expanded the rightmost
variable first, we would haveraghtmost derivation

» A derivation treeis a way of presenting a derivation in an ordelependent
fashion

» A partial derivation trees any subtree of a derivation tree such thatafyr
node of the subtree, either all of its childrenas® in the subtree, or none of
them are.

6.0 TUTOR-MARKED ASSIGNMENT
1. Define context-free grammars

2. Given the grammar G:

E —~E+T |E-T|T

T STF | TIF | F
F =(B) | id
id —al|b|c

find the

I.  rightmost derivation
ii.  leftmost derivation

for the following strings
a) atata
b) a(c/b)
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1.0 INTRODUCTION

In the previous unit you learnt about context-figgammars and the type of
language that is generated by them. In this unit wal be taken through the
properties of context-free languages.

It is desirable not only to classify languages hg trchitecture of machines that
recognize them but also to have tests to showaHanhguage is not of a particular
type. For this reason we establish so-called pughpemmas whose purpose is to
show how strings in one language can be elongategwmped up.” Pumping up may
reveal that a language does not fall into a presufaaguage category. We also
develop other properties of languages that provighanisms for distinguishing
among language types. Because of the importanceowtfext-free languages, we
examine how they are parsed, a key step in progmgianguage translation.

Now let us go through your study objectives fos thnit.
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2.0 OBJECTIVES
At the end of this unit, you should be able to:

» State the properties of CFL

» State the pumping lemma for CFL

» Use the pumping lemma for CFL

» Determine when a grammar is ambiguous
» Define syntax tree

3.0 MAIN CONTENT
3.1 Syntax Trees

Tree representations of derivations, also known sgstax trees, were briefly

introduced in the preceding unit to promote inantiof derivations. Since these are
such important tools for the investigation of comtgee languages, they will be dealt
with a little more systematically here.

3.1.1 Definition of Syntax Tree

Let G= (X, T, P, S) be a context-free grammar. gyntax tree for this grammar
consists of one of the following:

1) Asingle nodex for anx €T. Thisx is both root and leaf node.
2) Anedge

A

o

corresponding to a productidn= acP.

3) Atree

A

P
AATA

where theAi, Aq, -, A, are the root nodes of syntax trees. Their yields a
read from left to right.

3.1.2 Ambiguity
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Until now the syntax trees were uniquely determireglen if the sequence of direct
derivations were not. Separating the productioneresponding to the operator
hierarchy, from weakest to strongest, in the exgoesgrammar-, -,*, /, () preserves
this natural hierarchy. If this is not done, themtax trees with a false evaluation
sequence are often the result. Suppose, for instdhat the rules of the expression
grammar were writtel: =E + E | E*E | id, then twodifferentsyntax trees as in
Figure 2 below are the result. If the first prodoictE = E + E were chosen then the
result would be the tree in Figure 1(i).

1IN I
I /I SN .\

id id
| [ | |
a id id id id c
| | |
b c a b
(i) i) (i

Figure 1: Syntax trees for stringa + b¥c.

On the other hand, choosing the productibas>E*E first results in a syntax tree of
an entirely different ilk (Figure 1(ii)).

Thus this grammar ismbiguous because it is possible to generate two different
syntax trees for the expressiari+ b*c.

Example 1:

The following grammar generates strings havinggraenumber of a's and b's.
G =({S}, {a, b}, S, S—aSh | bSa | SS\)

The string "abab" can be generated from this grammavo distinct ways, as shown
by the following derivation trees:
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5
NN
a5 b 5 5

SN SN TN

H 5 5 a 5 b a 5 b

| | |
b A A
Similarly, abab has two distinct leftmost derivaso

S =aSb=abSab=abab
S =SS=aShS=abS=abaSb=abab

Likewise, abab has two distinct rightmost deriviasio

S =aSb=abSab=abab
S =SS=SaSh=Sab=aSbab=abab

Each derivation tree can be turned into a uniggletmost derivation, or into a unique
leftmost derivation. Each leftmost or rightmostidation can be turned into a unique
derivation tree. So these representations areljairggerchangeable.

3.1.2.1 Ambiguous Grammars, Ambiguous Languages

Since derivation trees, leftmost derivations, aigtitmost derivations are equivalent
notations, the following definitions are equivatent

A grammar G immbiguousf there exists some string @L(G) for which

- there are two or more distinct derivation trees, or

- there are two or more distinct leftmost derivatiaors

« there are two or more distinct rightmost derivasion
Grammars are used in compiler construction. Amhigugrammars are undesirable
because the derivation tree provides considerabdenation about the semantics of a
program; conflicting derivation trees provide caetfhg information.

Ambiguity is a property of a grammar, and it is alby (but not always) possible to
find an equivalent unambiguous grammar.

An inherently ambiguous language a language for which no unambiguous grammar
exists.

Self Assessment Exercise |

2. Describe in words the language generated by G below
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S -SS|AB|AC
A -a

B—>b

C -SB

b) Is G ambiguous?

3.2 Chomsky Normal Form

Work with a given context-free grammar is greatgilitated by putting it into a so-
callednormal form This provides some kind of regularity in the aga@ce of the
right-hand sides of grammar rules. One of the nmogortant normal forms is the
Chomsky normal form

3.2.1 Definition of Chomsky Normal Form

The context-free Grammar € (X, T, P, S) is said to be ilChomsky normal form
if all grammar rules have the form

A=a | BC, (1)

fora € T andB, C €X - T. There is one exception.AieL(G), then the single extra
rule

S =A (2)

is permitted. IA&L(G) then production rule 2 is not allowed.

Theorem 1: Any context-free grammar G (X, T, P, S) can be rewritten in
Chomsky normal form.

Proof :

To facilitate rewriting the grammar rules it is stira good idea to eliminate
unnecessary pathology in the original grammar. Aldh a CFG always defines its
grammar rules with single nonterminal symbols oe tkft-hand side of every
production, it can easily happen that there arderonnal symbols thateverappear

on the left-hand side of any production. It is tis&en that they cannot generate any
sequence of terminal symbols and, moreover, magmagpear in the right-hand side
of any production to help produce a sentence inagsociated language. It can even
happen that there are nonterminal symbols that appe no sentential forni
derivable from the start symbol. These symbols @aked uselessand are to be
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expurgated at the outset. It should be abundandgrcthat no part of any rule
containing one of these symbols has the leastanfia of L(G). Consider, for
example, the grammar

S=AB | CA| AD
B = BC | AB
A= 2aA | a
C=b | aB| bC

No terminal symbol is derivable frol andD never appears in the right-hand side of
any rule. Thus, the grammar simplifies to:

S = CA
A= aA | a
C=Db | bC

Now that the grammar has been stripped of extranedements, the grammatical
transformation can begin. The rules for G can beiten as follows:

PurgeP of rules of the formA = A. If there is another rule witA occupying
the left-hand side, then proceed as follows. Fargvule in whichA appears
on the right-hand side, add another rul@twithout this occurrence k. If A
occurs more than once, then add rules with eaciviththl occurrence oA
elided, while retaining the other occurrences ddtthonterminal symbol.
Finally, add rules with pairs of individual occunees ofA eliminated,etc.
until all combinations have been expunged. For ganthe rulesA = a | A
andA =ABAC could be replaced b —a andA =BAC | ABC | BC|
ABAC.

Replace any rule of the forth = a4, a,,, ay, by then - 1 rulesA; =a;As,
Aq :>GZA3, ~ An-1 =>0Up-104,.

Eliminate “useless" ruleA =B, where A and B are nonterminal symbols.
Indeed, if there is a rulB =*a, wherea consists of more than one symbol,
then reduce té =a.

3.2.2 Putting a CFG into Chomsky Normal Form

Recall that a grammar G is in Chomsky Normal Fdreach production in G is one
of two forms:

1. A — BC where A, B, and C are nonterminals, or
2. A — awhere ais a terminal.
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We will further assume G has no useless symboleryecontext-free language
withoute can be generated by a Chomsky Normal Form grammar.

Let us assume we have a CFG G with no useless syymhwoductions, or unit
productions. We can transform G into an equiva@@mmsky Normal Form grammar
as follows:

Arrange that all bodies of length two or more cenenly of
nonterminals.

Replace bodies of length three or more with a aescd productions,
each with a body of two nonterminals.

Applying these two transformations to the gramman B.2.3 above, we get:

E .EA|TB|LC|a
A - PT

P+

B . MF

M_}*

L - (

C - ER

R -)

T _.TB|LC]a

F .LC]a

Example 2:

Consider again the expression grammar G:

E=SE+T |E-T | T

T=TF | TIF | F

F=(E) | id

d=a|b|c
Thentheruld& =E+T | E-T,isreplaced b =EE’, E' =POPT, POP =+
| -. Similar replacements hold f& =T*F | T/F andF = (E). Finally the

productionsk =T, T =F andF =id arereducedtéi. =a | b | ¢, T=a | b
| candF =a | b | crespectively.

Self Assessment Exercise 1:
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1) Put the following grammar into Chomsky Normal Form:

S -ASB| =
A -~ aAS|a

B -BbS|A|bb
C-aB|b

3.3 Non Context-Free Languages: Ogden's Lemma (THe&umping Lemma for
CFL)

A pumping lemmas a theorem used to show that, if certain stribgbong to a
language, then certain other strings must alsonigeto the language. In this section
we discuss a pumping lemma for context-free langsag

As with finite automata there is a version of thenping lemma that demonstrates
certain languages are not context free. This tmeaseoften called Ogden's lemma
after its discoverer.

Theorem 2: Let G= (X, T, R, S) be a context-free language. Then there is an

integern = n(G) for which every stringk €L.(G) having a length x| greater tham
can be written

X = UVWYZ, 3)

and

1. vy #A (thatis,v # A ory £ A).
2. The length otvwy satisfies| vwy | < n.
3. For each integek > 0, it follows thatuvkwykz VL(G).

Proof:
Assume that G is in Chomsky normal form. kv L.(G) consider the (binary) syntax

tree for the derivation af. Assume the height of this treehsas illustrated in Figure
2.
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S

A/ \E
JAAL

9 h—2 ) h—2

p——) L R— L -

Figure 2: Derivation Tree for the string x VL(G)

Then it follows that| x| < 2h-2 + 2b-2 = 2b-1 | e, the yield of the tree with heightis
at most2h-1, If G hask nonterminal symbols, let = 2k, Then letx VL(G) be a string
with | x| > n. Thus the syntax tree farhas height at least + 1, thus on the path
from the root downwards that defines the heighthef tree there are at ledst+ 2
nodes,i.e. at leastk + 1 nonterminal symbols. It then follows that theres@me
nonterminal symboA that appears at least twice. Consulting Figurig¢ i3, seen that
the partial derivatio’ =* uAz =* uvAyz obtains.

B AN AN &

/2

7] v w ¥ z
Figure 3: Nonterminal A appears twice in the derivation ofx

If, now, bothu andz were empty, then derivations of the fosn=uAz =A would

be possible, contrary to the assumption of Chonmskynal form. For the same reason
eitherv or y are nonempty. If vwy| > n then apply the procedure anew until the
condition | vwy| < n holds. Finally, since the derivatidh =vAy can be repeated
as often as one pleases, it follows tRabuAz =*uvAyz =>*uv?Ay?z =—uviwy?z,
etc.can be generated. This completes the proof.

3.3.1 Using the Pumping Lemma
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As mentioned earliethe pumping lemma can be used to show that cdeaguages
arenot context free. As an example, we will show thatltdreguage L = {d'c: i > 0}
IS not context-free.

Example 3:
The languagé. = {a’bic' | 1> 1} is not context free.
Proof:

AssumelL. were context-free. Then latbe then from the preceding theorem and put
x = a"bnen. Ogden's lemma then provides the decomposttion uvwyz with the
stated properties. There are several cases todawnsi

Case 1:The stringvy contains onlya's. But then the stringgzwz € L, which is
impossible, because it contains fewés thanb's ande's.

Case 2,3y contains onlyp's orc's. This case is similar to case 1.

Case 4,5:vy contains onlya's andb's or onlyb's orc's. Then it follows thatiwz
contains morec's thana's andb's or morea's thanb's andc's. This is again a
contradiction.

Since| vwy| < n itis not possible thaty containa's andc's.

Example 4:

In this example the power of Ogden's lemma willdx¢ended. The languade =
{albick | 1<7j <Kk} is not context-free.

Proof:

The pumping properties of Ogden's lemma are d¢¢ litse here. Hence we return to
the syntax tree in the proof of the theorem. Ifwnh were context-free then consider
the path in its syntax tree from the root to thed leode containing the rightmast For
sufficiently largei there is likewise a nonterminal symbdlappearing twice on this
path. Thenx = ua™wyz for somem > 0. There are 2 cases to be considered here.

Case 1:m = 0. Then the matching substriggcannot be empty. On the other hand
the theorem guarantees thaty | <1, hence alt's must be contained i But theny
contains at least onke, so for sufficiently largen the stringuwy”z belongs toL,
which is impossible, because for large enougthis string will contain more's than
c's — contrary to assumption.

Case 2: m > 1. It then follows that

S=* uAz=* ud"Ayz=* udTAYz = = ud"wy'z
Now obviouslyy cannot contain more than one letter kind andl#ttsr is eitheb or
c. If y contained only's then the stringtar™wy”z would contain more's thanc's
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for n sufficiently large. As similar argument holdgyitontained only's. In any case,
a contradiction is derived and thus the assumghkiatL is context-free is false.

3.4  Closure Properties of Context Free Languages

Proceeding by analogy, one would expect the clogwerems for regular languages
to generalize to CFLs. Surprisingly, not everythiogrries over. The following
theorem, however, articulates a property of contieed languages analogous to finite
automata.

Theorem 3: The context-free languages are closed unddpth&tion of:

Union
Concatenation
Kleene star.

Proof:

Let G = X1, Ti, P1, S1) and G = (X2, Ts, P2, S2) be context-free grammars.
Without loss of generality, it can be supposed (Kat- T1) n (X2 - T2) = @. If not,
then rewrite the grammar rules of one with new eoninal symbols. LefS be

another nonterminal symbol. Then $et P, U P2 U {S =S, S =52} and G (X4

UXs U{S}, T1 UTy, P, S). It then follows thal.(G) = L(G1) U L(Gg). Verifying the
closure under concatenation and Kleene star iméasi manner is left to you as an
exercise.

The closure under intersection property is notege®act.

Theorem 4: The intersection of a context-free langudgeand a regular language
L2 is context-free.

Proof:

If L is context-free then it is recognized by some dosm automaton B (X, Z1,S,,

Ri, Si, F1). If Lg is a regular language, then it is recognized bgeterministic
automaton A (X, Zg, f, So, F9). Define a new PDA B (X, Z, S, R, Sa, F) as
follows: Z = Z1XZo, S= S;, Sa = (S1, S2) and, finally, F = FixFs. The transition
relation R is obtained directly from the transition relatioh P and the transition

function of A, viz. for every transition of Pof the forai, z1, S),(z1, S1)) €R: and
for each states €7, put

(a(@ 2), S )", f @ 2), ")) €R
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and for eact-move ofP of the form((\, z1, S17),(z1", S1")) €R andzs €Zs put

(M@ 2), ) (@ 2),S") €R,

or, stated in words, P’ passes from si@ge z2) into state(z:’, z2") if and only if
Ppasses from; to z; and A passes froms to z2’, i.e. x €L(P)) if and only if x
eL(P) n L(A).

Theorem 5: The class of context-free languages is not dasler intersection and
complement.

Proof:

It is easy to see that the two languages
L, ={ab"c” | mn> 0}

and
L, ={a™"c" | m,n> 0}

are context free. The intersection, however,n L2 = {a®b2c® | n > 0} is not
context-free. From the complement identity

Lin L= LULy,
it is seen that the complemernits andL, are not in general context-free.
Self Assessment Exercise 2:
1. Show that {a’b"c" |n> 0 } is not context free.
2. Show that {a"b"c' |i <n}is not context free.
3. Show that {ss's|sis a string ofa's andb's } is not context free.
3.5 Parsing
There are two ways to use a grammar:
Use the grammar tgeneratestrings of the language. This is easy -- starh wit
the start symbol, and apply derivation steps wuil get a string composed
entirely of terminals.
Use the grammar toecognizestrings; that is, test whether they belong to the
language. For CFGs, this is usually much harder.
A language is a set of strings, and any well-defiset must have a membership
criterion. A context-free grammar can be used agwembership criterion # we can
find a general algorithm for using the grammareoognize strings.
Parsinga string is finding a derivation (or a derivatimee) for that string.
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Parsing a string is like recognizing a string. Agoaithm to recognize a string will
give us only a yes/no answer; an algorithm to parsering will give us additional
information about how the string can be formed ftb grammar.

Generally speaking, the only realistic way to reupng a string of a context-free
grammar is to parse it.

3.5.1 Exhaustive Search Parsing

The basic idea oéxhaustive search parsirig this: to parse a string, generate all
strings inL and see if w is among them.

Problem: L may be an infinite language.
We need two things:

1. A systematic approach, so that we know we haveowetlooked any strings,
and

2. A way to stop after generating onlyiinite number of strings — knowing that, if
we have not generated w by now, we never will.

Systematic approaches are easy to find. Almostexhpustive search technique will
do.

We can (almost) make the search finite by ternmggévery search path at the point
that it generates a sentential form containing ntloae \v| terminals.

3.5.2 Grammars for Exhaustive Parsing

The idea of exhaustive search parsing for a stsing to generate all strings of length
not greater than |w|, and see whether w is amosm.tifo ensure that the search is
finite, we need to make sure that we cannot gei Bm infinite loop applying
productions that don't increase the length of #gmegated string.

Note: for the time being, we will ignore the pod#¥pthat A is in the language.
Suppose we make the following restrictions on tteargnar:

- Every variable expands to at least one terminal. 8&e enforce this by
disallowing productions of the form-AA.

- Every production either has at least one termimait® right hand side (thus
directly increasing the number of terminals), oh#@s at least two variables
(thus indirectly increasing the number of termipalgy other words, we
disallow productions of the form-AB, where A and B are both variables.

With these restrictions,
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- A sentential form of length yields a sentence of length at least n.
- Every derivation step increases either the lendtthe® sentential form or the
number of terminals in it.

- Hence, any string V& L can be generated in at mos#|2] derivation steps.

- We have shown that exhaustive search parsingimsta process, provided that
there are no productions of the form—A or A—B in the grammar. As
discussed in section 3.2 such productions can bwved from a grammar
without altering the language recognized by thergnar. There is, however,
one special case we need to consider.

- If A belongs to the language, we need to keep the gtioduS — A. This
creates a problem if S occurs on the right hane il some production,
because then we have a way of decreasing the lefgtlsentential form. All
we need to do in this case is to add a new stambel; say § and to replace
the production S>A with the pair of productions

So— A
S—S

3.5.3 Efficient Parsing

Exhaustive search parsing is, of course, extremedfficient. It requires time
exponential invj|.

For any context-free grammar G, there are algostlfon parsing strings v&L(G) in
time proportional to the cube a¥|| This is still unsatisfactory for practical puges.

There are ways to further restrict context-freargrars so that strings may be parsed
in linear or near-linear time. These restrictedngraars are covered in courses in
compiler construction, but will not be considerestéh All such methoddo reduce
the power of the grammar, thus limiting the langsathat can be recognized. There is
no known linear or near-linear algorithm for pagsstrings of a general context-free
grammar.

4.0 CONCLUSION

In this unit you have been taken through some efpitoperties of CFL. It is expected
that with the knowledge you have gained in thig,ym@u will be able to determine if a
grammar is context-free or not and generate ottrergs that might belong to the
grammar. In the next unit, you will be learning abdhe class of automata that
recognises this class of grammars.

5.0 SUMMARY
In this unit, you learnt that:

* syntax trees are tree representations of derivation

117



CIT 342 Formal Languages and Automata Theory

6.0

A grammar G isambiguousif there exists some string ®L(G) for which
there are two or more distinct derivation trees

* An inherently ambiguous language a language for which no unambiguous
grammar exists

» The context-free languages are closed under thenatosn of union,
concatenation, Kleene star.

« The class of context-free languages is not closedew intersection and
complement

» Parsinga string is finding a derivation (or a derivatioee) for that string

TUTOR-MARKED ASSIGNMENT

1) State the pumping lemma for CFL

b) With the aid of illustrative example, demonsgrabw to use the pumping lemma to
show that a certain grammar is not context-free

2) Briefly explain the concept of ambiguity in gramars

3) Construct a CFG that generates the languagj] | n>0 }.
4) Prove that the language generated by the gramnbatd®y:

S =5S(S)
=3S(S)(S)
=(S)(S)
=()(S)
= () ()

consists of all strings of balanced parentheses.

5) Construct a CFG that generates ELPwwW |wis any string ofi's andb's }. This
is the language of even-length palindromes ovealpleabet &, b}. A palindrome
Is a string that reads the same in both directions.

6) Prove that ELP is not a regular language.

7) Construct a CFG for all regular expressions overalphabet {a, b}.

7.0
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Unit 3: Pushdown Automata
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2.0 INTRODUCTION

Having learnt about context-free languages and tbeaperties in the previous
units of this module, in this unit you will be studg the machine that accepts
context-free languages, thashdown automatoor PDA.

The finite-state automaton (FSA) and the pushdawtomaton (PDA) enjoy a special
place in computer science. The FSA has proven ta bery useful model for many
practical tasks and deserves to be among the tfoksvery practicing computer
scientist. Many simple tasks, such as interpretiegcommands typed into a keyboard
or running a calculator, can be modelled by figstate machines. The PDA is a model
to which one appeals when writing compilers becaiiseaptures the essential
architectural features needed to parse context-fapguages, languages whose
structure most closely resembles that of many arogning languages.

A DFA (or NFA) is not powerful enough to recognizeny context-free languages
because a DFA cannot count. But counting is noughoConsider a language of
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palindromes, containing strings of the form W8uch a language requires more than
an ability to count; it requires a stack.

A pushdown automaton (PDAg basically an NFA with a stack added to it.

Now let us go through your study objectives fos thinit.
2.0 OBJECTIVES

At the end of this unit, you should be able to:

» Describe a pushdown automata
» Distinguish PDAs from FSAs

* Formally define a PDA
 Compare a DPDA and an NPDA

3.0 MAIN CONTENT
3.1 Pushdown Automata

This machine is fed input just as a finite automat Some texts speak of the input
coming in on a read-only tape with a tape headnites left to right until it comes

to the end of the input. At that point it readgaaal character that marks a blank tape
cell. We will use the charactex or A as a "blank”. When the tape head reads a blank
the machine halts, or begins the process of haftugch will be explained later.) The
tape head may not reverse directions, nor may uisiee to write to the tape. The input
tape is infinitely long in the rightward directiowhich allows a PDA to accept a finite
input of any length. The cells of the tape are nerat, with the first input character
occurring in cell 1 where the tape head is sefaiiyt

——————

X,
!

T_‘ read

Control :
Unit read/write

F

J

Figure 1: Conceptual Model of a Pushdown Automaton
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In addition to the input tape, a PDA has an assediatack onto which it can push
characters to remember them. This stack has no tiiniis size so the PDA can push
as many characters as it likes. The machine bggimsessing with an empty stack.
Typically the first thing the machine does is pastbottom-of-the-stack marker" onto
the stack. We shall use th® as that marker. Note that a PDA has two associated
alphabets, one containing characters that may appedhe input tape, the other
containing characters that may be pushed ontotdwk.sThe two alphabets may be
the same but they do not have to be. We usuallyent® input alphabét and the
stack alphabei.

Basically, the input tape consists of a linear @pation of cells each of which
contains a character from an alphabet. This tapdeanoved one cell at a time to the
left. The stack is also a sequential structure hlaata first element and grows in either
direction from the other end. Contrary to the tapad associated with the input tape,
the head positioned over the current stack elecsntead and write special stack
characters from that position. The current staekneint is always the top element of
the stack, hence the name "“stack”. The contlibtontains both tape heads and finds
itself at any moment in a particular state.

Initially, we will not draw PDAs the way they areagvn in our textbook (but later we
will). Instead we will draw them much like finiteubmata, except for the labels we
use on the transitions. Each label will consisthoke parts: the input character, the
character popped off of the top of the stack, dedcharacters that need to be pushed
onto the stack. For example, suppose we find theiong transition in a PDA:

C ab; AR 2

Figure 2: Transition in a PDA

This transition says that if we are in state 1 tree is ara in the current cell of the
input tape and we pop ah off the top of the stack, then we may go to statnd
must push the stringB onto the stack, pushing ti#efirst and then th&. We may
use a\ in any of the three parts of the transition laltehlways means that we do not
do the task that part of the label involves. Ineottvords, aA in place of an input
character means that we do not read from the t&p#.in place of the character
popped off the stack means that we do not pop aythff the stack, and & in place
of the string to be pushed means that we do ndt paogthing. We will discuss when
theseA’s make the machine nondeterministic later.

Here is a machine that accepts the languad® {a~0}. The machine begins with its
input on the input tape and an empty stack. Thst tiing the machine does is go from
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state O to state 1, pushing the bottom-of-the-staakker onto the stack. In state 1, if
the machine reads afrom the input and pops the blank off the stabkntthat is the
first a found in the input and the machine pushes lilank back onto the stack
followed by anA. The machine counts tles in the input by pushing ah onto the
stack for eacta that it reads off the tape. From this point orth# PDA is in state 1
and it finds ara in the input, there will be af to pop off the stack. The machine then
pushes twdA's back on the stack, one to make up forAhiat was popped and one
to count thea just found in the input. As soon as the machires s in the input it
changes to state 2 and popsAanff the stack. It continues popping Anfor eachb
that it finds. If the input was a correctly fornedt string, the machine will read a
blank off the input tape at the same time thaopgpa blank off the stack and go to
state 3, an accept state. Since the language sxclind empty string, we also have a
transition from state 1 to state 3 that is usethéf machine reads a blank from the
input at the same time as it pops the marker afdtack at the very beginning of
processing.

ab; A4
a, b, Ad bAoA

%@ ﬁ,ﬁ;ﬁ.\@\ bAL A

FAWLRA Y

Figure 3: Machine that accepts the language {&" | n 20}

The previous machine shows that PDAs have more ptivean FSAs because that
machine accepts a nonregular language, somethan@mth~SA cannot do.

3.2 Types of PDAs

Like FSA, there are two types of PDAs:

» A deterministic PDAIDPDA) is one in which every input string has aque
path through the machine.

* A nondeterministic PDANPDA) is one in which we may have to choose
among several paths for an input string.

We say that an input string is accepted if theratiteast one path that leads to an
accept state. We shall see that a nondetermirfddié is more powerful than a
deterministic one, unlike the situation with DFAslaNFAs. In other words, there are
languages that can be accepted by an NPDA thabtt&enaccepted by a DPDA. We
have this arrangement among languages acceptéx byachines we have studied:
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Here is a PDA that accepts the language PALINDROMXr the alphabet {a,b,x]}.
PALINDROMEX = {sxs'} where s is a string over {a,b} anfl & the reverse of s.

ah.a b b

@ A A /\@x,ﬁ,ﬂ/\@ AhG A @

b, b a, a i

Figure 4: PDA that accepts the language {sfsover the alphabet {a,b,x}.

Note that the lambdas in the above machine do nakemthe machine
nondeterministic. There is only one path throughrtrachine for any string, although
there is an implied trap state in the machine amstfiag's path may take it to that
implied trap state. For example, the string abxdboause the machine to enter the
trap state when it reads the secanand pops & off the stack. Some authors would
say that the machine "crashes" when such an ewentrs) but regardless of how we
describe the situation, it results in the samegthimonacceptance of the string.

The x's in the strings of PALINDROMEX are essenttabur ability to recognize the
language with a deterministic machine. Without xheve would not know when to
change states. Consider the language ODDPALINDRQG#MECh contains all odd
length palindromes over {a,b}. By changing the labeA; A) to the two labels
(a,A;A) and (bA;A), we have an NPDA that recognizes ODDPALINDROME.
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Figure 5: NPDA that recognizes ODDPALINDROME

This machine is nondeterministic because from gdtatehen there is aain the input,
the machine can either stay in state 1 and nottlp@gtack or it can go to state 2 and
not pop the stack. Similarly, the machine has tloiaes if it reads & and it is in
state 1.

Now consider a machine for EVENPALINDROME = s There is no middle
character in an even-length palindrome, so thel labethe transition from the first
state to the second is labeled with X;A). This is like aA-transition in an FA, in that
the machine does not read any input or pop thé& sthen it takes this transition.

adfhia b, b

Figure 6: NPDA that recognizes EVENPALINDROME {ss}

Formally, a PDA is defined as a collection of setl@ngs:

an alphabet of input letters

an input tape containing an input string followgd®
an alphabet’of stack letters

a pushdown stack, initially empty

one start state

a set of accept states

atransition function

From now on, the default type of PDA is a nondeteistic PDA, so the acronym
PDA implies that the machine may be nondetermmidfiwe want to say that the
machine definitely is nondeterministic we will &fihe N and label it an NPDA.

Here is a theorem whose proof should seem ratheowdto you.

Theorem 1: For any regular language there is a DPDA thattsae

Proof: A finite state machine is simply a PDA that do@ make use of its stack.

Given a regular language we can create a DPDAdepat as follows: First create a
DFA for the regular language, then change its ttiamslabels so that instead of
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simply an input character, each transition is ligokeWith an input character and two
lambdas in place of the pop and push charad@E®

You should note that henceforth in this course, BDAI be drawn as they are drawn
in the texts.

3.2.1 Nondeterministic Pushdown Automata (NPDA)

As stated earlier, aondeterministic pushdown automaton (NPDO#)basically an
NFA with a stack added to it.

We therefore start the formal definition of NPDAtkvithe formal definition of an
NFA, which is a 5-tuple, and add two things to it:

T'is a finite set of symbols called te&ack alphabetand
z €l'is thestack start symbol

We also need to modif@, the transition function, so that it manipulates stack.

A nondeterministic pushdown automatmNPDAIs, therefore, a 7-tuple

M=@Q, 2T, 8 oz F)

where

Q is a finite set o$tates,

2is a theinput alphabet,

I'is thestack alphabet,

dis atransition function,

Jo £Q is theinitial state,

z €lis thestack start symbognd
F <Q is a set ofinal states.

3.2.1.1 Transition Functions for NPDAs

The transition function for an NPDA has the form

O Q X(Z LAY XT—finite subsets of Q<T'*

& is now a function of three arguments. The firad ave the same as before: the state,

and eitherA or a symbol from the input alphabet. The thirduangnt isthe symbol on
top of the stackJust as the input symbol is "consumed" when thetfon is applied,
the stack symbol is also "consumed" (removed frioenstack).

Note that while the second argument may?beather than a member of the input
alphabet (so that no input symbol is consumed)etieno such option for the third

argument.ﬁ always consumes a symbol from the stack; no mevgossible if the
stack is empty.
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In the deterministic case, when the functiins applied, the automaton moves to a
new state §Q and pushes a new string of symba#d % onto the stack. Since we are

dealing with a nondeterministic pushdown automatbe, result of applyingﬁ is a
finite set of (g, x) pairs. If we were to draw thetomaton, each such pair would be
represented by a single arc.

As with an NFA, we do not need to speci‘ﬁj or every possible combination of

arguments. For any case wheéYés not specified, the transition is & Q, the empty
set of states.

3.2.1.2 Drawing NPDAs

NPDAs are not usually drawn. However, with a fewaomiextensions, we can draw
an NPDA similar to the way we draw an NFA.

Instead of labelling an arc with an elementafwe can label arcs with a/x,y where
a=>, xel, and I *,

Example 1:

Consider the following NPDA

(Q={00, % .0}, 2={a,b}, ['={0,1}, &, o, z=0, F={q})

Where

d(ao, a, 0) ={(q, 10), (g, A)}
D(do, A, 0) = {(as, A)}
O(aw a, 1) = {(q, 11)}
d(au b, 1) = {(@, A)}
A0z b, 1) = {(&, A)}
A(d, A, 0) = {(s, A)}

This NPDA can be drawn as

3/0,10

Yo
A0 a/ L,k
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Note: the top of the stack is considered tdadothe left,so that, for example, if we get
ana from the starting position, the stack changes fran®/to 10,

3.2.1.3 NPDA Execution

Suppose someone is in the middle of stepping thra@ugtring with a DFA, and we
need to take over and finish the job. We will nem&now two things:

(1) the state the DFA is in, and

(2) what the remaining input is.

But if the automaton is an NPDA instead of a D&, also need to know
(3) the contents of the stack.

An instantaneous descriptiarf a pushdown automaton is a triplet (q, w, u)eveh

g is the current state of the automaton,

w is the unread part of the input string, and

u is the stack contents (written as a string, \hih leftmost symbol at the top
of the stack).

Let the symbol I-" indicate a move of the NPDA, and suppose ﬁ(qg, a, X) = {(o,
y), ...}. Then the following move is possible:

(ql! aW! XZ)I_(q21 W! yZ)

where W indicates the rest of the string followthg a, and Z indicates the rest of the
stack contents underneath the x. This notation ##fsin moving from state;qo
state g, an a is consumed from the input string aW, amdxttat the top (left) of the
stack xZ is replaced with y, leaving yZ on the ktac

3.2.14 Accepting Strings with an NPDA

Suppose you have the NPDA M = @, T, 8, @, z, F). How do you use this NPDA
to recognize strings?

To recognize stringy, begin with the instantaneous description

(qu w, Z)
where

Jo IS the start state,
w is the entire string to be processed, and
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z is the start stack symbol.

Starting with this instantaneous description, ma&s or more moves, just as you
would with an NFA. There are two kinds of moves tyau can make:

A-transitions. If you are in statg, is the top (leftmost) symbol in the stack,
and S(ql, A, X) = {(gz, W), ...}, then you can replace the symbol x with the
string w» and move to stateq

Nonempty transitions. If you are in statg g is the next unconsumed input

symbol, x is the top (leftmost) symbol in the staakd O(qy, a, X) = {(¢, W),
...}, then you can remove the a from the inpuingirireplace the symbol x with
the string w, and move to state.q

If you are in a final state when you reach the ehthe string (and maybe make some
Atransitions after reaching the end), then the gtisnaccepted by the NPDA. It does
not matter what is on the stack.

As usual with nondeterministic machines, the stigigccepted if there is any way it
could be accepted. If we take the "oracle" viewpdimen every time we have to make
a choice, we magically always make the right chascewe will end in a final state if

at all possible.

Example 2: (NPDA Execution)

Consider the following NPDA:
N0, @, 0) = {(a, 10), (g, A)}
31,11 S(do, A, 0) = {(as, A)}
&(an a, 1) = {(q, 11)}
&(a, b, 1) = {(@, A)}
A(0a b, 1) = {(&, A)}
&0, A, 0) = {(as, A)}

a/0,10

Yo
A0 a/ L,k

B/ 1,

(a)—2L0A

We can recognize the strimgabbb by the following sequence of moves:

(qo, @aabbb, 0)
(q,, aabbb, 10)
(qy, abbb, 110)
F(q., bbb, 1110)
F(q, bb, 110)
F(qp, b, 10)

(A, 0)
(g, A, A).
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Since g <F, the string is accepted.
3.2.1.5 Accepting Strings with an NPDA (Formal Vesion)
We have the notation"' to indicate a single move of an NPDA. We will @lsse

"I=" to indicate a sequence of zero or more movesvanwill use " to indicate a
sequence of one or more moves.

IfM=(@Q, 2T, D, O, Z, F) is an NPDA, then the language accepted bi,(M), is
given by

L(M) = {w €2*: (go, W, 2)E(p, A, u), peF, uel*.

You should understand this notation.

3.2.2 Deterministic Pushdown Automata

A nondeterministic finite acceptor differs from eterministic finite acceptor in two
ways:

The transition functiomis single-valued for a DFA, multi-valued for an NFA
An NFA may havel.-transitions.

A nondeterministic pushdown automaton differs fradeterministic pushdown
automaton (DPDA)n almostthe same ways:

The transition functiomis at mostsingle-valued for a DPDA, multi-valued for
an NPDA.

Formally: 5(q, a,b)]=0or1,
for every geQ, ac >\ { A}, and beT.

Both NPDAs and DPDAs may hax?etransitions; but a DPDA may haveta
transition only if no other transition is possible.

Formally: If (g, A, b) = &,
thend)(q, ¢, b) = for every ce2.

A deterministic context-free languagea language that can be recognized by a
DPDA.

The deterministic context-free languages are agirspbset of the context-free
languages.
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3.2.2.1 From a CFG to an equivalent PDA

Given a CFQ5, we can construct a PDRsuch that NP) = L(G). The PDA will
simulate leftmost derivations of G.

Algorithm to construct a PDA for a CFG
Input: aCFGG = (V, T, Q, S).

Output: a PDAP such that N@) = L(G).
Method: LetP=({q}, T, V U T, 9, q, S) where:

1. 8(9,& A) ={(q,B) |A—Bisin Q } for each nontermin& in V.
2. 3(q, a, a) ={(q, )} for each terminakin T.

For a given input stringy, the PDA simulates a leftmost derivation vom G.
We can prove that W) = L(G) by showing thatv is in N(P) iff wis in L(G):
If part: If wis in L(G), then there is a leftmost derivation

S= vi = v2 .. = Vpn=W

We show by induction onthatP simulates this leftmost derivation by
the sequence of moves

(@, w, S) - @, yi, o)
such that ify; = x4, thenxy; = w.
Only-if part: If (, X, A) |-* (g, &, €), then A=* x.

We can prove this statement by induction on thebrrmof moves made
by P.

3.2.2.2 From a PDA to an equivalent CFG

Given a PDAP, we can construct a CFG such that LG) = N(P). The basic idea of
the proof is to generate the strings that c&us®ego from state to statep, popping a
symbol X off the stack, by a nonterminal of themidigXp].

Algorithm to construct a CFG for a PDA

Input: a PDAP = (Q,%, T, 8, (v, Zo, F).

Output: a CFGG = (V, X, R, S) such that IG) = N(P).

Method:
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Let the nonterminal S be the start symboGofThe other nonterminals in V
will be symbols of the formgXq] wherep andq are states in Q, and X is a
stack symbol i
The set of productions R is constructed as follows:

= For all statep, R has the production-S [qoZop].

= If 8(q, a, X) contains, Y.Y, ... Y}), then R has the productions

[aXr] — a[rYrq] [riYors] ... [reaY il
for all lists of states, ro, ... , Ik

We can prove thagXp] =* wiff (q, w, X) |-* (p, &, ¢).

From this, we haveghZop] =* wiff (go, W, Zo) |-* (p, €, €), SO we can conclude
L(G) = N(P).

Self Assessment Exercise Il

1)

2)

4.0

Construct a PDA P from G below such that N(R)&). Show how your PDA
acceptsaababab .

G: S . SS|AB|AC
A _a
B _b
C - SB

Let L be the set of palindromes over,{} containing an equal numbars
andb’s. Is L context free? If yes, give a CFG for Lnkb, prove L is not
context free.

CONCLUSION

In this unit you have been taken through PDAs,dlass of automata that recognises
context-free languages, the different types and ti@se types differ. In the next unit,
which is the concluding unit of this module, youllviie learning more about CFGs
and NPDAs.

5.0

SUMMARY

In this unit, you learnt that:

PDAs have more power than FSAs

aPDAIs basically an NFA with a stack added to it

An instantaneous descriptiarf a pushdown automaton is a triplet
there are two types of PDAs
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6.0

7.0

=

B w

A deterministic PDAIDPDA) is one in which every input string has aque
path through the machine.

A nondeterministic PDANPDA) is one in which we may have to choose
among several paths for an input string.

an input string is accepted if there is at least path that leads to an accept
state

A nondeterministic finite acceptor differs from eterministic finite acceptor in
two ways

A deterministic context-free languagea language that can be recognized by a
DPDA.

The deterministic context-free languages are agirspbset of the context-free
languages

TUTOR-MARKED ASSIGNMENT

Formally define a PDA.

Briefly describe the operations and features oba PHow is it different from
an FSA?

Distinguish between DPDA and NPDA. Which is morevpdul

Construct a PDA that acceptsvew® |wis any string ofi's andb's } by final
state.

Construct a PDA that acceptsvew® |wis any string ofi's andb's } by empty
stack.

Construct a PDA that accepts? |wis any string ofi's andb's } by final
state.

Construct a PDA that accepts® |wis any string of's andb's } by empty
stack.

Construct a PDA such that NP) = L(G) whereG is S— (S)S [e.
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3.0 INTRODUCTION

Having learnt about CFGs and PDAs in the precedim¢s of this module, it is
now time for you to study the relationship betwé&#Gs and PDAs and ways of
simplifying CFGs.

Now let us go through your study objectives fos thinit.

4.0 OBJECTIVES

At the end of this unit, you should be able to:

» Describe ways of simplifying CFGs
» Describe the various normal forms for CFGs andatiheantages of each
» Describe how to convert CFGs to NPDAs

3.0 MAIN CONTENT

3.1  Simplifying Context-Free Grammars

134



CIT 342 Formal Languages and Automata Theory

The productions of context-free grammars can beceoeinto a variety of forms
without affecting the expressive power of the graanm

Before we discuss Chomsky Normal Form, let us dis@ome useful operations that
may be carried out on CFGs that you will find usefuputting CFGs in Chomsky
normal form:

3.1.1 Eliminating e-productions from a CFG (Empty Production Removal)

If the empty string does not belong to a langudlyen there is a way to eliminate
productions of the form A>A. from the grammar.

If the empty stringdoes belong to a language, then we can eliminate frdim a

productions save for the single producticrﬁ-)é.. In this case we can also eliminate
any occurrences of S from the right-hand-side ofipctions.

In other words, if a language L has a CFG, thed k } has a CFG without any
productions. A nonterminal A in a grammanigdlableif A = «.

The nullable nonterminals can be determined itesiti We can eliminate ad+
productions in a grammar as follows:

Eliminate all productions with bodies.

Suppose A— XX, ... X is a production anth of thek X;'s are

nullable. Then add the"¥ersions of this production where the nullable
Xi's are present or absent. (But if all symbols atable, do not add an
g-production.)

Example 1:

Let us eliminate the-productions from the grammar G below:

S . AB
A _aAA| e
B .bBB| =

S, A and B are nullable.
For the productio’s - AB we add the productiors - A | B
For the productio® - aAA we add the productions - aA | a
For the productio — bBB we add the productior® - bB | b
The resulting grammar H with nsproductions is

S -AB|A|B

A -aAA|aA|a

B -bBB|bB|b

We can prove that L(H) = L(G) -4}
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3. 1.2 Eliminating Useless Symbols from a CFG

A symbol X isusefulfor a CFG if there is a derivation of the form=S aXp =" w for
some string of terminals w. If X is not usefulethwe say X isiselessTo be useful,
a symbol X needs to be:

1. generatingthat is, X needs to be able to derive some swirtgrminals.
2. reachablethat is, there needs to be a derivation of thenf§= aXf3
wherea andp are strings of nonterminals and terminals.

To eliminate useless symbols from a grammar, we

I.  identify the nongenerating symbols and eliminak@mductions
containing one or more of these symbols, and then

ii. eliminate all productions containing symbols that mot reachable from
the start symbol.

Example 2:
In the grammar below,

S ~AB|a

A-b
S, A, a, andb are generatind is not generating. Eliminating the productions
containing the nongenerating symbols we get:

S-a

A g b
Now we see is not reachable froi§, so we can eliminate the second production to
get

S -a

The generating symbols can be computed inductivetiom-up from the set of
terminal symbols.

The reachable symbols can be computed inductivaliirsg fromS.
3.1.3 Eliminating Unit Productions from a CFG
We can eliminate productions of the form—#B from a context-free grammar.

A unit production is one of the forlh — B where botA andB are nonterminals.
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Let us assume we are given a grammar G witirmductions. From G we can
create an equivalent grammar H with no unit produastas follows:

Define (A, B) to be a unit pair if & B in G.

We can inductively construct all unit pairs for G.

For each unit pair (A, B) in G, we add to H thequrctions A— «a
where B— a is a nonunit production of G.

Example 3:
Consider the standard grammar G for arithmetic esgions:
E _E+T|T
T -T*F|F
F -(E)]|a
The unit pairs arég,E), (E,T), (E,F), (T,T), (T,F), (F,F)
The equivalent grammar H with no unit producticsis i
E-E+T|T*F|(E)]a

T-T*F|(E)]a
F-(E)|a

3.1.4 Left Recursion Removal
A variable A isleft-recursiveif it occurs in a production of the form:

A—>AX

for any x = (V UT)*. A grammar isleft-recursiveif it contains at least one left-
recursive variable.

Every context-free language can be represented lgyaemmar that is not left-
recursive. You will learn more about this in CIT544rinciples and Techniques of
Compilers.

Self-Assessment Exercise |
1) Eliminate useless symbols from the following gramma
S -AB|CA
A -a

B ~BC|AB
C-aB|b
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2) Outline an algorithm to determine whether a CFCegates the empty string.
What is the running time of your algorithm in terofs, the size of the
grammar?

3.2  Normal Forms of Context-Free Grammars

3.2.1 Chomsky Normal Form

A grammar is ifChomsky Normal Forni all productions are of the form:
A—BC

or

A—a

where A, B, and C are variables and a is a termiay context-free grammar that
does not contaid. can be put into Chomsky Normal Form.

(Most textbook authors also allow the productioﬁﬁ. so long as S does not appear
on the right hand side of any production.)

Chomsky Normal Form is particularly useful for pragns that have to manipulate
grammars.

3.2  Greibach Normal Form

A grammar is inGreibach Normal Fornif all productions are of the form:

A—ax

where a is a terminal andsy*.

Grammars in Greibach Normal Form are typically ughd much longer than the
CFG from which they were derived. Greibach Normaink is useful for proving the
equivalence of CFGs and NPDAs. When we discusserting a CFG to an NPDA,
or vice versa, we will use Greibach Normal Form.

3.3 From CFG to NPDA

For any context-free grammar in Greibach Normalnf@re can build an equivalent

nondeterministic pushdown automaton. This estadtighat an NPDA is at least as
powerful as a CFG.
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Key idea: Any string of a context-free language has a leffihd®zrivation. We set up
the NPDA so that the stack contents "correspondhigsentential form; every move
of the NPDA represents one derivation step.

The sentential form is:

the characters already read,
PLUS the symbols on the stack
MINUS the finalz (the initial stack symbol).

rse?zre?zrfa.-f form

@E ABz

aabbb
L
L characters remaining
characters vead

Figure 1. From CFG to NPDA

In the NPDA we will construct, the states are hardiportant at all. All the real work
is done on the stack. In fact, we will use only tbkowing three states, regardless of
the complexity of the grammar:

Start state gjust gets things initialized. We use the transitioom @ to ¢ to
put the grammar's start symbol on the stack.

d(do, A, 2) >{(q1, S2)}

State g does the bulk of the work. We represent everyvdéon step as a
move from q to q,.
We use the transition from ¢p ¢ to accept the string.

Maw, A, 2) —{(ar, 2)}
Example 1:

Consider the grammar G = ({S, A, B}, {a, b}, S, P)where
P = {S—a, S»aAB, A—aA, A—>a, B—bB, B—b}.

These productions can be turned into transitionctions by rearranging the
components:
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S—ahb

%

8(q,, a, 5)—{lg,, ABJ]

This yields the following table:

(start) (g A, 2) —={(q1, S2)}
S—a,  O(a a S)>{(a1, A)}
S—aAB, d(qy, a, Sy>{(q1, AB)}
A—aA, d(q, a, A>{(qq, A)}
A—a, &, a, A1, A)
B—bB, |d(qy, b, By>{(ds, B)}
B—b  &(aw b, By>{(q:, A)}
(finish)  &(a, A 2) ={(ar, 2)}

For example, the derivation
S —aAB —aaB=—aabB=—:aabb
maps into the sequence of moves

(0o, aabb, z) (o, aabb, Sz) H(g, abb, ABz) H(q;, bb, Bz)
(. b, B2)H(th, A, 2) (g, A, A)

When we write a grammar, we can use any variableesawe choose. As in
programming languages, we like to use "meaningfdtiable names. When we
translate an NPDA into a CFG, we will use variabdanes that encode information
about both the state of the NPDA and the stackerst Variable names will have the
form [gAqj], where g and g are states and A is a variable. The "meaning“hef t
variable [gAq] is that the NPDA can go from statevgith Ax on the stack to state g
with x on the stack.

3(q ,a,AJ—}{(qj, A

| S

[qiﬁxqj]—}a
140



CIT 342 Formal Languages and Automata Theory

Each transition of the forrrS(qi, a, A) = (g, }1,) results in a single grammar rule.

ca, A=l q BCY) Each transition of the fornr%(q“ a, A) = (g BC)

results in a multitude of grammar rules, one for
]}Q f/\ each pair of statesygand ¢ in the NPDA.
la;Aqy] = ala,Ba,l mﬁqg
T T

This algorithm results in a lot of useless (unreddd) productions, but the useful
productions define the context-free grammar receghby the NPDA.

Self Assessment Exercise I
3) Convert the following CFG into an equivalent grammmaChomsky Normal

Form. Show the shortest leftmost derivation forgtrengabb in both
grammars.

S _aA
A _BAB|B
B _bb|

40 CONCLUSION

In this unit you have been briefly taken througk telationship between CFG and
PDAs and how to simplify CFGs.

5.0 SUMMARY

In this unit, you learnt that:

* The productions of context-free grammars can beceoento a variety of
forms without affecting the expressive power of ginemmar

* If the empty string does not belong to a langu#we there is a way to
eliminate productions of the form-2 A from the grammar
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6.0

7.0

NookrwbhPE

A grammar isleft-recursiveif it contains at least one left-recursive vareabl
E.g. A—>AX

A grammar is inChomsky Normal Fornif all productions are of the form
A—BC or A—>a

A grammar is inGreibach Normal Formif all productions are of the form
A—»ax, where a is a terminal andEx*

Greibach Normal Form is useful for proving the eqlence of CFGs and
NPDAs

For any context-free grammar in Greibach Normalnirgrou can build an
equivalent nondeterministic pushdown automaton

TUTOR-MARKED ASSIGNMENT

Briefly describe the various ways that CFGs casib®lified.

What is the advantage of a CFG that in Griebaclwgdl Form?

What are the disadvantage of Griebach’s Normal Porm

Is an NPDA as powerful as a CFG? Discuss

Prove that L ={ww | w is any string afs andb's } is not a CFL.

If L is context free, is LE context free? Justify your answer.

Let L be the complement of the language { ww | vany string ofa’s andb’s
}. Show that L is context free.
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Module 4: Turing Machines

Unit 1: Turing Machines and the rest

CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content
3.1 Turing Machines and the rest
3.2  Whatis a Turing machine?
3.3 Universal Turing Machine

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Reading

1.0 INTRODUCTION

This is the concluding module of this course ande h@u will be learning about
the Turing machine. The machine for decidable lagegs.

A basic Turing machine is a model for studying cotagon. Turing machines can
solve decision problems and compute results basednputs. When studying
computation we usually restrict our attention ttegers. Since a real number has
infinitely many fraction digits we cannot computereal number in a finite time.
Rational numbers are approximations to real numéergquivalent and can be put in
one-to-one correspondence with the integers.

Programming a Turing machine is tedious and thushmuork at higher levels of
abstraction make the reasonable assumption that@npletely defined algorithm or
computer program could be implemented by a Turiaghime.
Now let us go through your study objectives fos thnit.
2.0 OBJECTIVES
At the end of this unit, you should be able to:

» Define a Turing machine

» Distinguish between Turing machine and other ckssie machines for
language recognition discussed so far in this @urs
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» Describe the best way to code a Turing machine
3.0 MAIN CONTENT
3.1  Turing Machines and the Rest

A Turing machingdTM) is a generalization of a PDA which uses eetapstead of a
stack. Turing machines are an abstract versioncoingputer - they have been used to
define formally what icomputable There are a number of alternative approaches to
formalize the concept of computability (e.g. calldek A-calculus, orp-recursive
functions, ...) but they can all be shown to beiegjant. That this is the case for any
reasonable notion of computation is called@teirch-Turing Thesis

On the other side there is a generalization of edrftee grammars called phrase
structure grammars or just grammars. Here we atleveral symbols on the left hand
side of a production, e.g. we may define the cdntexvhich a rule is applicable.
Languages definable by grammars correspond prgcisethe ones which may be
accepted by a Turing machine and those are callgoe-0-languagesor the
recursively enumerable languages

Turing machines behave different from the previouachine classes we have
seen/discussed: they may run forever, without stgpplro say that a language is
accepted by a Turing machine means that the TMsitolp in an accepting state for
each word which is in the language. However, if wad is not in the language the
Turing machine may stop in a non-accepting stateap forever. In this case we can
never be sure whether the given word is in thedagg — i.e. the Turing machine does
not decide the word problem.

We say a language decidable if there is a TM which will always stop. Theresar
type-0-languagesvhich are not decidable — the most famous onehéshglting
problem (this will be fully discussed in the next unit). i$his the language of
encodings of Turing machines which will always stop

There is no type of grammars which captures allidddde languages (and for
theoretical reasons there cannot be one). Howewetis a subset of decidable
languages which are calledntext-sensitive languageghich are given byontext-
sensitive grammarghese are those grammars where the left hands@@roduction

Is always shorter than the right hand side. Cordexsitive languages on the other
hand correspond to linear bounded TMs, these aigetiMs which use only a tape
whose length can be given by a linear function ekerength of the input.

3.2 What is a Turing machine?
A Turing machineM = (Q, 2, I, J, , B, F) is given by the following data

A finite setQ of states,
A finite set2 of symbols (the alphabet),
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A finite set/ of tape symbols s.& I I'. This is the case because we use the
tape also for the input.

A transition functiond € Qx I' — {stop} U Q X I X {L,R}

The transition function defines how the functiorh&ees if is in state q and the
symbol on the tape is x. q, X) = stopthen the machine stops otherwis&Xi,x) =
(q’, vy, d the machines gets into staje writesy on the tape (replacing and moves
left if d =L or right, ifd = R.

An initial stateq, € Q,

The blank symboBe I’ butB & X . In the beginning only a finite section of
the tape containing the input is not blank.
A set of final statef 0 Q.

In most texts the transition function is definedhsut the stop option as

o€ QX I — {stop}Q x I' x {L,R}.

However they allowd to be undefined which correspond to our functioiimeng
stop.

This defines deterministic Turing machines, for aleterministic TMs we change the
transition function to

0eQx T —-PQXxT x{LR}

Here stop corresponds dreturning an empty set. As for finite automata (antike
for PDAS) there is no difference in the strengthdeterministic or non-deterministic
TMs.

As for PDAs we define instantaneous descriptionddDTuring machines. We have

ID =T* X Q X I'* where(n, g, ¥) means that the TM is in stafand left from the
head the non-blank part of the taperiend starting with the head itself and all the
non-blank symbols to the right js

We define the next state relatibr, similar as for PDASs:

| (W, 4, 2%) Fas (*r:y,q’,*rr)if 6(q,z) = (¢4, R)

| (mz,q,27%) bar (0, 4, 297yr) " 6(q,z) = (¢, L)
(1, 9,€) Far (‘r:y.q’,’rr)if 6(q,B) = (d',y, R)
(64, 2%) Far (*n,q’,By*rr)if 6(q,z) = (¢',y, L)

B ow NP
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The cases 3. and 4. are only needed to deal wetisithation if we have reached the
end of the (non-blank part of) the tape.

We say that a TMM accepts a word if it goes into an accepting statethe language
of a TM is defined as

L(M) ={w € T* | (¢, 90, w) s (11,4, %) A g’ € F}

l.e. the TM stops automatically if it goes into ascepting state. However, it may also
stop in a non-accepting statedifreturns stop — in this case the word is rejected.

A TM ‘M decides a language if it accepts it and it nevepda(in the negative case).

To illustrate this we define a TIMwhich accepts the languatie= a"b"c" |[n EN-
this is a language which cannot be recognized BRA or be defined by a CFG.

We defineM = (Q, 2, I, J, o, B, F) by

Q = {QD:QI:QZ:QS:-‘;H:Q&,Q&}
Y. = {a,b,c}
I'= EU {X:-Y:Z:l.l}

dis given by
(g0, u) = (g6, R)
6(qo, a) = (X, q,R)
8(q1,a) = (a,q1,R)
8(q1, X) = (X,q,R)
6(q1,b) = (Y,q,R)
6(q2,b) = (b,q2,R)
(g2, Y) = (¥,,R)
(g2, <) = (Z,q3,R)
(g3, ) = (uqa,1)
d(ga, c) = (c,g5,1)
(g4, Z) =(Z,q,L)
6(q4,b) = (b, qa,L)
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The machine replaces anby X(qg) and then looks for the firgt replaces it byr(qg,)
and looks for the first and replaces it by &A(qy). If there are mores left it moves
left to the nex@ (qs) and repeats the cycle. Otherwise it checks wheliege are no
as andbs left(gs) and if so goes in an accepting si@s.

E.g. consider the sequence of IDsaabbcc :
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F (XX, q1, YbZc

)
F (XXY, g1, bZc)
F (XXYY, g2, Zc)
= (IIYYZ,QQ, )
F (XXYYZZ, g2, €)
F (HYYZ g5, )
k- (XXYY, g5, 2Z)
= (HY,QE, ZZ)
F [:II qE.,YYZZ)
= (I, qﬁ,IYYZZ)

(€, g6, XXYYZZ)

We see thal acceptaabbcc . Since M never loops it does actually deciEz

There are a lot of possible Turing machines andedull technique is to code Turing
machines as binary integers. A trivial coding isuge the 8 bit ASCII for each

character in the written description of a Turingchmae concatenated into one long bit
stream.

Having encoded a specific Turing machine as a yiimueger, we can talk about T™M
as the Turing machine encoded as the number "i"

It turns out that the set of all Turing machinesasintable and enumerable.
3.3. Universal Turing Machine

Now we can construct a Universal Turing Machine JTthat takes an encoded
Turing machine on its input tape followed by norrialring machine input data on
that same input tape. The Universal Turing Macliiret reads the description of the
Turing machine on the input tape and uses thisrigki®n to simulate the Turing
machines actions on the following input data. Qirse a UTM is a TM and can thus
be encoded as a binary integer, so a UTM can rédtiv from the input tape, read a
TM from the input tape, then read the input datanfithe input tape and proceed to
simulate the UTM that is simulating the TM. etc.
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Since a UTM can be represented as an integer anthaa also be the input data on
the input tape of itself or another Turing machifikeis will be used in the next unit in
the Halting Problem

40 CONCLUSION

In this unit you have been introduced to Turing hiaes. This is the class of
machines that can recognise any string from anyudage. They can recognise strings
that the earlier machines/automata discussed sncthurse so far cannot recognise. In
the next unit you will be learning more about thess of languages recognised by this
machine.

50 SUMMARY
In this unit, you learnt that:

« A TM IMdecides a language if it accepts it and it nevepdo

* A language islecidableif there is a TM which will always stop

* A Turing machindTM) is a generalization of a PDA which uses aetaystead
of a stack.

» Turing machines are an abstract version of a coanput

* Alanguage is accepted by a Turing machine meatghb TM will stop in an
accepting state for each word which is in the laggu

* There is no type of grammars which captures alid3dxe languages

» the set of all Turing machines is countable ancherable

6.0 TUTOR-MARKED ASSIGNMENT

=

Define Turing machine

2. How is a Turing machine different from the othercmaes discussed so far in
this course?

3. What does it mean to say a language is acceptedlioying machine?

4. Design a Turing machine that accepts all stringa'findb's with an equal humber

of a's andb's. Show the sequence of moves your Turing maahniaees on the input

aabb

7.0 REFERENCES/FURTHER READING
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1.0 INTRODUCTION

In this unit you will be learning about the Turimgachine. The machine for
decidable languages.

A basic Turing machine is a model for studying catagion. Turing machines can
solve decision problems and compute results basednputs. When studying
computation we usually restrict our attention teegers. Since a real number has
infinitely many fraction digits we cannot computereal number in a finite time.
Rational numbers are approximations to real numéergquivalent and can be put in
one-to-one correspondence with the integers.

Programming a Turing machine is tedious and thushmuork at higher levels of
abstraction make the reasonable assumption that@npletely defined algorithm or
computer program could be implemented by a Turiaghme.

Now let us go through your study objectives fos thnit.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

» Define context-sensitive grammars
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» Distinguish context-sensitive grammars from othémat have been
discussed so far in this course
» Briefly explain the halting problem
» State Godel's incompleteness theorem
» Define the following with respect to TM:
o0 Unsolvable
o0 Undecidabled

3.0 MAIN CONTENT

3.1 Grammars and Context-Sensitivity

Grammarss = (V, 2, S, P)are defined as context-free grammars before \ughonly
difference that there may be several symbols onefttdrand side of a production, i.e.

PO (VUT)" X (VUT)*. Here(VUT)" means that at least one symbol has to be
present. The relation derivesg(and=*g) is defined as before :

=c ONvuT)* x (VUT)*

afy=c apy BB €EP
and as before the languageRois defined as:
LG ={we Z*| S=>*cwW}

We say that a grammar is context-sensitive (or typef the left hand side of a

production is at least as long as the right hadd.sThat is for eachh — S € P we
havela| < |8

Here is an example of a context-sensitive gram@ar (V, 2, S, P) with L(G) =
{{a"b"c" |n € N A n > 1}. where

V={S B, C}

>={a, b, c}

P={ S— aSBC
S— aBC
aB— ab
CB— BC
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bB— bB
bC — bc
cC— cc¢
We present without proof:
Theorem 1: For a language O Z* the following is equivalent:

1. L is accepted by a Turing machikk i.e.L = L(M)
2. Lis given by a grammds, i.e.L = L(G)

Theorem 2: For a languagk [0 2* the following is equivalent:

1. L is accepted by a Turing machikk i.e.L = L(M) such that the length of the
tape is bounded by a linear function in the leraftthe input, i.e.

In| + | < f(X) wheref(x) =ax+ bwith a, b € N.
2. L is given by a context sensitive gramn@r.e.L = L(G)
3.2 The Halting Problem

Turing showed that there are languages which acepéed by a TM (i.e. type 0
languages) but which are undecidable. The techmietdils of this construction are
quite involved but the basic idea is quite simphel @& closely related to Russell's
paradox, which we have seen in MCS.

The "Halting Problem" is a very strong, provablyreot, statement that no one will
ever be able to write a computer program or desighuring machine that can
determine if a arbitrary program will halt (stopjtgfor a given input.

This is NOT saying that some programs or some gum@achines cannot be analyzed
to determine that they, for example, always halt.

The Halting Problem says that no computer prograifuoing machine can determine
if ALL computer programs or Turing machines willlhar not halt on ALL inputs. To
prove the Halting Problem is unsolvable we will swact one program and one input
for which there is no computer program or Turingchiae.

We will use very powerful mathematical concepts alulthe proofs for both a
computer program and a Turing machine. The matheat@oncepts we need are:

1. Proof by contradiction: Assume a statement is true, show that the
assumption leads to a contradiction. Thus thersiateis proven false.
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2. Self referral: Have a computer program or a Turing machine opeoat
itself, well, a copy of itself, as input data. Siheally we will use
diagonalization, taking the enumeration of Turingcmnes and using TMs
input to TM.

3. Logical negation: Take a black box that accepts input and outputs &r
false, put that black box in a bigger black box thaitches the output so it is
false or true respectively.

The simplest demonstration of how to use these enadltical concepts to get an
unsolvable problem is to write on the front and kbat a piece of paper "The
statement on the back of this paper is false.”

Starting on side 1, you could choose "True" and tleduce side 2 is "False". But
starting on side 2, which is exactly the same de 4i you get that side 2 is "True"
and side 1 is "False."

Since side 1, and side 2, can be both "True" amds#F there is a contradiction. The
problem of determining if sides 1 and 2 are "Troe"False" is unsolvable.

The Halting Problem for a programming language. \Wél use the "C"
programming language, yet any language will work.

Assumption: There exists a way to write a funtiiamed Halts such that:

int Halts(char * P, char * I)
{
[* code that reads the source code for a "C"
program, P,
determines that P is a legal program, then
determines if P

eventually halts (or exits) when P reads t he
input string |,
and finally sets a variable "halt" to 1 if P

halts on input I,
else sets "halt" to 0 */

return halt;
}
Construct a program called Diagonal.c as follows:
int main()
{char [[100000000]; /* make as big as y ou

want or use malloc */
read_a_C_program_into( | );
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if ( Halts(l,) ) { while(){} } /* loop
forever,means does not halt */
else return 1;

}

Compile and link Diagonal.c into the executallegoam Diagonal.
Now execute
Diagonal < Diagonal.c

Consider two mutually exclusive cases:

Case 1:Halts(l,l) returns a value 1.
This means, by the definition of Halts, that Diagbc halts when given the
input Diagonal.c.

BUT! we are running Diagonal.c (having been conthéad linked) and so
we see that Halts(l,l) returns a value 1 causes'ithatatement to be true
and the "while(1){}" statement to be executed, evhnever halts, thus our
executing Diagonal.c does NOT hallt.

This is a contradiction because this case saydiagonal.c does halt when
given input Diagonal.c. We will try the other case.

Case 2:Halts(l,]) returns a value 0.
This means, by the definition of halts, that Diagloc does NOT halt when
given the input Diagonal.c.

BUT! we are running Diagonal.c (having been contbéad linked) and so
we see that Halts(l,I) returns a value 0 causesdlse" to be executed and
the main function halts (stops, exits).

This is a contradiction because this case saydiagonal.c does NOT halt
when given input Diagonal.c. There are no otheegadalts can only return
1 or 0. Thus what must be wrong is our assumptibaré exists a way to
write a function named Halts..."
3.2.1  The Halting Problem for Turing machines.
Assumption: There exists a Turing machine, FMsuch that: When the input tape
contains the encoding of a Turing machine, ;TMlowed by input data k, TM
accepts if TM halts with input k and TiMrejects if TMis not a Turing machine or
TM; does not halt with input k.
Note that TM, always halts and either accepts or rejects.

Pictorially TM, is:
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| +----- +

| | |-->accept

+--+ FSM | always halts
| |-->reject
S — +

Figure 1. Pictorial representation of TM,

We now use the machine TNb construct another Turing machine TM
We take the Finite State Machine, FSM, from,lavd
1) make none of its states be final states
2) add a non-final state gl that on all inpges to gl
3) add a final state gf that is the acceptiages

Pictorially TM is:

I S +
| | _ |
| | /[ \0,1 |
| | +[ql]--+ |
B A
| Il |->accept-+ ~ | |
+o-t- + FSM |
may not halt
|| |-->reject+ _ |
| +-----+ | /1'\\ |
| +{/df [|-—]--> acce pt
| \\_// |
SRR +

Figure 2: Pictorial representation of TM,

We now have Turing machine Thbperate on a tape that has Th& the input
machine and Tias the input data.
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I R +

| | _ |

| | [/ \0,1 |

| | +[ql |-+ |

| [+t ]

| | [|-->accept-+ ~ | |

+--+- + FSM |

may not halt

|| [-->reject-+ |
| +---—-+ | /1'\\ |
| +||f ||-—-—|--> acce pt
| \_// |
S +

Consider two mutually exclusive cases:

Case 1:The FSM accepts thus TMnters the state ql.
This means, by the definition of That TM halts with input TM

BUT! we are running TMon input TM with input TM, and so we see that
the FSM accepting causes Tid loop forever thus NOT halting.

This is a contradiction because this case saysTiMadoes halt when given
input TM, with input TM,.

We will try the other case.
Case 2:The FSM rejects thus TMnters the state gf.
This means, by the definition of TNhat TM does NOT halt with input TM

BUT! we are running TMon input TM with input TM and so we see that
the FSM rejecting cause TMi to accept and halt.

This is a contradiction because this case saysTidadoes NOT halt when
given input TM with input TM. There are no other cases, FSM either
accepts or rejects. Thus what must be wrong isassumption "there exists
a Turing machine, Tl such that..." QED.
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Thus we have proved that no Turing machine,Tddn ever be created that can be
given the encoding of any Turing machine, ;TMnd any input, k, and always
determine if TM halts on input k.

3.3 Decision Problems

Decision problems are stated as questions wherartbwer is binary, 0 or 1, False or
True, No or yes, Reject or Accept and so forth.

Generally a decision problem states a problem areb@ candidate solution, asking
if the solution solves the problem.

Examples:
Given the math expression 2+2 is the ang®er
Given a formal language and a string, is thagin the language?
Given a grammar and a string, is the strirggpted by the grammar?

3.4  Godel Incompleteness Theorem

Any formal system powerful enough to express argtienmust have true theorems
that cannot be proven within the formal system.

Basically Godel proved that when trying to add axsato a formal system in order to
prove all true theorems within the formal systenergually the system will become
inconsistent before it becomes complete.

A complete formal system is a formal system whdlregwee theorems can be proved.

An inconsistent formal system is a formal systenerghat least one false statement
can be proved within the formal system.

Due to the computational equivalence of formal esyst to other computational
capability, we get the Halting problem, the uncotaple numbers and other
unsolvable problems.

3.5 Unsolvable

A formally stated problem is Unsolvable if no Tuimachine exists to compute the
solution.

A formally stated problem is provably unsolvableitifcan be proved no Turing
machine exists to compute the solution.

3.6 Undecidable
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A formally stated problem is Undecidable if no tatacursive function and thus, no
Turing machine that always halts can be construttiedecide the problem, usually
true or false.

Let us fix a simple alphabé& = {0,1}. As computer scientists we are well aware that
everything can be coded up in bits and hence wepadbat there is an encoding of

TMs in binary. i.e. given a TN\M we write [ M] € {0, 1}* for its binary encoding. We
assume that the encoding contains its length shiahwe know when subsequent
input on the tape starts.

Now we define the following language:

Lhat = {[M]w | [M holds on inputw}

It is easy to define a TM which accepts this lamguave just simulat& and accept
if M stops.

However, Turing showed that there is no TM whichkides this language. To see this
let us assume that there is a HVwhich decide4.. Now usingH we construct a new

TM F which is a bit obnoxioud* on inputx runsH onxx. If H says yes theR goes
into a loop otherwiseH says nof stops.

The question is what happens if we Fion [F]? Let us assume it terminates, thé&n
applied to[F][F] returns yes and hence we must concludeFhan [F] loops???
On the other hand F with input [F] loops therH applied to[F][F] will stop and

This is a contradiction and hence we must concthdeour assumption that there is a
TM H which decides 4, is false. We salz,; is undecidable.

4.0 CONCLUSION

In this unit you have been introduced to Turing maes and the context-sensitive
grammars. In the next unit you will be learning abthe last class of grammars,
unrestricted grammars and the machines that cagmee them.

5.0 SUMMARY

In this unit, you learnt that:
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6.0

7.0

* agrammar is context-sensitive (or type 1) if thi hand side of a production
Is at least as long as the right hand side. THatrisacha — £ € P we have

lal < 5]

* The Halting Problem says that no computer prograifuoing machine can
determine if ALL computer programs or Turing madsmwill halt or not halt
on ALL inputs

» Decision problems are stated as questions wheranger is binary, 0 or 1,
False or True, No or yes, Reject or Accept ancbsit f

» Basically Godel proved that when trying to add axgao a formal system in
order to prove all true theorems within the forsypdtem, eventually the
system will become inconsistent before it beconwspdete

* A complete formal system is a formal system whdlreuee theorems can be
proved

* Aninconsistent formal system is a formal systenerelat least one false
statement can be proved within the formal system

TUTOR-MARKED ASSIGNMENT

1) State Godel incompleteness theorem

2) What do you understand by halting problem?

3) What mathematical concepts will you use in prouimgt the halting problem is
unsolvable?

4) Define context-sensitive grammars

5) What do you understand by decision problems?

6) What does it mean to say a formally stated prob&em
a) Unsolvable
b) undecidable
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Module 4: Turing Machines
Unit 3: Unrestricted Grammars
CONTENTS
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3.0 Main Content
3.1  Unrestricted Grammars
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4.0 Conclusion
5.0 Summary
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1.0 INTRODUCTION

In this the previous unit you learnt about Turingamines and context-sensitive
grammars. In this unit, which is the concludingtuoii this course, you will learn
about Turing machines and the last class of grammefierred to as unrestricted
grammars. It will be shown that Turing machines amdestricted grammars are
equivalent.

Now let us go through your study objectives fos thnit.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

» Define unrestricted grammars
» Demonstrate the relationship between Turing mashized unrestricted
grammars
3.0 MAIN CONTENT
3.1  Unrestricted Grammars

The productions of an unrestricted grammar havddire:

(V LT+ —>(V LT *
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The other grammar types we have considered (leftah, right linear, linear, context
free) restrict the form of productions in one wayaaother. Arunrestricted grammar
does not.

In what follows, we will attempt to show that urireted grammars are equivalent to
Turing machines. Bear in mind that:

- A language isrecursively enumerabl@ there exists a Turing machine that
accepts every string of the language, and doeacguapt strings that are not in
the language.

- "Does not accept” igot the same as "reject” — the Turing machine could go
into an infinite loop instead, and never get arouadeither acceptingr
rejecting the string.

Our plan of attack is to show that the language®geged by unrestricted grammars
are precisely the recursively enumerable languages.

3.2  From Grammars to Turing Machines

Theorem 1: Any language generated by an unrestricted grammaecursively
enumerable.

This can be proven as follows:

1. If a procedure exists for enumerating the strinfsaolanguage, then the
language is recursively enumerable. (We proved eéhidier in unit 2 of this
module.)

2. There exists a procedure for enumerating all thiengst in any language
generated by an unrestricted grammar. (We will destrate the procedure
shortly in this unit.)

3. Therefore, any language generated by an unrestrgg@mmar is recursively
enumerable.

Here is a review of the argument for (1) above. Mtave the language is recursively
enumerable by constructing a Turing machine to@tcaey stringw of the language.

- Build one Turing machine that generates the strimighe language in some
systematic order.

- Build a second Turing machine that compares itsitiip w and accepts its
input if the two strings are identical.

- Build a composite Turing machine that incorporates two machines above,
using the output of the first as input to the secon

Now we have to systematically generate all theng#riof the language. For other
types of grammars it worked to generate shortesigst first; we do not know how to
do that with an unrestricted grammar, because sproductions could make the

sentential form shorter. It might take a millioess to derivel.
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Instead, we order the stringhortest derivation firstFirst we consider all the strings
that can be generated from S in one derivation, séep see if any of them are
composed entirely of terminals. (We can do thisabee there are only a finite
number of productions.) Then we consider all thang$ that can be derived in two
steps, and so on. Q.E.D.

3.3 From Turing Machines to Grammars

We have shown that a Turing machine can do anytthiagan unrestricted grammar
can do. Now we have to show that an unrestrictachgrar can do anything a Turing
machine can do. This can be done by using an uittest grammar to emulate a
Turing machine. We will give only the barest owtliof the proof.

Recall that a&onfigurationof a Turing machine can be written as a string

Xj. . X0mXk--- X

where the x's are the symbols on the tapasdhe current state, and the tape head is
on the square containing xthe symbol immediately following.{). It makes sense
that a grammar, which is a system for rewritingngis, can be used to manipulate
configurations, which can easily be written asgfsi

A Turing machine accepts a stringf :

QoW Fxary

for some strings x and y and some final statevgereas a grammar produces a string
if:

S %)W.

Because the Turing machine starts withwhile the grammatical derivation ends with
w, the grammar we build will run "in reverse" as gared to the Turing machine.

Recall that a Turing machine accepts a stwnif
Gow F=xakry
and that our grammar will run "backwards" comparethe Turing machine.

The productions of the grammar we will construat be logically grouped into three
sets:

1. Initialization: These productions construct the stringB$xgyB... whereB
indicates a blank and $ is a special variable f@ettrmination.

2. Execution: For each transition rule ofwe need a corresponding production.
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3. Cleanup: Our derivation will leave some excess symbqglsBy and $ in the
string (along with the desired w), so we need a meave productions to clean
these up.

For the terminals T of the grammar we will use igut alphabet of the Turing
machine.

For the variables V of the grammar we will use
-2, the tape alphabet minus the symbols we took for T
A symbol q for each state of the Turing machine.

B (blank) and $ (used for termination).
S (for a start symbol) and A (used for initializat).

Initialization: We need to be able to generate any string ofdira f
B...B$xqgyB...B
Since we need an arbitrary number of "blanks" dmeeiside, we use the productions
S—BS|B|$A
(The $ is a marker we will use later.) Next we tie® A to generate the strings xgy
I', with a state gsomewhere in the middle:

A —sA | As | g for all sel’.

Execution: For each transition rule @fwe need a corresponding production. For each
rule of the form:

0(a, @) = ( b, R)

we use a production:
bg —qga

and for each rule of the form:
(g, @) = (g b, L)

we use a production:

gcb —cga
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for every cel (the asymmetry is because the syntodhe rightof q is the one under
the Turing machine's tape head.)

Cleanup: We end up with a string that looks like...B$qwB...B, so we need
productions to get rid of everything but the w:

B oA

$q —A

40 CONCLUSION

In this last unit of this course, you have beeromiticed to unrestricted grammars and
the machines that can recognise them. It has emmnsthat a Turing machine can do
anything that an unrestricted grammar can do and versa. Any other thing you
need to know about computation will be discussednother course on computation.
If you are interested it is advisable you takedberse on Theory of Computation.

5.0 SUMMARY

In this unit, you learnt that:

The productions of an unrestricted grammar havdadire:

(V LT+ —=(V LT *

An unrestricted grammadoes not restrict the form of productions
a Turing machine can do anything that an unresttigrammar can do and
vice versa i.e. unrestricted grammars are equivabenuring machines

6.0 TUTOR-MARKED ASSIGNMENT
1) Define unrestricted grammars
2) When is a grammar recursively enumerable?

3) Prove that any language generated by an urotestrigrammar is
recursively enumerable.

7.0 REFERENCES/FURTHER READING
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Automata Theory, Languages, and Computation (2ndtioB)l Pearson
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